LEONARD CARLITZ 
JOSEPH sen 1 THOMAS 


2. BOAS, JR. 
8M: COXETER 1. J. GREEN 

. L. DOOB G. A. HEDLUND” 
J. GERGEN . LEVENSON 


N 
E; J. McSHANE 
O. C, MacDUFFRE iW. TUKEY 





DUKE MATHEMATIOAL J OURNAL 


‘Tie piaclodical io pulblleieed quaehety-wadie'che enapites’ol Linke Usivs 
by Duke University Press at Durham, North Carolina, It is printed at 8 Nort 
Sixth St., Richmond, Virginia by the William Byrd Press. — . 

Entered as second class matter at the Post Office, Durham, North 
with an additional entry at the Post Office, Richmond, Virginia. 


ber, al notice of change of addres shouldbe sent to Duke Univesity P 
Durham, North Carolina. a 
Manuscripts and editorial correspondence ‘ebould be, addressed as se 
Mathematical Journal, 4785 Duke Station, Durham, North Carolina: 
Author's Manual containing detailed inforeation about the preparation ol 
papers for publication will be sent on 

Anthore are entitled to one hundred frée reprints, Additional copies will be 
supplied at cost. ds wired cs, «ba alamo te re 


w 


is specifically requested. R A 


Ph Aner Mahal Sty fly ror me rig 
Board by Professors Murray and Ward... 











QUASI-ANALYTICITY AND PROPERTIES OF FLATNESS 
OF ENTIRE FUNCTIONS 


By S. MANDELBROJT 


Introduction. We shall denote by C{ M,} the class of all infinitely differentiable 
functions which are defined in a closed interval [a, b] and which have the following 
property: To each function f(x) of the class there corresponds a constant k = k(f) 
such that | f(x) | < k"M, (n > 1, xe [a, 5)). 

The class C{M,} is said to be quasi-analytic if from the two properties 
f(z) eC{M,}, f° (ro) = 0 (n > O, xo # [a, b]) it follows that f(z) is identically zero. 


THEOREM A. A necessary and sufficient condition for C{ M,,} to be quasi-analytic 
is that 


’ 


* log T(r) 
[20a = « 


r 


\r) = a 
T(r) = lub. F- 


' This is Denjoy-Carleman’s theorem [1]. The particular form given here is 
due to Ostrowski [3]. 

| If there exists in C{M,} a function f(x), not identically zero in [a, b] and such 

| that f(x.) = 0 (n > 0), there exists also a function g(r) e C{M,} not identically 

| zero and such that y’(a) = ¢‘”(b) = 0 (n > 0) [6]. Thus Theorem A may be 

| stated in the following manner: 


THEOREM B. A necessary and sufficient condition that there exist a function 
e(z) « C{M,}, not identically zero and such that ¢ (a) = ¢(b) = 0 (n > 0), 
is that 


* log T(r) 
[Oe < « 


r 


The present author has introduced the notion of quasi-analyticity for functions 
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648 S. MANDELBROJT 


integrable L (we shall say integrable for integrable L). Let f(x) be integrable 
in[—z, x]. For x ¢ [—7, x) let us put 


elo, a) = [| fla) | dz (a > 0, x + ae [—, x) 





: log (—log ¢,(xo , a)) 
] soa = 
ged — P —log a p 
The point 2, is said to be a right-hand mean-value zero of exponential order p 


for f(x). 


If x ¢ (—7, x], and 





¢1(Xo , a) = / | f(x) | dx (a < 0, % tae [—x, 7), 
log (—log gi(xo , a) _ 
lim sup —log (—a) mM 


the point 2» is a left-hand mean-value zero of exponential order p for f(x). 
The following theorem was proved by the author [3]: 


TueoreM C. Let f(x) be integrable in |—x, x], and suppose that x, « [—-7, x] is 
a right-hand (or a left-hand) mean-value zero of exponential order p for f(x). Suppose 
that the Fourier series of f(x) is of the form 


(1) f(x) ~ ¥ (an, cos mx + b,, sin m;2), 


where the index of convergence of {m;} isa <1. If 





f(x) is zero almost everywhere. 


A new proof of this theorem based on the theory of Fourier transforms, but 
closely related to that given by the author, was published later in a joint: paper 
by N. Wiener and the author [4]. They have also proved that, from a certain 
point of view, this theorem cannot be improved. 

They proved in fact that, given any o < 1, it is possible to construct a con- 
tinuous function f(x) of the form 


f(x) = > a,, cos mz, 


not identically zero, for which x = 0 is a right-hand mean-value zero of expo- 
nential order 


o 
l-—«o 





o= 


b 


where the index of convergence of {m,} is ¢. 
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Recently B. Levine and M. Lifschetz [2] published a new proof of Theorem C. 
They gave also a profound generalization of this theorem. If the Fourier series 
of f(x) is of form (1), let us denote by N(é) (¢ > 0) the number of positive integers 
m, (m; # 0) such that m; < ¢. Let A(a) be a function defined and positive 
for a positive, increasing to © when a tends to zero, and such that, for a suffi- 
ciently small, A(a) < — log ¢,(—2, a)/a. For a sufficiently small aA(a@) can 
then be expressed as a function of A (a); suppose that aA (a) = w[A(a)]. Further, 
set 

3 N(é)dt 
¢(r) = 2 logr + 2r » Fe +P) 


The theorem of Levine and Lifschetz can be stated as follows: 
THeorEM DD. /f 


lim inf (3¢(2r) — w(r)] = —@, 


f(x) is zero almost everywhere. 


Their method consists in reducing their problem to the problem of determina- 
tion of an entire function by its values in a sequence of points. 


If we assume that, for a sequence of values a — + 0, and for e any positive 
number, 


log ¢,(—2, a) < — a ***, 


N(t)h << C+ Ct", 


the first inequality holding for a sufficiently small and the second for ¢ sufficiently 
large, Theorem D reduces to Theorem C. 
Levine and Lifschetz proved also the following result: 


THEOREM E. Let f(x) be integrable in [—2, x]; let, for a > 0 sufficiently small, 
log ¢.(—2, a) << — a ***; 
and let the coefficients of 
f(z) ~  (@ cos nz + 8, sin 2) 


be divided into two groups {an, , ba,} and {am; , bm,}, where the exponent of con- 
vergence of {m;} isa <1. 





If 
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where 
ty'(t 
we za>e (t> tb), 
/ WO at = ©, 
re 


then f(x) is zero almost everywhere. 


The authors suppose, therefore, that the function f(x) and its coefficients with 
indices m; satisfy the conditions of Theorem C and that the coefficients with 
indices n, satisfy the conditions of a theorem of de la Vallée-Poussin [3] which 
is stated as 


TueoreM F. If f(x) is infinitely differentiable in |—x, x], iff (—x) =f (x) = 
0 (n > 0), and if all the Fourier coefficients satisfy (2), f(x) ts identically zero. 


As a matter of fact the present author gave previously [3] a theorem in which 
he did not suppose that f(z) was differentiable, in which only a part of the co- 
efficients satisfied a condition of type (2) (less restrictive) and in which the 
function f(z) being zero in an interval implied that f(x) = 0 almost everywhere. 
The author also generalized Theorem F and proved its converse. 

The purpose of this paper is to give a general theorem which may be regarded 
as a theorem concerning quasi-analyticity as well as the behavior of entire 
functions on a set of points. This theorem will contain as corollaries the parts 
of Theorems B, C, D, and E, modified in a certain way, which give sufficient 
conditions for quasi-analyticity. For instance, the functions will be supposed 
to have the same property at both end-points of the interval (at the right of — 
and the left of +) or, what amounts to the same thing, on both sides of a point 
%,e(—2, 7). This theorem relates an integrable function to an entire function. 
Whenever an entire function is chosen there results a theorem on quasi-analy- 
ticity, and when a suitable integrable function is given, a theorem concerning 
entire functions follows. 

The author believes that it is possible to give a still more general theorem 
which would also contain known gap theorems on the distribution of singularities 
of Taylor series. 


The principal theorem. Let EF be a point set in the open ry-plane. Denote 
by £, the projection of E on Oz, and by J the smallest interval J, such that 
7. C I,. The interval J can be open, semi-closed, or closed. For every ze E, 
we shall write yg(x) = g.l.b. y. 


(z.9) 08 
Consider the set of convex functions defined in 7, where the function which is 


identically — © belongs to the set. 











- 
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There exists in I a convex function C g(x) with the properties: 


(A) For everyxe E, , Ce(x) < ye(z). 
(B) Every function g(x) convex in I, such that for each x « E, g(x) < yx(z), 
satisfies the inequality g(x) < Cx(x). 


The existence of C,(z) is well known, but it is of importance for this paper 
to notice that this function can be defined in the following manner. 


Forte T = (—@, @) set 
A(t) =lL.u.b. (at — ye(z)). 
zek;z 


Then 
C(x) = l.u.b. (ct — A(d). 
teT 


If there exists a point of E below each straight line not parallel to Oy, then 
A(t) = , and C,(x) = —«. However, each function satisfying (B) is then 
identically equal to — ©. Therefore, in this case, (A) and (B) are satisfied. In 
the contrary case, there exist two constants ¢, and k such that yg(x) > k + tox, 
Ce(x) > k + tox (x e I), and Ce(x) < ye(x) (x « E,), where the inequality of 
convexity 
(x; — 2,) l.u.b. (ta, — A(t)) < (a — 22) Lu.b. (427, — A(é)) 

soy 


teT 


+ (x, — 2x,) Lub. (ta, — A(d)) (%, < Bp < Sy, Be es ee 


teT 
is obvious. If now ¢g(z) satisfies the hypotheses of (B), then obviously 


A,(t) = L.u.b. (xt — g(x)) > A(d, 
g(x) > C(x) = Lu.b. (at — A,(d)) < Cx(z). 


But if + denotes the upper right-hand derivative of g(x) at a point x = 2, , 
which is not the right-hand end-point of J (when / is closed on right), we have, for 
t,x, e1: (x, — Xo)r < o(x,) — (xo). Therefore, A,(r) = Lu.b. (xr — g(x)) = 

zel 


Yot — o(Xo), and C(x) > g(x). Thus C(x) = g(x) for every x e J and (B) is 
proved. 

We have proved, in passing, that a necessary and sufficient condition for a 
function f(x) to be convex in / is that there exist a function A(t) (— © <t< @) 
with f(z) = l.u.b. (xt — A(é)). If f(x) is convex in J, this equality holds with 

teT 


A(t) = Lub. (at — f(x)). 


zel 
Consider a sequence of pairs of numbers { (a, , 8,)} such that a, increases to © 
and 8, is either finite or equal to +. Denote by £ the set of points (a, , 8,) 
for which 8, < ©. We shall call the base II(x) of the sequence {(a, , 8,)} the 


nt eg 
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function defined as follows: If E is empty, I(x) = @ for every x; otherwise 
II(z) = C,(x) in the smallest interval containing EZ, , and II(x) = © for the 
other values of z. 

We shall say that | II(x)e~*dx < ©, if the integral | II(x)e~*dz, for a suffi- 


ciently large, either converges or has the value — o. 
We proceed with the proof of the principal theorem. 


THEOREM. Let F(z) be an even entire function, not identically zero, and set 
M(r) = max | F(z) | (|z| = r). Let f(x) be an integrable function in [—7, x], 
different from zero in a set of positive measure. Define 


(a) = —log [" (\ft@) | + 1(—2))dr 0 <a < Dn), 


and for I(a)/a finite and sufficiently large, set I(a) = w(I(a)/a). Denote by a, , b, 
the Fourier coefficients of f(x), and by I(x) the base of the sequence 


{ (log n, —log | F(n)(a, + 1b,)|)} (n > 1). 
If 
(I) tien MEMO) _ g te 22). - 

rao (r+) ‘ a=+0 loga ?’ 
then 
(II) / “Gras < «. 

If 
Lim inf M2) =k<o, 


II(x) will be, by its definition, convex for x sufficiently large, and therefore for x 
sufficiently large I(x) < (k + «)x (€ > 0); (II) will then be satisfied. 
Consider the case when 


lim 2@) 2. « 


z=@ 


(2) 


Let us denote by C(x) (x > 0) an arbitrary convex function satisfying the 
relationships 
Me) 4%). . 


(3) C(x) < “9 im ~ 
and set 
(4) B(t) = lL.u.b. (zt — C(2)). 


As we have seen above 








he 
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(5) C(x) = Lu.b. (at — B(d). 
teT 


From the definition of B(t) it follows that 


(6) lim Bit) = ©, 
and (5) may then be written 
(7) C(x) = max (rt — B(t)) = xt, — Bt.) _(@ > 0), 
teT 
with lim ¢, = ©, the function B(t) is a non-decreasing function of t. 
If we set 
Cr Saas 

it follows from (5) that 

cr" < ef e” (n>1,r> 1). 


If 2p is the smallest even positive integer greater than t, > 0 (x > 0), we see by 
(7) that for large values of r = e* 


2 
ef (leer) < Cy—17 2 


It follows from (6) that lim c}/” = 0. The series 


o(z) = == 2" (2 = 2 + ty) 


represents, therefore, an even entire function satisfying for large positive values 
of r the inequalities 





(8) 4p 7e° “ve jr) < bs co r" on g(r) = max | (2) | < er ” 
1 |zl=r 


bo 


Consider the entire function 
l . itz 
&(z) = tf S(be*'*dt. 
For every a e (0, 27) we may write 


| &(z)| < 1/ | f() |e “dt < T o-1¢ay+eiu' 
© das x 


7 td | f@dt-e- P< ce EMME s™ ), 
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If then, | y| being sufficiently large, we choose a such that I(a@)/a = | y|, we 
have by the definition of the function w 
(9) ite) <a. 
It is clear that (n) = a, + ib, , ®(—n) = a, — ib, (n > 0). 

Set S,,(z) = y > c,2°", where c, are the Taylor coefficients of g(z), and consider 
the expression : 


(2)0(2)8.(25+) 1% (—1y"Fmacnps.("5+) 


sin rz «ste z—-n 








(10) Q(z) = 


Formulas and arguments of this type were considered by Levine and Lifschetz, 
but their reasoning is somewhat erroneous. A function such as ¢(z) was first 
introduced in this theory by the present author [3] in his proof of the generaliza- 
tion of de la Vallée-Poussin’s theorem, but the construction of this function 
given here is different from that given previously. As a matter of fact the 
present function ¢(z) has special properties which we use in this paper. 

From the relationships 


| F(n)®(n) | < e*°%e'"? (|n| > 1), 


7 (4) 


~—_ C(log | n |) tn 


injeo log{n| 


IV 


ce (| n | 1), 





, 


it follows that 


oo 


Lu 


na=-@ 


n—1 


Pinon) ( 9 





< @, 








and the series in (10) converges uniformly when z is outside the circles | z — n | = 
e(e >0,n = 0, +1, +2, ---). Weshall denote the region outside these circles 
by D,. Since the inequality | (sin xz)™' | < ke~*'”' is valid in D, , we have in D, 


F(z)®(z)S,, (54) 
nee 2 < Ae'** Mir)—wily ane e 


sin rz 





Denote by D,., that part of D, in which one of the two inequalities 
largz + 44r| <y < 4ris satisfied. Since in D,,, we have | y| > rcosy (r = 
|z|), we may write, forr > 7, 


F(2)0(2)8.( +=) 


sin rz 


log M(r)—(cos y)w(r)+2m logr 
D 


< Ae 





(12) 











we 


ler 


ties 
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For, by elementary geometry we have for r sufficiently large: (cos y)w(r) < 
w(r cos y) (w(r) = I(a@) is non-decreasing to + © as a tends to + 0). 

To every r sufficiently large there corresponds a quantity a, such that r = 
I(a)/a. We have w(r) = J(a), and thus 


logr _ log I(a) — loga 
w(r) I(@) ; 





and from the second hypothesis (I) of the theorem, it follows that 


. logr _ 
i wr) ©. 





It follows then from (12) and from the first hypothesis (I) of the theorem that 
in D,_, the left member of (12) tends uniformly to zero when r tends to infinity. 
But since the series involved in (10) tends also uniformly to zero in D,,, when r 
tends to infinity, we see that Q(z) tends uniformly to zero in D,,, when r tends 
to infinity. It is clear from the form of (10) that Q(z) is an entire function. But, 
for r of the form n + 4, where n is a positive integer, | Q(z) | < LM(r)r’". There- 
fore, for every r we have | Q(z) | < LM(r + 1)(r + 1)". 

From w(r) = J(a@) = ar and from the first hypothesis (I) of the theorem it 
follows that 


nie log ae «te log M(r) = 


ia oo |. OY) 
Therefore, for every « > 0 we have 
(13) | Q(z) | se" (r > r.). 


Since on the straight lines | arg z + 44| = vy, Q(z) tends to zero when r tends 
to infinity, we see, by (13), on using Phragmén-Lindeléf’s principle that in the 
part of the plane where one of the two inequalities | arg z + $1 | > 7 is satisfied, 
Q(z) is bounded. But since Q(z) tends uniformly to zero in D,., , one sees that 
Q(z) is identically zero. In other words, we have: 





F(z)®(2)S. ( 2) 
(14) = 


1 
sin rz Tn 








(—1'Fmpays.("5+) 


z—-n 


From the first inequality (11), from 
n—?7 n—st 
wea tia S 
) (+) 
2 


and from the fact that S,, (=) tends uniformly to o( 


C Clog!n|) 


C Cleogin!) 
<e ; 


z-72\. 
in every 
2 





<e 














bounded closed region, it follows, on using (14), that in D, 
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F(aa(are( 5 ‘) 1¥ (I Fe(™ 5 £) a(n) 


sin rz Cm z—-n 














(15) 


Thus, the equality (15) holds throughout the plane. 
It is evident from what precedes that 


F(z)®(z) 1 , (—1)"F()on) 





sin rz = z—n 
Since this sum is bounded in D, , one sees that 


_ F(z + i) ®(z + 3) 
~ - gin #(z + 4) 





¥(z) 


is bounded in the half plane y > 0. The series in (15) is also bounded in D, . 
Therefore, for z real, we have 


_ |F@ + dee + do(4z)| 














| V(x)o($z) | — | sin x(t +} i) 
|=, (Drmeme("5) 
= Le. z+i-n ca <*s. 
In other words, 
(16) 0 < (4x) < M | W(x) | (|2| > 0). 


But it is well known that, from the fact that ¥(z) is bounded for y > 0, and 
that ¥(z) is not identically zero, it follows that 


/ log | ¥@) | dx — 
-« x+1 
Thus, by (16), 


[ log 032) 5 & ow 
-- 2 +1 


and from the first inequality (8) it follows at once, on setting log (r/2) = 2, that 


’ 


| Cede < ©. 


Since C(x) is an arbitrary convex function not greater than }II(x), we have the 
desired inequality: 


s I(xje “dz < @. 


The proof of the theorem is complete. 
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Applications of the principal theorem. At first we shall apply the principal 
theorem by choosing for F(z) different entire functions; we shall then obtain 
various types of statements concerning quasi-analyticity. 

Suppose that in [—z, zl, f(x) e C{M,}, with f(—x) = f(r) = 0 (n > 0), 
where f(x) is not identically zero. By Taylor’s formula one sees that for z ¢ 
(—7, 7) 


f(@) = Ee) (x +r)" = EG) (a — x)" (—3 <a, < 2% <7). 


The second condition (I) of the principal theorem is an immediate consequence. 
If we choose F(z) = 1, the first condition (1) is also satisfied. In addition we 
have 


+1 cos NE a 








= 1 ‘ / » 4 _ (p) 
a, = 1 fle) cos ne de = = ai f 2) inne (n > 1). 
Thus 
le, | <5 (p>1,n>)), 
n 
and 
2 , 
| 
a, |< < Tab (n > 1), 
where 
7 
T(r) ub. 
Similarly, 
| 
l< ae Ee. 
b,, S Tin) Th) (n > 1) 
In other words, 
—log ! a, + ib,| > —log 4 + log 7(*) (n > 1). 


But log T(e*) is a convex function in the smallest interval J containing the 
projection EZ, of all those points of the set { (log n, —log | a, + 7b, |)} for which 
|a, + ib,| >0. Therefore, if II(x) denotes the corresponding base, we have in 
I, —log 4 + log T(e*/k) < I(x). For other values of x, I(x) = @. It follows 
from the principal theorem that 


/ log T(¢)e"dz < @, 
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a relation equivalent to 


[ log TC) ay en 


r 


If we refer to the introduction, we see that the fundamental theorem of Denjoy- 
Carleman (the sufficient condition for quasi-analyticity), in the form B, is a 
particular case of our main theorem. 

Suppose that f(x) is integrable in (—7, x), periodic with period 27, different 
from zero in a set of positive measure, and equal to zero in an interval (—x — 
a,,—2-+a,). For this function /(a) = © fora < a,. Therefore, the second 
condition (I) of the theorem is satisfied. It is evident that in this case 

lim inf oe > 


r=@ 


Let now {n;} be a sequence of increasing positive integers such that lim n;/t = 


co, If we set 


F(z) = II 1 -- ‘). 


t=1 nN; 
we see, by the well-known facts of the theory of entire functions, that 


log M(r) 


lim = 0, 
coats r 

and therefore that 
lim log M(*) = 0. 
—wao 


Thus, the first condition (1) of the theorem is satisfied. 

But F(n;) = 0 (i > 1), and the base II(x) of the sequence {(log n, —log 
| (a, + ib,)F(n) |)} is that of the sequence { (log m; , —log | (a,,, + #b,.,)F(m,) |)}, 
where {m,;} is the sequence of positive integers different from n; (¢ > 1). There- 
fore, by the theorem, we see that if f(x) is integrable in (—7, 7), if this function 
is different from zero in a set of positive measure, but is zero in an interval of 
positive length, and if, for a sequence {n;}, with lim n;/i = ©, we place F(z) = 


C 


2 
I] (1 — =), then, on denoting by {m;} the set of positive integers different 
i=1 n: 
from the n,; (i > 1), the base I(x) of the sequence { (log m; , —log | (a,,,; + %,;) 


xX F(m;) |)} is such that 


[ I(xje “dx < o. 
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By a simple transformation it is seen that in these statements the point z = —-r 
may be replaced by any other point z = xz, . This transformation x = t — 
conserves the values | a, + 7b, |. 

In particular, the coefficients a,,, , ,,, cannot all be zero; in other words, if 
the function f(x), integrable in (—z, 7), is zero in an interval of positive length 
(for instance in an interval around —7), and if 


f(x) ~ , > (a,, cos n;x + b,, sin n;2), 


with lim n,/i = ©, then f(z) is zero almost everywhere. 

This last particular statement follows also easily from the known facts on 
Taylor series admitting the circle of convergence as a cut, and Schwartz’s 
reflexion principle [3]. 

Suppose now that f(x) is integrable, periodic with period 22, different from 
zero in a set of positive measure, and such that 


lim int “EIS .. 


2-10 —loga ” 7% 


Then obviously the second condition (I) of our principal theorem is satisfied; 
but, if ¢ > 0 is smaller than p, from I(a@) > a °** (a < a@,), on setting a °** = 
w,(a*"'**), we have w(r) > w,(r) for r sufficiently large. Since w,(r) = 
pie O7040-0) | we see that 


lt) > rrr (r > r,). 


Let {n;} be a sequence of positive integers of which the exponent of conver- 
gence is o < 1, and let 


Clearly 
log M(r) < r°** (r > ri). 


Therefore, if 





it will follow that 


lim 2°S¥O X 9, 


oo Ge 


For these two functions f(x), F(z), the hypotheses of our theorem are satisfied. 
As above, the base of the sequence { (log n, —log | (a, + ib,)F(n) |)} is that of 
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the sequence { (log m; , —log | (a,,, + 1b,,,)F(m;) |)}, where {m,} is the sequence 
of positive integers different from all the n; (¢ > 1). 

We may therefore state the following result. 

If f(x) is integrable in (—7, x), is different from zero in a set of positive measure, 
is periodic with period 27, and satisfies 


lim inf —@)- 


a-10 —loga ” ti 


then, if we denote by {n;} any sequence of positive integers with the exponent 
of convergence o satisfying the inequality 





and by {m,;} the sequence of positive integers different from the n; (¢ > 1), we 


© 2 
have, on denoting by F(z) the entire function I] (: - ). and by II(x) the base 
nN: 


t=1 ‘ 


of the sequence { (log m; , —log | (a,,, + 1b,.,)F(m;) |)}, 
| mad < @. 


This may be reduced to a theorem of form E. 

Theorem C mentioned in the introduction, with the difference that in the 
definition of an exponential zero “lim sup” has to be replaced by “lim inf’, and 
the expressions “right-hand mean-value zero of exponential order p’’ or “‘left- 
hand --- ” have to be replaced by “mean-value zero of exponential order p on 
both sides’’, also follows as a particular case of the last statement. 

The other theorems mentioned in the introduction, with similar modifications, 
are also particular cases of the principal theorem. 

We shall now choose f(x) in a special manner and get a statement on entire 
functions. 

Let F(z) be any even entire function such that 


(17) lim ton Mp = 0. 


r=o 


Let 0 < 6 < 1, and consider the function f(x) defined as unity in the interval 
[— @x, Br], and zero in the rest of the interval [—z, x]. Then | a, + ib, | = 
2r-'n~'| sin Bnx | (n > 1). The second condition (I) of the theorem is satisfied, 
and lim w(r)/r = (1 — 8)r. Hence, the first condition (I) of the theorem is also 


r=e@ 


satisfied. 











se 


at 


ve 


se 
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Thus, for an even entire function satisfying (17) the base II(x) of the sequence 
{(log n, —log | sin (8nx)n~'F(n) |)} satisfies the inequality 


| maerar < ©. 
Clearly, the same inequality is valid for the base of the sequence 


{(log n, —log | F(n) |)}. 


This statement, like the main theorem itself, expresses the fact that an entire 
function of which the maximum M(r) does not increase too rapidly has a certain 
character of flatness on every straight line. 
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FUNCTIONS OF BOUNDED TYPE 
By AupREY WISHARD 


Introduction. By definition, a function f(z) is of bounded type (beschrankt- 
artig [5]) in a region G, if 


(1) f(z) = W,(2)/Wif) sin G, 


where | W,(z) | < 1 and W,(z) are analytic interior to G (i = 1, 2). 

A given meromorphic function f(z) is of bounded type in a simply connected 
region G if and only if there exists a function U,(z), positive and harmonic in G 
and such that 


(2) log | f(z)| < Ui) = mG. 


(Throughout this paper we shall use “harmonic’’ to describe functions which are 
harmonic in the strict sense except at isolated points b, where they behave like 
+k log |z— b|.) For, if (1) holds, then so must (2) with U, = log | 1/W, |, 
whereas, if (2) holds, then log | f(z)| = U,(z) — U,(z), where U,(z) is also 
positive and harmonic in G. The fact that one can obtain from U,(z) analytic 
functions W,(z) such that U; = log | 1/W;, | is discussed by R. Nevanlinna [5]. 
Our problem is to determine under what conditions f(z), meromorphic in the 
interior of a region G, and perhaps on part of its boundary, is of bounded type 
in G, and, if f(z) is of bounded type, to find a representation for log | f(z) |. (The 
reader will notice that in the theorems of this paper log | f(z) | may be replaced 
by a harmonic function U(z). The theorems then give conditions under which 
U(z) may be expressed as the difference between two positive harmonic functions 
in G.) Explicit solutions of this problem have been given in two instances by 
R. Nevanlinna. The first solution [4] is for the case in which G is the halfplazie, 
x > 0, f(z) being meromorphic when zx > 0; the second [5] is for the case in which 
G is the unit circle and f(z) is meromorphic interior to G. The case in which G 
is a strip, a < x < b, has been considered by E. Hille [3] in a closely related 
problem, and by L. V. Ahlfors [1] in a theorem the proof of which demands more 
restrictive conditions on f(z) than those which we shall use. The conditions 
found by these writers are of two kinds: (1) a certain sum extended over the poles 
of f(z) in G must be convergent; (2) a mean value of the function, expressed as a 
weighted integral, on curves which approach the boundary of G, must remain 
finite. The reader will find conditions of both types in the theorems below. 


Received July 30, 1940; in revised form, September 29, 1942; presented to the American 
Mathematical Society, December, 1937. This paper is based on the material of the author’s 
doctoral dissertation presented at Radcliffe College in 1938. The work was done under the 
direction of Professor L. V. Ahlfors, to whom the author wishes to express her great indebted- 
ness. 
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1. We give first a brief account of the basic tools which are to be used in this 
paper. For further details and explanation concerning the methods and terminol- 
ogy, the reader is referred to the writings of R. Nevanlinna which have been 
mentioned above. 

The first two theorems which we shall prove give conditions that f(z) shall be 
of bounded type in a region: 0 < z < x. The following notations will be used: 
G(X, Y) is the region: X <24< 94 -X,-Y <y< Y(0< X < }r,0 < Y), 
r'(X, Y) is its boundary and g(f, z; X, Y) is its Green’s function, with positive 
pole at ¢ = z. We number the four lines which form the boundary in counter- 
clockwise order, starting with the left vertical side. Then P(X, Y) = T,(X, Y) + 
--» + T,(X, Y). We write G(O, Y), T';(0, Y), and g(f, z; 0, Y) more simply as 
G(Y), T;(Y), and g(f, z; Y). These, in turn, we write as G, T; , and g(f, z) when 
Y = @ (wherej = 1,3). As usual, log® | f| = max [log | f |, 0]. The poles of 
f(z) are denoted by 6, (b, = 8, + ty,) and the sun: z. g(z, b,) is to be taken 

G 


over all the poles of f(z) in G. 
It is well known that g({, z; X, Y) is a continuous function of all of its argu- 
ments and that, if G(X, Y) C G(X’, Y’), then 


(3) g(f,2;X, VY) sgF,2;X',¥), XX sX, YOY. 


The derivative dg(¢, z; X, Y)/dn is taken with respect to ¢ at a point on '(X, Y) 
in the direction of the inner normal. The interpretation of this derivative at 
the vertices of G(X, Y) is of no significance. It is known that dg(f¢, z; X, Y)/an 
is continuous in all four arguments. 

Choose X and Y so that f(z) has no poles or zeros on T(X, Y). Then f(z) is 
meromorphic on G(X, Y) + I(X, Y) and is continuous on P(X, Y). Let 
U,(z; X, Y) be the harmonic function. with boundary values log* | f(z) | on 
r(X, Y) and with logarithmic poles at the poles b, of f(z) in G(X, Y). Then 
(Green’s theorem, cf. [2]) 


(4) Ue X,Y)= flog" | 90)! 2 06, 25 X,Y) | at | 


r(x, Y) 
+ DD gz, b, ;X, ¥). 
G(x,Y) 

Since log | f(z) | — U,(z; X, Y) is harmonic and has no positive poles in G(X, Y), 
and since its boundary values are non-positive and continuous on I'(X, Y), we 
have log | f(z) | < U,(z; X, Y) in G(X, Y). But a simple argument shows that 
U,(z; X, Y) is a continuous function of X and Y, for z fixed interior to G(X, Y), 
even when f(z) has poles on T(X, Y). Hence 


log | f(z) | < U,(z; X, Y) 0<X<4n,0<Y< -). 


A now classical argument in the Nevanlinna theory shows: (1) that U,(z; X, Y) 
is the smallest positive harmonic function in G(X, Y) which > log | f(z) | (that 





(6 





mn 


rat 
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is, if U(z) > 0 and is harmonic in G(X, Y) and if log | f(z) | < U(z) in G(X, Y), 

then U,(z; X, Y) < U(z) for every z in G(X, Y)); (2) that lim U,(z;X, Y) 
G(x, Y)-G¢ 

exists and is either a positive harmonic function in G or is infinite for every z in G; 

(3) that a necessary and sufficient condition that f(z) be of bounded type in G is that 


lim U,(z;X, Y) be a harmonic function for z C G. 
G(X,Y)-¢ 


2. We first prove the following theorem, using the notation of §1. 


THEOREM A. Suppose that f(z) is meromorphic in G and on T. Then f(z) is of 
bounded type in G if and only if the following three conditions hold: 


(I) > e'”'sin 8, < @, 
(II) [ log* | f(x + iy) |e'"' dy < @ forx = Oandzx =f, 


v¥—o 


lim e~ [m(y) + m(—y)] < ©, 


yoo 


(IIT) . 
where m(y) = i log’ | f(x + ty) | sin x dz. 
0 


If f(z) is of bounded type in G, then log | f(z) | < U,(z) in G, where 


, + , o | . y -y 
U2) = | log” | $08) | 5 06, 2) | ag | + sina [ne + me 
(5) 


+ > g(2, b,) 


and 


and 


n. = lime” m(—y). 

Since f(z) is meromorphic on « = 0 and on x = f, the remarks of §1 apply 
even when X = 0. By definition, U,(z; Y) = U,(z; 0, Y). We investigate 
lim U,(z; Y). It will be shown that this limit is U,(z), as given by (5), and that 
Yoo 
U,(z) is finite if and only if (I), (II), and (III) hold. 

First, we prove that, if either of the indicated limits is finite, 


(6) lim ye g(z, 6b, ;X, Y) = bs g(z, b,). 


G(X,Y)-G@ G(Xx,¥Y) 
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By using (3), it is easy to prove that lim  g/(z, b; X, Y) = g(z, b) and that, 


G(x, Y)-@ 


when G(X’, Y’) C G(X, Y), we have 
> g2z,6;X,Y< DL glz,b,;X, Y) < Dd gz, b,). 
r) G 


Gaz’ «e's G(x,Y 
Then 
X ofz,b)< lim SO glz,b,; X,Y) < Dd gz, b,). 
G 


@(x’,¥") Gtx. ye (X.Y) 
Letting G(X’, Y’) approach G, we get (6). 


Now > g(z, b,) converges to a harmonic function if and only if 
G 


> g(4n, b,) 


bexir 


converges. Ifz = x + ty,¢ = s + it, b = B + ty, and 2* denotes the conjugate 
of z, 











ig i —iz* 
g(f, 2) = log ——~—|, 
et — e* 
@ a(t, 2) = blog to ee ED 


e' +e” — 2 cos (s — 2) 


4sin B 
ir, b) = 3 1 [ + | 
ian, 0) = 4 log e’ +e” — 2sing 





From this last equation it is easy to see that >> g(z, b,) converges if and only if 
° G 
(I) is satisfied. 
The integral in the expression (4) for U’,(z; Y) may be expressed as the sum 


of four integrals: 
. ba te] ‘ ; 
Ade; ¥)= [dog |f)|2 06,2: ¥) |e) (G = 1, 2,3, 4). 
r;(Yy) 


For j = 1, 3 the integrand is a non-negative increasing function of Y. Hence, 
whenever either of the limits is finite, 


: : ‘- : ve 
A,(z) = lim A,(z, Y) = I. log” | f(5) | 55 gS, 2) | dg (j = 1, 8). 


Now A(z) converges to a harmonic function in G if and only if A ;($a) converges. 
This gives us (II), for 








= —S— = 2 9 4) (j = 1,3). 
on rj 


0 
96 9S) 3m) eae 
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The terms A,(z; Y) and A,(z; Y) remain to be considered. We shall make use 
of the fact that, if the first two conditions of our theorem are fulfilled, then lim 


Yo 
[A.(z; Y) + A,(z; Y)] exists, finite or infinite. This is easily seen to be true by 
making use of the expression 


[As + Ad(z; Y)] = Uz; ¥) — [Ai + As + 2 ole, b 5 YD) 
G(Y) 


because U,(z; Y) is a non-decreasing function of Y. 
We wish to approximate 2 g(t, 2; Y) on T,(Y). We notice that the points 


zand z, = z* + 27Y are symmetric with respect to [',(Y). Therefore, g(f, z) = 
g(f, z,) for f on T,(Y). Using the principle of the maximum one can easily prove 
that 


F\(¢) = gf, 2) — gf, a) — gf, 2; Y) = 0 
for ¢ on T,(Y) and that F,(¢) > 0 for ¢ in G(Y). Therefore, 


te] 
on Fi(g) r 2 0, 


«(¥) 


and 


2th s2ue eee ieee 
an 7 ? ’ Fe g\s, g » “1/3 T.(Y) an 2 ’ 


cy) On r.(Y) 


Similarly, z. = z + 4iY and z, = z* — 2iY are symmetric in I',(Y) and we 
can prove that, if 


F,(¢) = g(t, 2) — gf, %) + gf, 2) — gf, 2s) — gf, 2; Y), 


then 2. F.¢) < OonT,(Y). Therefore, 
n 


] 
2 9(g, 23 ¥) Inc > 2S [a, 2) — Olt, eran - 


Again, differentiating (7), we find that 





a (¢, 2) | = 2 [e”-* — e*-*] sin 8 sin x 
On 95> * tren [e’-* +e” * — 2cos(s+2)][e”” +e" ” — 2cos (s—2)]’ 
2(¥-y) ; 


a Maye 9° 
an 9S: z) lrocy) S Ze’ sin ze sin 8 er — oF 9 


2(Y-y) 
oe a4 


qa ; : itr 
= le > 2e’s " sn 8 ———————_,, 
an Mh) 2) race) 2 Ze" sin ze ee ay 
a —e is 

- on 9 23) lracxy) > —2e’sinze” sin 8 err — oP 








668 AUDREY WISHARD 


Therefore, 2 g(t, z; Y) leroy) = 4e” sin 2 e-* sin s ¢,(y, Y), where lim 


Yo 


¢:(y, Y) = 1 for y fixed. Then 


(8) Adz; ¥) = Ze’ sin x gly, Ye" m(¥). 


Similarly, 


(9) Ax(2; ¥) = 26° sin x dy, Ye m(— ¥), 


where lim ¢.(y, Y) = 1 for y fixed. 
Y-o@ 


Since lim [A,(z; Y) + A,(z; Y)] exists, finite or infinite, assuming that (I) and 
Y-o@ 


(II) hold, the limit is finite if and only if (III) also holds. 
Suppose, finally, that lim [A.(z; Y) + A,(z; Y)] is finite. Then the following 


Yoo 


limits are finite: 


i lim e~*m(Y), ni = lime’ m(Y), 
Yo Y~e 

nm = lime"*m(—Y), 93 = lime~"m(—Y). 
Yo Yo 


One can prove by elementary methods that 


lim [A2(z; Y) + A,(z; Y)] = lim A,(z; Y) + lim A,(z; Y) 
Yo Yo 


Yo 


lim A,(z; Y) + 
Yo 





ll 


lim 


im A,(z; Y). 
Y—+0 
This gives 
2. , a oe ‘i 
sin z[m, e* + me "] = —sina[nie’ + me"). 
T T 
This is impossible unless 7, = n{ and i} = . , whence 
, : eee : ‘ ees 
lim A,(z; Y) = — me’ sin gz, lim A,(z; Y) = — ne” sin z. 
Y-o us Yoo T 


3. THkorEM B. Suppose that f(z) is meromorphic in the interior of G. Then 
f(z) is of bounded type in G if and only tf the following two conditions are satisfied: 


(I) > e7'?"'sin B, < @, 


(IV) constants C, and C, exist such that, when 0 < x < 7, 


| log* | f(x + it) | e"''dt < C, + C.ysin x. 


“sy 











m 


+0 


en 
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We return to our expression (4) for U,(z; X, Y). As in Theorem A, (I) is the 
condition that lim > g(z, b,;X, Y) be finite. Again we write the integral 


G(X,Y)-G@ G(X, Y) 

in the expression for U,(z; X, Y) as the sum of four integrals A;(z; X, Y). 

Assuming first that (IV) holds, we wish to show that lim A;($x; X, Y) is 

x0 

bounded for all Y > 0. Now the region G(X, Y) is contained in the region: 
X<2<X+7,-— © <y< © and the two regions have I',(X, Y) as a com- 
mon boundary line. The Green’s function of the second region, found by map- 
ping the region on G, is g(f —X,z— X). Therefore, 


0 » ' 0 
an OE) 88 X,Y) Iran S 5p OE — X, be — X) [rac 


sin (}4 — X) 
e' +e — 2cos (}4 — X) 





= 2 
When X is sufficiently small (X < }), 
. 
A,(4";X, Y) < 2/ log* | f(X + it) | e"'''dt < C, + CY sin X. 
of 


The same inequality must hold for A;($7; X, Y). As before, U,($2; Y) will be 
bounded if lim e™” [m(y) + m(—y)] is finite. But 


yom 


[ e'''m(t) dt = / ” aot / log* | f(x + it) | sin x dz dt 
7 ~¥ 0 
(10) = [ sin z | log* | f(x + it) | e7''' dt dx 
0 -y 


< i (C, + Cry sin x) dx = rl, + 2Cry. 


This cannot be true unless lim e” [m(y) + m(—y)] is finite. Thus we have 


yon 


proved that if (I) and (IV) hold, f(z) is of bounded type. 
Suppose that f(z) is of bounded type. Let U(z) be a positive harmonic function 
in G such that log | f(z) | < U(z) in G. We define 


M(z, y) = [ [U(x + it) + Ur — 2+ it)\fen'*' ca e!t!-39) dt 


and compare M(x, y) with the integral which appears in condition IV. When 
y > log 2, 


vy — log 2 


M(a, y) > [Ule + it) + Ue — x + ide! — eo? 8) at 


—y + log 2 


> 3 [ [log* | f(x + it) | ry log* | flor <— + it) 1] ent! dt, 
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where y’ = y — log 2. We shall prove that (IV) is satisfied by showing that 
constants C{ and C} exist such that M(z, y) < C{ + Cj y sin z. 

The function A(z, y) = [e~'”' — e'*'~?”] sin x is harmonic in G except on the 
line y = 0, where it is continuous. Let X and Y be chosen so that U(z) has no 
poles on T'(X, Y). Following the standard method, we remove from G(X, Y) 
circles of radius r about the poles of U(z) and we remove the line y = 0. Applying 
Green’s theorem in the region thus formed, and letting r become zero, we get: 


i] n2u-venjae|-2f ve Zr 0 dz 
rex,y) On on x oy 


—2r > AG...) = 0. 
G ) 


(X.Y 


Since U(z) is positive and harmonic in G, we may apply to U(z) the results of 
the first part of this paper. If we form the functions A;(z; X, Y), using U(z) 
instead of log | f(z) |, we see that A,(z; X, Y) must be bounded for z fixed. Using 


(8) and (9), we see that e7'”' i U(x + tY) sin z dx must be bounded for all Y. 
0 
Thus the following quantities are bounded for allO < X < $2,0 < Y: 


0 0 
Sy —~u=ralie 
fen PS? U on it 2 | 


w-X 
= at [ Uta + ty) |ricx.x) sin x dx (j = 2, 4), 


(11) 


ps AB, » Ve) = > epee _ g) vet-8F) sin B, , 
) G(x, ¥) 


G(x,Y 
a-X F,) w-x 

- 2/ U(z) —d |,-o+ dz = 2[1 + e77”] / U(z) sin x dz. 
x oy x 


Thus we see that positive constants K, and K, exist such that 


fe) rs] 
—K </ latu—usarlae 
= Jpcx.reretx.Y) on on 


sin X 5 M(X, Y) — cos X M(X, Y) < Kz, 


sin’ zx = M(z, y) ) em 
ox snz 


=f, 


lA 


< 2 MG@y < -K, > cot x. 


0 
Ki 5, cz s5, snz ~ 
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Although 0M (z, y)/dx may have jumps, M(z, y) itself is continuous. Therefore, 
as x increases from 0 to $2, 


M F 3 - . . : 
A(t, y) y) _ K, cotz __ is increasing, 
sin z 

M(z, , ; i 

M(z, y) + K,cotz is decreasing, 
sin x 


M(x, y) < K, cos x + M($z, y) sin z, 
(12) 
M(x, y) + K, cos x > M(4x, y) sin z. 


Multiply the second of the above inequalities by sin z and integrate from 0 to 
4x. We get 


hr }r 
M (ir, y) [ sin’ x dx < 4K, + M(z, y) sin x dz. 
0 0 


But 


be y Pa 
M(z, y) sin x dx = il pret... gern [ U(x + it) sin x dz dt. 
=~ 0 


Using equation (11), this gives 
M(3n,y) < Ksy + Ky. 


Substituting in (12) we get the required result. 


4. Theorems A and B are easily restated for the case where the region under 
consideration is the strip z, < x < 2, , by mapping this strip on G. In this 
section of our paper G(x, , z2) is the regionz, <2 <2,,—- 7> <y< oo. We 
shall assume, for convenience, that 0 < zx, < 1 <2z,. The boundary of G(z, , x2) 
is T(x, , 2) which is composed of I, (x, , x2): x = x, and of T,(2, , 22) : 2 = 2. 
The Green’s function is g(f, 2; x; , Y2) and, if f(z) is of bounded type in G(z, , x2), 
U,(z; 2; , Z2) is the smallest positive harmonic function in G(x, , x.) which 
> log | f(z) |. When z, = ©, we write G(z,), etc., and when, in addition, x, = 0, 
we write G, ete. In adapting the theory of the preceding paragraphs for 
the region G(x, , 22) we replace g(f, z) by g(f, 2; 2, , 22) throughout. If k = 
m/(X_ — 2,) and ¢’ = k({ —z,), 2’ = k(z — 2,), we have g(¢’, 2’) = g({f, 2; 21 , 22). 
We find that 


—kiy! 


nm = lime**'m(y), my) = | log* | fle + iy) | sin kw — x4) de, 


yoo a 
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and that the inequality in (IV) becomes: 


(IV’) | log* | f(a + it) |e" dt 
< C, + C, ysin k(x — 2) (2; <x < 2). 


THeoremM C. Suppose that f(z) is meromorphic in G. Then f(z) is of bounded 
type in G if and only if 





” f (8, — ; +7 = (b, ¥ 1), 
(VI) a constant K exists such that 

m(a) = flog’ | fe + ty) | ly < K (x > 0). 
If f(z) is meromorphic in G(x,) and on x = x, , and is of bounded type in G(x,), 
then the function U,(z; x,) is given by 

z— % 


2-2) +@¢-0 
+ ex —2)+ DO g(x + iy, db, ; x), 


G21) 


it 





U,(@ + ty; 2) = [ log* | f(a: + it) | 
(13) - ( 


where § = lim m(z). 

The basis of our argument is that f(z) is of bounded type in G if and only if 
(1) f(z) is of bounded type in every G(z, , 2) C G and (2) U,(z; 2 , x2) has a 
harmonic limit function when G(z, , x.) ~ G. It is actually sufficient that the 
various parts of U,(z; 2, , x.) be bounded for z = 1, where the terms, if any, 
corresponding to b, = 1 are dropped from the sum. 

Using the same method that was used for condition I, we see that 


lim > g(z, 6, 321 , 2%) = bh g(z, b,), 
c 


Gl2.,22)-G Gl2,,279) 





1 


i = } log sta +6- vy) 
| (s — x)’ + (t — y)’ 


48 
g(l, b) = 1 log [ + 4 | 
(—p’t+y 





which gives us condition V. 
We asume that (V) and (VI) are fulfilled and show first that f(z) is of bounded 
type in G(x, , x,). Condition (I) is obviously satisfied, and since 


(z, — a)" 
(a. —2,)° + y” 








Xe). 


uded 


1), 


0). 


ded 
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(VI) implies that (IV’) holds in G(z, , x2). Moreover, (IV’) must hold with 
C, = 0. Referring to (10), we see that this in turn implies that 


[ e*'*' m(y) dy 


v¥—@ 


is finite, and hence 7, = 7. = 0. 

Let A,(z; 2, , 2.) stand for the part of the integral in U,(z; x, , x2) which is 
taken over I’, (x, , 22) and A,(z; 2, 22) for the rest of the integral. By comparing 
g(t, 23 2% , %2) to g(f, z; x,), one finds that 


1 — 2, 


a oer fs Tee 
= a)" + 


on g(t, i x a) ’ Xz) Ir, < 
Therefore, A,(1; 2; , 22) is bounded for x, near 0. 

We must show, finally, that A,(1; 2x, , x.) is bounded as z,— ©. By mapping 
G(x, , 22) onto G we find that 





r) sin k(1 — 

© Hd, 132), 20 Ir. * o_o! 
an e +e” +2 cos kl — z,) 
When x, — x, > x (k < 1), and 2, is small, we get 


Qn 
(t2 — x)” + e 





| -_ 
an gf, it + Xo) ean Oren tltl < 


Condition (VI) tells us that A.(1; x, , x2) is bounded as x, > ~, 

If f(z) is of bounded type in G(zx,) and is meromorphic on x = 2, , the repre- 
sentation (13) may be obtained by transforming U,(z), remembering that, since 
f(z) is meromorphic on x = 2, , one of the constants 7; will be zero. 

Assuming, now, that f(z) is of bounded type in G, we wish to show that (VI) 
must be satisfied. Since U,(z; x,) must exist for all x, and must be bounded for 
x, hear zero, z fixed, it is easily seen that m(z) must be bounded for z, near zero. 
Suppose now that x > x, > 0. We have 


, r i [ | ini 1+2%—2z 
je ———- l | f(x + tt) | It. 
m(x) yes Fe f(x + it) | d+2—-a' 4? dt 





Using (13) with z = 1 + 2z and with xz, = z, we have 


14 m(z) = U,(1 + 2x; x) — &€ax)(1 + 2x — 2) - bon g(l + 2x, b, ; x). 


G(2) 


We have written £(x) in the above equation since we have not proved as yet that 
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€ is independent of the region G(x). Since G(x) C G(zx,), Ui(1 + 22; 2) < 
U,(1 + 22; z,) and 








zx ew a E 1 + 2z — 2, 
(x1) < - ] | t) | 
m(z) <> °6 Se + 0 | al +P 


+ &x,)(1 + 2x — z,) — &(x)(1 + 2) 


+ ps g(1 + 2z, b, ; 2%) — Zz g(l + 2z, b, ; 2). 


G(2,) G(z) 


We wish to show that lim m(z) is finite. We see that 


m2 


1 
(1 + 22 — a,)° + t? 





tien 2b 28 — 2 / log* | fla, + i#) | dt = 0, 


oe 1l+2 


Him 7 (e(e)(1 + Qe — 2) — eCe)(1 + 2)] = 2&2.) — lim £2) 


se 1 r-@ 


< 2 &(2,), 


Dd gl + 2x, b, 32.) — DO g(l + 2x, b, ; z) 


G(21) G(z) 


1+ 2x + bf — 2z,| __ D log [Lt 22 + UF = 22] 


























= 2 el T+ae—6, | 3 8)-i+ ao, | 
=} og (L + 22 + 8, — 2x1)’ + 7 
21<Br<Sz (1 a 22 — B,)’ + y 
(1+ 22+ 8, —27,) +73 
+41 
p> 1+6) +7 
4(1 + 22 — 2,)(, =) ] 
= lo 1+ 
> toe | (l+22-,6)°+7 
1 tog [1 + Mi tets— als — 5) 
* (1 + 8,) + 7, 
(8, — 2) (1 + B,) | 
<4 an a : 2 |: 
@ py eer re. <b (1 + B,) + 7 
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: a ~ ; is convergent. Therefore, 
( lia Y» 


m(x) must be bounded as x becomes infinite. 





The above series is convergent since >, 


It is now easy to show that, if f(z) is of bounded type, lim m(z) = é. In the 


r@ 
convergent series above, the »-th term is constant when z < 8, and then de- 
creases to zero as x increases. Therefore, the whole series approaches zero and 


lim ~ m(z) < 2&(x,) — lim gz). 


2-2 z2-@ 


Letting x, become infinite, we get lim 1 n(x) < lim ¢(x). Substituting back, 
z-o T peers 


zo 


we get 
~— 
lim ~ m(z) < &{(2). 
Suppose now that lim | m(x) = & < &(x,). The function U,(z; 2x,) — log | f(z) | 
oe a 


mo 


is positive and harmonic in G(x,). Consider m,(x): 


| 


m,(x) = [ [U,(x + ty) — log | f(x + ty) |] ———— 
-. a ee ee 
7 (x — 2,) 3 ii ‘ l 
> ee a = lo G+ oe 
I OTE +e r I. wi Wla+a)t+y 
- Dr; 
m &(2x,) ow Sm m(x) 
so that 
lim m,(x) = &2,) — &. 
roo FT 
That is, the “¢” for U, — log | f(z) | is at least as big as (x,) — &, and we have: 


Ui (a + ty; a) — log f(x + ty) = (E(x) —§](x — 2), 


log | f(x + iy) | < U.(a@ + ty; a) — (E(x) — E(w — 2). 


The function on the right is positive, since U,(x + ty; 2) > &(x,)(a — 2) and 
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is less than U,(z; 2,). But U,(z; 2,) is the smallest positive harmonic function 
in G(x,) which > log | f(z) |. Therefore 


tn > els) @ Oz.) = 8. 


r—@ 


This completes the proof of Theorem C. 
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DIFFERENTIALS AND ANALYTIC CONTINUATION 
IN NON-COMMUTATIVE ALGEBRAS 


By R. W. WAGNER 


This paper represents an attempt to generalize the power series portion of the 
theory of functions of a complex variable so that the argument may range over 
a non-commutative algebra. 

For this purpose, an absolute value, or metric, is defined for the algebra. This 
absolute value is used to discuss.the convergence of generalized power series. 
By introducing differentials, a generalization of Taylor’s theorem is obtained. 
This involves several theorems concerning the existence and differentiability of 
generalized power series. The final section of the paper consists of the application 
of this theory to the special case of functions defined on the complete matrix 
algebra. 

One of the important differences between this generalization and the classical 
theory is that the region of convergence and the region of absolute convergence 
are very different when a general algebra is considered. This complicates the 
theory of convergence of series, but is a blessing in the analytic continuation of 
the function. 

German letters will be used to denote sets of elements; capital letters denote 
elements of the algebra; and small letters will denote elements of the field used 
to build the algebra. 


1. The metric. Let % be a linear associative algebra over the field of all real 
numbers §, or the field of all complex numbers €. These fields are chosen 
because they are complete and the proof of the existence of limits is greatly 
simplified. Besides, each of these fields has a commonly used absolute value 
which can be extended to %. 

An absolute value for & should have the properties: 








(1.1) |X | > 0; | X | = Oif, and only if, X = 0; 

(1.2) [X+Y|<|X|+]Y¥\]; 

(1.3) [XY|<|X| | ¥|; 

(1.4) |2Y¥|=|2| | VI; 

(1.5) | 7 | = 1, if & has an identity; 

(1.6) | X | is continuous in coédrdinates for basis of %. 
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The absolute value to be used here is obtained by applying an absolute value 
function for matrices, which has been studied by Rella [6], to the regular repre- 
sentation of %. Let Ry be the matrix which represents X in the first matrix 
representation of %{. Define | Ry | as the positive square root of the largest 
characteristic root of the matrix RyR¥ , where Rf is the conjugate of Rx trans- 
posed. Now set 


(1.7) |X| =|Rx|. 


This gives an absolute value function for &%. Rella has shown that this absolute 
value for matrices satisfies all the above conditions except (1.5). It is easy to 
verify that this absolute value satisfies this condition also. 

Rella mentions other absolute value functions for matrices. But they fail to 
satisfy (1.1) or (1.5). The absolute value for an algebra used by Spampinato [9] 
fails to satisfy (1.3) and (1.5). When it is adjusted so that it will satisfy one of 
these, it may still fail to satisfy the other. 

The absolute value used here is invariant under a hana of basis by an 
orthogonal matrix, but not for a general change of basis. The other absolute 
values which were mentioned share this disadvantage. This absolute value is 
the norm of the linear transformation of a Euclidean vector space which the 
matrix represents. 

The distance from A to Bis | A — B|. A change of basis gives a metric which 
is topologically equivalent to the old one. 


2. Generalized power series. Henceforth, the word “function”’ will be used 
to denote a correspondence between the elements of two subsets of %. 

A multilinear function is a polynomial which is homogeneous of the first degree 
in each of k independent variables. For example, AXBYC + BYAXC is a 
bilinear function of X and Y, with A, B, and C constants. If all the letters are 
variables, it is a multilinear function of degree 5. More generally, 


(2.1) G(X, , X2,°*+ , Xe) = DS AoX1A1X2A2 «++ XiA, 
is a multilinear function of degree k. It is to be understood that the X; may 


appear in different orders in different terms and that the multipliers A; may 


vary from term to term. 
Associated with the multilinear function (2.1) is a number g, , called the norm 
of the multilinear function. This norm is defined to be the g.l.b. of numbers m 


such that 
(2.2) GAZ, , Bes *** p eed S @, with | X,;| = 1. 

If all the variables have the same value, say X; = X, the multilinear function 
becomes a homogeneous polynomial of k-th degree in X. Such a polynomial will 
be denoted by G,(X). From (2.2), one gets 


(2.3) |G(X)| < m | X |. 
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It may well be that g, is not the smallest number satisfying (2.3). But in some 
of the subsequent proofs it is necessary to have an inequality which may also 
be applied to a multilinear function. For uniformity, we use the same norm for 
both the homogeneous polynomial of degree k and the multilinear function. 

A generalized power series is a sum of homogeneous polynomials in X. If 
F(X) is a generalized power series, 


(2.4) F(X) = ys G(X). 


The theory of convergence of these series is complicated by the possible existence 
of divisors of zero in A. If X is a properly nilpotent element of 4, all but a finite 
number of terms of (2.4) are zero and convergence is automatic. The non- 
commutativity of A also complicates the situation. Consider the two series 


F\(X) = p> AX’, Ffi) a 334, 


k=0 


a . rafe9 
wD. 69 


These series may be written in the form 
E xe 2 “y') 7 co (< wi 
F(X) * alk py» ( y* 5) F,(X) 5 ad > 0 y* . 


Now it is clear that, if z = ? and y = }, the first series will converge but the 
second will diverge. 

Some of these difficulties may be avoided by considering absolute convergence, 
or convergence of the series of absolute values. 


where 


THEOREM 2.1. If a series converges absolutely, in the sense of the absolute value 
defined above, it converges. 


Let a, denote the absolute value of the k-th term of the series in (2.4) and let 
S, denote the sum of the first r terms of the series. Then 


r+p 


\S..-S,|< Dd a. 


ker+l1 


By hypothesis, for any positive e there exists an m such that r > m implies 


Therefore, | S,,., — S, |< e. Use 2; (¢ = 1, 2, ---+ , n) for a basis of & and 
write 
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Then, for every p, 


(2.5) + eas ee 


It will now be shown that there exists a number b, which depends only upon 
the basis, such that (2.5) implies 


(2.6) | Sm+p,4 — Sms | S be (¢ = 1,2, +--+, mn). 


Let b; be the minimum, with respect to the 2; , of 
| (@@ + DE; — p 2;E; |. 
j=l 


No b; = 0. For, if it did, one would have, by (1.1), a linear dependence of the 
E; , which is impossible. Let b be the reciprocal of the smallest b; . Then, for 
every 7 and arbitrary values of x; , one gets 


|, iE, | = | a; | | 2, %iEi/2xs | 2 | x |/b. 


Therefore, | x; | < b| >> 2;£;|. Applying this result to (2.5), one gets (2.6). 
Because the coefficient field is complete, (2.6) implies that for every 7 there exists 
a number s; which is the limit of the sequence s,,,,; . Therefore, the sequence S, 
converges to >. s,E; . 

The region of absolute convergence of the series will usually be much smaller 
than the region of convergence. In the situation considered here, the closure of 
the region of absolute convergence is, in general, a proper subset of the closure 
of the region of convergence. In the case of a complex variable, the closures of 





these regions are the same. 

It is usually very difficult to find, or define in terms of the codrdinates, a 
maximal region of absolute convergence. It may also be difficult to define a 
maximal region of absolute convergence in terms of absolute values. However, 
it is sometimes very simple to find a region in which the convergence is absolute. 
The following theorem gives a very crude, but sometimes useful, criterion for 
the absolute convergence of a generalized power series. 


THEOREM 2.2. If >> g,x* converges on |x| < c, the series (2.4) will converge 
absolutely and uniformly on | X | < ce’ <c. 


By applying (1.2) and (2.2), one gets 
[2 G(X) |< D1 G(X) | < Dim | X |. 
k=0 k=0 k=0 


Therefore the series converges absolutely on | X | < c. The Heine-Borel theorem 
may be applied to the closed region | X | < c’, so it is easy to prove uniformity 


of convergence. 
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3. Differentials. Let F(X) be a function which may or may not have a 
generalized power series. The differential [1] of this function, if it exists, is a 
function of X and of the increment of X (call this increment H) which is linear 
in the increment and, in a sense, approximates the function. The differential 
(denote it by D[F(X), H]) is the linear and homogeneous function of H with the 
property that for any e > 0 there exists a d such that | H | < d implies 


| F(X + H) — F(X) — D[F(X), H]| < e| H|. 
From this relation it is easy to prove the following theorems. 


THEOREM 3.1. If the function has a differential, this differential is unique. 


THEOREM 3.2. If each of two functions has a differential, the differential of the 
sum is the sum of the differentials. 


THEOREM 3.3. If each of two functions has a differential, the differential of their 
product is the differential of the first multiplied by the second function plus the first 
function multiplied by the differential of the second. 


This differential has been used extensively in general analysis. The existence 
of this differential is more restrictive than the existence of the Hamiltonian 
differential as defined in Wedderburn [12]. The Hamiltonian differential is 
directional. In order for the Fréchet differential (defined above) to exist, all 
directional differentials must exist and it must be possible to incorporate them 
all into a single linear function defined over the whole space. Graves (see [2] or 
[3]) clarifies this distinction in a more general case. 

Higher differentials have been defined by Graves (see [2] or [3]). The k-th 
differential of a function is a multilinear function of k independent increments. 
It is defined inductively. It satisfies this condition. If e > 0, there exists a d 
such that |-H; | < d implies that 


[F(X +H, +++) +H.) — P(X +H, +--+ + Hes) — DYF(X), Mi ++ Hi 
<e|H,|--- ||. 
For our purposes it is convenient to specialize this by making all the increments 


equal after finding this multilinear function. Then the k-th differential is 
denoted by D‘[F(X), H]. 


THeoreM 3.4. If the r-th differential exists, it is unique. 


THEeoreEM 3.5. The r-th differential of a sum of functions, each of which has an 
r-th differential, is the sum of the r-th differentials. 


The proofs of these theorems are omitted. Some special cases are of interest, 
for they show how these differentials compare with the derivatives which are 
used in commutative cases. For example, 


D{X*, H] = X°H + XHX + HX’, 
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and, if G,(X) is a homogeneous polynomial in X of degree k, 
(3.1) D'|G,(X), H] = k! G,(A). 


Turorem 3.6. If F(X) is defined by (2.4) and if >> g, | X |* converges uniformly 
on | X | < c, then >> D[G,(X), H] converges absolutely and uniformly on | X | < ¢ 
and equals D|F(X), H). 


First, it will be shown that the sum of the differentials converges uniformly. 
By applying Theorem 3.3 and (2.2) one gets 


| D[G,(X), H]| < kg. | H| |X |*". 


The hypothesis that >> g, | X |* converges uniformly on | X | < c implies that 
> kg. | H| |X |** converges uniformly on | X | < c. Therefore, the sum of 
the differentials converges uniformly. 

The proof that the sum of the differentials is D|F(X), H] is separated into two 
cases. First, suppose X = 0. Then one gets 


FO + H) — FO) — G,(A) = > G,(A), 
and taking absolute values, one gets, by using (2.2), 
| FO + H) — FO) — GH) | < | HP >> g. | H |*"*). 
The quantity in brackets has a bound on the region | H | < c. Call this bound b. 
Take | H | less than the smaller of c and e/b. Then surely 
| F(0 + H) — FO) — G,(A)| < e|H}. 


Therefore, G,(H) = D[F(0), H). Moreover, if k > 1, D[G,(0), H] = 0. There- 
fore, >. D[G,(0), H] = D[F(0), H]. 
Now consider the case with X ~ 0. First, one has 


cs 


| G(X + H) ~ G(X) | < go | H| (> X°°* w"). 


s=l1 
Now one can assume that | H | < | X |, so that this reduces to 
|G.(X + H) — G,(X)| < kg. | H| |X|". 
For any e > 0 there exists an m such that 
(3.2) | DG(X +H) -G(X)|<|A| Dky |X <elA| 
k=m k=m 
and such that 


(3.3) | > DIGKX), A) < || Dko | X |’ <e!| AH], 


provided | X | < e. 





re- 
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One also has in this case 
m-—1 


| F(X + H) — F(X) — DO (G(X + A) — GX) | 


k=0 


<1 G(X +B) - G(x) |, 


k=m 
provided |H| <|X|and|H|<c— |X|. Using (3.2), one gets 


m—1 


(3.4) | F(X + H) — F(X) — 2 (G(X + H) — G(X)] | Se] |. 


However, a finite sum has a differential; therefore there exists a d such that 
| H| < d implies 


(3.5) |X tax +  - G00) - ¥ DIG), H)| <e| Hl. 
When one combines (3.3), (3.4), and (3.5), he gets 
| F(X + H) — F(X) — ¥ D[@,(X), H)| < 3e| H| 


and this is valid provided | H | is less than the smallest of the quantities | X |, 
c — |X|, andd. Therefore, the sum of the differentials of the polynomials is 
D{F(X), H). 

The preceding theorem may be stated and proved in the same fashion by using 


r-th differentials. 
Let E, , E,, --- , E, denote a set of basis elements for Y%. Then, if Y = F(X), 


one can write 


¥ueSaz., Notas, Ta Pee, 
r=1 


r=1 s=1 


where y, is a function of the independent variables x, , x, . --* , 2, in the usual 
sense. 


THEorEM 3.7. Jf D‘[Y, H] exists, then 


d*y.E, 
->= oe Oe + hey, 


02,62, 





where the summation extends to all the n* ways of choosing the subscripts r; . 


The proof is given only in the case k = 1. Apply Theorems 3.2 and 3.3 to 
the assumed differential to get 


| E.y.(X + H) — E.y.(X) — E.Dly.(X), H]| < e|H|, 
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provided | H | is sufficiently small. With H = h,E, this may be written as 





(yX + Bh) = ylX 
Bp, WF Bhd — WO) — Diy (X), Ell] <6 | Be |. 
Therefore, D[y,(X), Z,] is the partial derivative of y, with respect to z,. Recall 
that D[Y, H] is linear and homogeneous in H. Therefore, 
ay, 


D{y.(X), H] = >> = X; 


r=1 


By applying Theorems 3.2 and 3.3 again, one gets the result stated for this case. 
For other values of k, the proof follows the same lines. 


4. Taylor’s theorem and generalized power series. In this section the rela- 
tionships between differentials and generalized power series are discussed. The 
first step is to consider homogeneous polynomials. 


k 
TueoreM 4.1. G,(X + H) = >> D'[G,(X), H)/r!. 


r=0 


First, let G(X) = ApXA,XA, --- XA, . The theorem will be proved by 
induction for this particular function and then extended to the general homo- 
geneous polynomial. Start with 


G(X + H) = G(X) + G(A) = G(X) + DG,(X), A). 


Therefore, the theorem is true if k = 1. Assume that it is true if k = s — 1. 
Then G,(X) = G,_,(X)XA,. Using Theorem 3.3 several times, one gets 


D'(G,(X), H] = D'[G,_,(X), H|XA, + rD"~"[G,_,(X), HHA, . 
Divide through by r! and add the resulting equations for various values of r. 
The result may be written in the form 


> D'[G.(X), H)/r! = G.-.(X + MX + HA, = G(X + HA). 


Therefore, the theorem is true for this particular function. Any homogeneous 
polynomial of degree k is a sum of functions of this kind. Therefore, by Theorem 
3.5, the result of this theorem is valid for any homogeneous polynomial. 


TueoreM 4.2. If F(X) has a generalized power series expansion in a neighbor- 
hood of X = A, then 


F(A + H) = > D'[F(A), H)/r!. 








B 


ss 
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Suppose that the generalized power series is ). G,(H). By the extension of 
Theorem 3.6, which was mentioned but not proved, F(X) has differentials of all 
orders at X = A. Take the r-th differential of both members of the identity 


F(A + H) = 1 GA) 
k=0 
with H as the independent variable. The result is 
D'[F(A + H), K] = )) D'[G,(M), K). 
k=0 


Now set H = 0. Ifk # r, D'[G,(0), K] = 0. Therefore, 
D'|F(A), K] = D'[G,(0), K] = r! G,(K). 


The last step depends upon (3.1). Thus the terms in the generalized power 
series are identified and the theorem is proved. 


THEOREM 4.3. Necessary and sufficient conditions that F(X) have a generalized 
power series are that each y, have a power series in the x, , and that, for all values of 
r, D'[F(X), H] can be written as a homogeneous polynomial in H—the multipliers 
will depend upon X. 


Necessity. Since the generalized power series converges, it will converge in 
each of the directions represented by the basis elements. Therefore, each y, will 
have a power series expansion in the x, , and this series will represent this compo- 
nent of the function. Theorem 4.2 states the necessity of the second condition. 

Sufficiency. Choose c’ so that on the region > > z,2* < c’’, where z* denotes 
the conjugate of x, each power series for y, in the x, converges absolutely. This 
region contains another, namely | H | < c, so that 


) oy, 
y= Ld ery he, Ia, +++ Ia, 


ro | r!0x,,O0X,, - 





on the region | H | < c. The summation is to be extended to all the n’ ways of 
choosing the subscripts k; . These series converge absolutely, so that, after 
multiplying both sides by Z, and adding for all values of s, one gets 





oo) 1 n E,a'y, 
a r=0 r! p> Ps OX,,OX,, eee Ox;, he, h., hy, . 


By Theorem 3.7, this may be written as 


¥ = D> D'F(X), Hy/r! 


and the right member converges on the region H < c. By hypothesis, each 
differential may be replaced by a homogeneous polynomial of degree r in H. 
Thus the theorem is established. 
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This last condition is by no means trivial. It may be restated in this form: 
n polynomials in the variables x, cannot always be written as a single polynomial 
in X. Whether they can or not depends upon the properties of the algebra Y. 
For example, in the case of functions of an ordinary complex variable, x? + izy 
cannot be written as a polynomial in z = x + iy. In other words, this eondition 
requires a kind of “‘analyticity’’ of the function. 

Papers by Ward [11] and Ringleb [7] indicate that the answer to this question 
may be found by generalizing the Cauchy-Riemann differential equations. It 
appears to the author that such a generalization must include partial differential 
equations of order higher than the first in order to be of value in this connection. 


THEOREM 4.4. Let F(X) be defined by a generalized power series which converges 
uniformly and absolutely on | X | < 2c. Then, on the region| X| <c,|H| <e, 
F(X + H) = > D'[F(X), H)/r!. 
r=0 


From Theorem 4.1, one gets 


@ 2 k 

(4.1) F(X + H) = 0 G(X + A) = DY DG,(X), H)/r!. 
k=0 k=0 r=0 

This double series converges absolutely. For, 


| D'[G.(X), H\/r! | < .C.gm |X|" | AI" < Cgc’, 








and from this relation one gets 


@ k 2 k @ 

| Yd DG(X), HI/r!| < Le De Cre’ = Do (20)*. 
k=0 r=0 k=0 r=0 k=0 

This last series is convergent by hypothesis. Therefore, the terms of the double 

series may be rearranged. When one changes the order of summing in (4.1), he 

gets 


F(X + H) = YY D(GAX), Hy/r! = 2) DLP), H1/r!. 

This last theorem enables one to shift the center of a ‘“‘sphere’”’ of absolute 
convergence. The new series, formed by such a shift, was proved to converge 
only on the region | H | < c. However, it may happen that the new series will 
converge on a region which extends outside the region of convergence of the 
original series. In this case one would have an analytic extension of the original 
series. An example of this is given in the next section. 


5. Matrix functions. A vast number of papers has been published concerning 
the matrix functions which one gets by changing the variable in an ordinary 
power series to a matrix. (For a complete bibliography of this subject, see, for 
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instance, [11], [12], or [5].) The foregoing theory can be applied to these functions 
to get some interesting results. 

Let M be the complete matrix algebra of order n’ over the field €. One way 
to define a matrix function is to change the power series 


(5.1) (x) = > a,x" 
k=0 
into the matrix function 


(5.2) F(X) = Da,X'*. 


Another method for generating a matrix function is to start with a set of 
partial idempotent elements, P; , and the associated characteristic roots, A, , 
and nilpotent elements, Q; (i = 1,2, ---,v). Then, if g(x) is an analytic function, 
and not just an element of such a function, one can write a matrix function in 
Schwerdtfeger’s form [8] 


(5.3) GX) = DDL gO) PQ; /rt. 

i=-1 r=0 
If g(x) agrees with f(z) on the region where f(x) is defined, then G(X) is an 
analytic continuation of F(X) [10]. 


THeorEM 5.1. If G(X) is defined by (5.3), and if X is a regular point of G(X), 
then 


(5.4) D{G(X), H] = > st oT *g'(As ds) 


PQ; HP; Q;/r!s!, 
i,i=l rem) On; On; Q Q 


where 
(5.5) g(x, y) = g(x) — g(u))/(x — y). 


The proof of this theorem consists in showing that the identity of the functions 
F(X) and G(X) can be extended to their differentials. The first step is to use 
Theorem 3.6 and to show that the differential of a matrix function defined by 
(5.2) is of the form shown in (5.4). This calculation is tedious and will be 
omitted. Since G(X) and F(X) are identical when both are defined, the same 
is true of their differentials. Therefore, on the region for which F(X) is defined, 
the theorem is valid. The function appears in (5.3) and (5.4) only with a com- 
plex number for its argument. Therefore, the theorem will also be true on any 
region to which g(x) may be extended by analytic continuation, i.e., the range 
on which G(X) is defined. 

The differential of a function shows the local properties of the mapping induced 
by the function. Thus the preceding theorem enables one to describe the local 
properties of the mappings of these matrix functions. 
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Because the matrices P,; are (algebraically) orthogonal idempotents in M, the 
subspaces 


S,. = PMP, 


are a set of linear subspaces whose linear extension is Y?. 


THeoremM 5.2. The invariant subspaces of the linear transformation defined by 
(5.4) are S,, and the associated scalar factor is g’(X, , X.). 


From (5.4) and the multiplicative properties of the partial idempotent ele- 
ments, one gets 
n a”**g'(X, , r,) p 


OUS,P.V . 
p.e=0 ploldrrar? ’ . 


D{(G(X), S,.] = 
The right member is obviously contained in S,, and the one term with p = o = 0 
is the whole of S,,. Therefore, each S,, is an invariant subspace of the differen- 
tial. In case the Q, are all zero (all elementary divisors of X are linear), the 
theorem is proved. In the contrary case, suppose that Q2 + 0, Q? ¥ 0 and that 
Qs*' = Q’*' = 0. Then the subspace Q°G,, Q? is invariant. For, one gets 


D[G(X), Q7S,.Q] = g(a. , A)P.Q?S,.P.Q 
The associated scalar factor is g’(A, , A,) and the theorem is proved. 


THEOREM 5.3. If all the nilpotent elements of X are zero and if X is a regular 
point of G(X), the k-th differential of G(X) is 


(5.6) kid ee) YS gO dy +) MeDPHP:,H --- HP;, , 


where g(a , %1, *** , %%) ts the k-th divided difference of g(x). 


The proof of this theorem follows the same pattern as that of Theorem 5.1 
and is omitted. The restriction that the Q; are zero is not essential to the proof 
but is inserted to simplify the resulting expression for the differential. 

TueoreM 5.4. If all nilpotent elements of X are zero and if all the characteristic 
roots lie within a circle of convergence of an analytic element of g(x), there is a 
neighborhood of X on which 

G(X + H) = > D'[G(X), H)/r!. 
r=0 


First, it will be shown that ther is a neighborhood of X on which the sum of 
the differentials converges absoluteiy. Let > a,(x — a)* be the analytic element 
of g(x) and let g*(x) be the function >> | a,| | 2 — a|*. Let c be the radius of 
convergence of these two series. Then, from 


g (Ai, °° si) = > > a..0;, -—@--- A, -—a”, 
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where >,’ means to add all such terms with }> a; = s, one gets 


| g(r; 5 a ate » Med | < ) AP by | Gees | | d.. —@ °° es |r, —_ = 
s=0 
Let m be the largest of the quantities |\;, — a|. There are ,,,C, terms in >)’. 
Therefore, one gets 
Lg? Az 5 ++ Ae) | SD | ase | pCi’. 
s=0 


However, from the definition of g*(x), one has 

(r+ s)!]a,., | = g*°*(a). 
Finally one gets, then, the inequality 
(5.7) lg? (Ais +++ 5 Nie) | S gt" (m + a)/r'. 


From Theorem 5.3 one has 


| D[G(X), M/r!|< Dees Vig? A., dw A, 
fo=l izn=l1 

where p is the largest of the quantities | P,; |. Apply (5.7) to the right member 

of this inequality and add for various values of r. The result is 


(5.8) > | D'[G(X), HV/r! | < SS gt (m + a)(pn)™ | A "/r!. 

r=0 r=0 
The point « = m + ais a regular point of g*(x) because m < c. Therefore, 
g*(x) has a power series expansion in (xr — m — a). Let c’ denote the radius of 
convergence of this series. Then if np | H | < b, where b is less than the smaller 
of c’ and c — m, the series in (5.8) converge absolutely. 

In order to show that the sum of the differentials converges to G(X + H), 
consider the related functions f(x) and F(X) in (5.1) and (5.2). Theorem 4.4 
states the desired result for the function F(X). Since F(X + H) can also be 
written in the form (5.3), one gets 


F(X + A) = & DFO), Al/r! = © VSP AadPigs/r!, 
r=0 i=l r=0 

where \/ , v’, P , and Q! refer to X + H. But Theorems 5.1 and 5.3 show how 
to write the differentials so that the function appears only as f(x). Therefore, 
this identity will be valid for any analytic continuation of f(z). Thus it is true 
for g(x) and consequently for G(X). This completes the proof of the theorem. 

Example. Let G(X) = (I + X)™. A series for this function which is valid 
in a neighborhood of the origin is 


(5.9) G(X) =1-X+X?-X*4+.--. 
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A generalized power series for G(X), which is valid in a neighborhood of X = B, is 
(5.10) G(B + H) = A — AHA + AHAHA — AHAHAHA+.:--, 


where A = (J + B)™'. Observe that this uses the formula 
D{(U + B)', H] = —(1 + B)"H(U + B)™. 


1f3 1 
gut a(3 ») 
and find | B| = .41. Therefore, (5.9) converges absolutely when X = B. With 


H = I, and this same value for B, (5.9) will diverge for X = B+ H = B+]. 
With this value of H, the series (5.10) will converge absolutely for 


Let B represent the matrix 


|A| =|(+ B)"| = 82 <1. 


Therefore, (5.10) gives a value for G(B + J) while (5.9) does not. Thus (5.10) 
represents an analytic extension of (5.9). This illustrates the situation described 
at the end of the preceding section. 

Relation to the literature. Hausdorff [4] made one of the first attempts to get 
a generalization similar to the one given here. He used only the first differential 
and called a function analytic if its first differential existed and could be written 
in terms of the algebra. In this notation, 


D(F(X), H] = > a; E.HE; . 
t,7=1 
Ringleb [7] extended this idea by showing how certain decompositions of the 
algebra are reflected in the function. He also tried to use expressions like 


q i tk 
2, Bixstes+++,s0e Be oo° De ° 


to get generalized power series. He was unsuccessful because he used only the 
first differential. Ward [11] defined a derivative, even in the non-commutative 
case, but he did not get a satisfactory second derivative. Most other papers 
do not go very far until they make a restriction that the algebra is commutative 
or that any multipliers appear only on one side of the variable. 
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SOME THEOREMS ON DOUBLE TRIGONOMETRIC SERIES 
By Georce E. Rreves anp Orto SzAsz 


1. Introduction. The present-paper generalizes to two variables the following 
theorems: 

(a) The Cantor-Lebesgue theorem [7; 267]. If a, cos nx + b, sin nz —Oina 
set of positive measure, then a, — 0, b, — 0. 

(b) The Fatou-Denjoy-Lusin theorem [1], [7; 131]. If 


> | a, cos nx + 6, sin nz | 


converges in a set of positive measure, then >> (| a,| + |b, |) < ©. 

(c) Two theorems of Szdsz [5; 376-378] on absolute convergence of Fourier 
series. 

In some special cases and in a slightly different way such results are given in 
the Ph.D. thesis of Reves (Cincinnati, 1941). 


2. Generalization of the Cantor-Lebesgue theorem to two variables. 


THEOREM I. Let 


Amn(Z, Y) = Ann COS mx cos ny + b,,, SiN mx cos ny 
- 


(2.1) 

+ Cn, COS mx sin ny + d,,, SiN mx sin ny. 
If 
(2.2) lim A,,,.(z, y) = 0 


m— co 
n—-@ 


in a two-dimensional point set E of measure | E | > 0, then 


(2.3) pmn = (a2, + b2, + ch, + 2)! > 0 as m and n tend to ~. 


Any double limit is meant in the Pringsheim sense, i.e., m, n tend to 
simultaneously but independently. 
Proof. We may dismiss the A,,, for which p,,, = 0. Let 
A,,(2, y) = Bee ank; y), 
so that 


A ott y) 
(a2, + b2, + Can + den)! 





(2.4) Brn(X, Y) = 


Received November 12, 1941; presented to the American Mathematical Society, December 
29, 1941. 
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We first prove that 
(2.5) | Bun(z,y)| <1 for all (2, y). 


We define Pan, Gnn >? = mn» 9 = Onn by 


Ann = Pun COS$, Onn = Pun SIN O, (Pun = 0, Inn 2 9); 
ine Cun = Ymn COS 8, din = Ymnn Sin 8, (0 < ¢, @ < 2m), 
so that 
(2.7) Din = Gan + ben, Jn @ Con t+ Onn, Pan = Pan + Yon; 
and 
(2.8) A mn(2, Y) = Pn COS (mx — $) COS NY + Gy. COS (mx — @) sin ny. 


From (2.8) we have 
| Amn(2, ¥) | < Pun | COS MY! + nn | Sin ny |. 
An application of Schwarz’s inequality gives 
| Aun(2, y) | S (Dan + Gen)? = Pn - 
This relation proves (2.5). By assumption (2.2), 
PnnBinn —> O for (x, y) in EB. 


Hence, by using a theorem of Egoroff [4; II, 144], corresponding to any « > 0 
there exists an EZ, contained in E with | Z,| > | E| — e > 0, such that 


PmnBmn — O uniformly for all (x, y) in E, . 
From (2.5) a fortiori 


PinnBoan — O uniformly for all (x, y) in FE, . 
Hence, we can integrate over EZ, and get 
paw |[ Beale, y) dx dy — 0. 
E, 


To prove that p,,, tends to zero as m and n tend to ~, it is sufficient to prove that 


i= I/ B?,(x, y) dx dy 


E, 
is bounded away from zero for all m, n sufficiently large, or what is the same thing 


(2.9) lim In, > 0. 


m2 
no 





as 
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We have from (2.4), (2.7) and (2.8) that 
Ian = Ii 2 ; = [Pan cos* (max — ¢) cos*ny + ga, cos’ (mx — 6) sin* ny 
5, Pan + Gn 


+ 2manGnn COS (mx — d) cos (mx — 8) cos ny sin ny] dz dy. 
Trigonometric reduction yields for the expression in brackets: 
1 (Danan + Gan) + tp2,[cos 2(mx — ¢) + cos 2ny + cos 2(mzr — ¢) cos 2ny] 
+ 3q2,,[cos 2(mz — 6) — cos 2ny — cos 2(mx — @) cos 2ny] 


+ 3PanGmn Sin 2ny [cos (2mz — @ — 6) + cos (6 — ¢)], 
hence 
| = } | E, | + | ae ’ 


where /{,, is a linear combination of eight Fourier coefficients of the periodic 
bounded function defined for 0 < x < 27,0 < y < 2x by 


(lin E,, 
f(z, y) = 


0 otherwise, 


the multipliers in the combination not exceeding x’ numerically. Consequently, 
as m or n or both become infinite 


Ia. 7 4 | E,| > 0, 


from which our theorem follows. 


3. Generalization of Fatou-Denjoy-Lusin theorems to double series. 


THEOREM II. Let A,,,(x, y) be as defined in (2.1) or in the equivalent form (2.8). 
If the general double trigonometric series 


ay Axnn(2, y) 


is absolutely convergent in a two-dimensional point set E of positive measure | E | > 
0, then 


@ 


DX Pm < &. 


m.n=1 
Proof. We may again dismiss the terms for which p,,, = 0. We define Q(z, y) 
in E by 


Q(z, y) = XL 





A,,(x, y) |. 
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By assumption Q(z, y) has a finite value for every (zx, y) in EF and is the limit of 
the sequence of continuous functions 


Q(t, y) = >, | A,,(z, y) |, (x, y) in E. 


ave 


An application of Egoroff’s theorem asserts that to any « > 0 there exists a set 
E, contained in E with | E,| > | E| — e > 0, such that the sequence Q,,,,(x, y) 
converges uniformly in E, to Q(z, y) which in £, has the finite bound B. In 
consequence of the uniform convergence we may integrate the series termwise 
over E, and get 


> I/ | A,.(z, y) | dx dy < B| E, |, 
u val ns 
or, by (2.4), 


D ow |f | Bale, y) | de dy < BE, |. 
u,v=l 5, 
To prove our theorem it is sufficient to show that 


Je ® i] | Date. | de dy 
Bg, 
is bounded away from zero for all m, n; and in view of (2.5) it is sufficient to prove 
the same for /,,,.. This follows (using the argument of §2) from /,,,, > 0 and 
I... — 0 as one or both indices tend to ©. 


4. Absolute convergence of double Fourier series. For any function f(z, y) 
we employ the following notation 


Ai. f(z, y3 8,0) = Anf =f(ia+s,yt+t) —f(x —s,y +t) 


(4.1) 

—fzt+tsy—H+fa—s,y — 0), 
(4.2) Ai S(x, y; 8) = f(z + 8, y) — f(x — 8, y), 
(4.3) An. f(z, y3 t) = f(z, y + ) — f(z, y — 0), 


) = « @ 4 ? | . ip 7, a 
(4.4) M,(Ay,f) = (1 [- [ | A. S(a, y; 8, ) |” dx iv) ; 


l a ee ” \/p 
(BL [tet on -se- 4 iradedy)” 


cpr. oi a 
(Gf [seu t 9 sey )Pdedy) 


Noo = }, Ano = A = f, Renn =) (m,n > 0), 


(4.5) M, (Arf) 


(4.6) M,(Aof) 
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5 ae 
Gan + Ba OO flu, v) e’™ cos nv du dv 
Tr -* -—* 


(4.7) (m,n > 0). 


2 ; ;: F J u > 
Cun + tan . flu, v) e’”™ sin nv du dv 
-?* -f 


T 





Thus with the notation of §2 and the coefficients (4.7) the double Fourier series 
of f(x, y) is 


io) 


(4.8) f(z, y) ~ Ann(x, y) 


mane 


and it follows from (4.1) that if f(z, y) is a function of one variable, then 
Au f(z, y; 8, t) = 0. 


TuroremM III. Suppose f(x, y) is periodic and in L*. Let U;(t) (é = 1, 2) be 
positive non-increasing functions of t such that U,(t)|Oast|0. Let V(s, t) bea 
positive function which is non-increasing as s|0orast|0. Suppose0 <k <2 
and 


~ k 
4.9) “Hyd v( *) | ; 
( } ae ‘ v s ot 
@~ k 
(4.10) > Ye [u.(z) | < @ (i = 1, 2). 
u=l 


If f(x, y) satisfies for 0 < 8s < 4,0 <t < x each of the inequalities 


(4.11) M(Auf) < V(s, t), 
(4.12) M,(Arwf) < U,(s), 
(4.13) M;(Aof) < U2(8), 
then 


pe es 


u,v=0 


Proof. With the aid of (2.8) and (4.8) we get 


(4.14) Ai f(z, y; 8, 2) ~ 4 > sin ms sin nt L,,,(z, y), 


mn=l 
where 
(4.15) Lion(2, Y) = Pm, Sin (mx — ) sin NY — nn Sin (mx — 8) cos ny. 
Write 


(4.16) Jan = L/ [ Lin(a, y) dx dy; 


+ 
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then from (4.15), 
Tua - Das + Jan = Pmn ° 


Now (4.14) is a Fourier series of a function of z and y in L’; hence squaring (4.14) 
and integrating over (—, —7; x, 7) we obtain 


Mia) => f [| autesyis, OP de dy 
TT -f -F 


16 >> Jinn sin’ ms sin’ nt 


o 


16 >> px, sin? ms sin’ nt. 


By assumption (4.11) this gives 


> 2. sin? ms sin’ nt < V’(s, 2). 


Hence, a fortiori 


> 12, sin’ ws sin’ vt < V%(s, 2). 


u,ve=l 


Now choose m, n arbitrarily and choose s and ¢ such that 


sy * ta x 
2m’ 2n’ 
then using 
, 4 , 4 , 
sin’ us > -~ us’, sin’ vt > = vt’, 
T Tv 


we get 


m—1.n-1 
2 1.2 2 2772 T wv 
my <mny aon, oe 
2, —_ = 2m’ z) 
On replacing m by 2m and n by 2n we easily obtain 


2m—1 2n—-1 
(4.17) Be Ee ee Gee: (z, z). 


s=m =n 


Now by Hédlder’s inequality for double sums [3], 


2m—1 2n-1 , ll in 2m—1 2n—1 P ye 2 
D Dd pw < mn =, 2 i q1=5__,7 !): 


s=™m pon s=m ven 
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and using (4.17), 


2m—1 2n—1 
k < k 1—hk 1-4k lv (2 | : 
x zz Puy _ 2 m n 4m’ = 


"mm =n 


Since V(s, ¢) does not increase as s | 0 or as ¢ | 0, it follows that 


Lohse y Sah r(52)]. 


s=m pen s=m p=n 


Take 


and sum over 7 and X. This yields 


We now wish to prove 


DX pro < ®, > ob < @. 
al 


vy=l 
We introduce the functions 
: ae 
(4.18) g(x) _ ~ | f(x,y) dy pas dase , h(y) = ~ f f(z, y) dz a taoo ’ 
so that g(x) and h(y) have the Fourier series 


g(x) ~ > A,o(z) = > (ano COS ME + bao Sin mz), 
(4.19) ol ani 


h(y) ~ > Ao,(y) = > (do, COS NY + Co, Sin ny). 


We now apply the Theorem 3.1 given by Szdsz [5; 376], where we put m = 1, 
p = 2 and obtain the condition 


(4.20) > n™ [M, (ag < ©, 


is T 
(e+) -We-3) 


where 





2 4 
az) . 





M,(dg) = (2 i 


Mi 
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However, it is easily shown by the use of (4.18), Schwarz’s inequality, and 
assumption (4.12) that 


(4.21) M,(Ag(s)) < U,(s). 


Een lui)}<- 


which in view of (4.21), with s = x/n, gives 


yn [ arcae(®)) | < @, 
n=1 


so that (4.20) is satisfied and Theorem 3.1 together with Remark 3.1 given by 
Sz4sz (5; 376-378], when applied to the Fourier series of g(x), gives 


pa < @, 


ual 


Now from (4.10) we have 


A similar argument from (4.13) and (4.10) and the application of Szisz’s Theorem 
3.1 to the Fourier series of h(y) gives 


k 
> Pov < oo. 
vy=l 
Hence, 
P 
p Pur S ©, 
ve cdl | 


and our theorem is proved. 
For k = 2 (4.9) yields 


Dd Pa» log (u + 1) log &@ + 1) < &. 


This follows from 


x pr 23 ? 
> py | —— ds [ = di < o, 
1 


a= “0 e vo 


A similar remark holds for the po, , pyo - 
The following theorem is a generalization of Theorem III. 
THeoreM IV. Let p, 9g, 0; , ¢2 be constants such that 


O0O<ps2Z<syq, 2 = op + 029, 


(4.22) 
o, +o, = 1, a, > 0, a, > 0. 














m 
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Assume f(x, y) is in L* and assume V ,(s, t) and V,(s, t) are functions which decrease 
as 8 | 0 or as t | 0 and such that 


am EE AGED Gy <-ocess 


If f(x, y) satisfies each of the inequalities (4.12), (4.13) and 
(4.24) M,(Aunf) < Vi(s, t), M (Auf) < V,(s, t), 


then 


i te <= @, 
u.r=0 
Proof. We first prove 
(4.25) Mx(Out) < MS(AuS) MS**(Ai:f). 


We introduce 7, , 7. such that r,; + r, = 2,7, > 0,72 > 0. Now 
¢ 1 . . r re 
MiAuSf) = “an / / | Auf | . Auf | dx dy. 
4a Y-« Jo 
An application of Hélder’s inequality for double integrals gives 


(4.26) Jo = Mi(Auf) < IMAI = MEa(AuS) Min (Aud), 
where \ > 1 and 1/A + 1/\’ = 1. Now we choose r, , r, and \ such that 


r, = OP, To = 029, r4A = Pp. 
Then our conditions on 7, , 7, are satisfied. Now (4.26) becomes 
MAut) < MP?(Aus) Mo (Aus), 
which is the desired relation (4.25). On using (4.24) we get from (4.25) that 
Mi(Aut) < [Vils, O]*” [V2(s, ]°**. 
If we now define 
V(s, t) = [Vils, t)” V2(s, t)***, 
then, by (4.23), it is seen that (4.9) is satisfied. Thus all assumptions of Theorem 
III are satisfied and Theorem IV follows from Theorem ITI. 
Application of Theorem IV. We choose 
(4.27) Vi(s, t) = Cs™ &*, V.(s, t) = Cs** t. 


We also note that by (4.22) only two of the four parameters p, q, a: , a2 are 
independent. Therefore, we write 


= 4, o,=l1- a, 
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and from 
= op+ (l—o)g=q- (q-— pe 
we get 
gute, or on : 
q-P 1% qg-2 
and correspondingly 
natsa = i ote 
op=r,= ‘ =f, = 
ee oo ee 


Now assumption (4.23) becomes 


o @ p(a—-2)/(a—-p) (2-9) /(e-») | be 
(4.28) > > Tie ee [as | [ae | f < &, 


g=l vl 
which is satisfied whenever 


Hy 4. sip(q = 2) + aag(?2 =») ~~ 








ed 
and 
af Bip(q — 2) + B.g(2 — »)] 
2 + q—p > 1, 
or 
(4.29) kiq — p + pala: — a2) — 2a,p + 2a.q] > 2(q — p), 


kiq — p + pq(B: — B2) — 28:p + 28.q] > 2(q — p). 
Assumption (4.24) becomes 
(4.30) M,(auf) < Cs" &, M(duf) < Cs* &. 


Now choose a, = 8, = p = 1 and write a, = a, 8, = 8; then for this special 
case (4.29) becomes 


(431) kg(2+a)—3)>2q@-—1), ko(2+ 8) — 3] > 2q —- 1), 

and (4.30) becomes 

(4.32) Mi(Auf) < Cst, M,(Auf) < Cs*?’. 

We now assume that f(z, y) satisfies a Lipschitz condition Lip (a, 8) defined by 


lfza_+s,yt+) —fa@—s,yt) —fatsy-HO+fe—s,y—d| 
(4.33) 
< Cs*f’, 


a > 0,8 > 0, and that f(z, y) is of bounded variation H [4; I, 345]. We shall 








ial 
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prove that functions of bounded variation H satisfy the integrated Lipschitz 
condition given in the first condition in (4.32). Also (4.33) implies that the 
second condition in (4.32) is satisfied for every gq > 0. Thus we can take g 
arbitrarily large, and so, on allowing gq — ©, we find that (4.31) and (4.32) 
reduce to 





2 2 
(4.34) k> 24+’ k> 2+ 8 
and 
(4.35) M(Auf) < Cst, | Auf | < Cs*#’. 


We now give a proof of the result used above that functions of bounded varia- 
tion H satisfy the Lipschitz condition (2; 37, Theorem VI] 


M,(Anf) < Cst 
in the square —r < s,t < x. We write 
1 a ° 
Mau = 25 [set ut 0-fe- ut 
—fa@t+ sy—)+f@— s,y— d | drdy. 

Now using the concept of a Stieltjes integral we have 

fat+syt+0-fe-sytd=[ afey+d, 
if f(x, y) is of bounded variation in z for constant y + ¢; 
also 

fla+sy-)-fe-sy-d=[ afey-9; 


hence 





Mou =f [lf atau y+ 9 - feu v p}| ax ay, 


Let f(z, y) be of bounded variation in y for every z; then 


fuy+0-fuy- =f dfu,0); 
hence 








4n’M (Auf) = i / dx dy 


[af ase, 
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Now 
pant = [fats w+ 0 — fev — 0} 
< fo | at su, y + 9 fu y- 9} |, 
so that 
4M (Af) < [ [aca [ af afte, | 
As 


xr—-ssu<sc2rts, y-—t<svsytt, 


we have 


tM (Aut) < ([ “la [ a d.f(u, v) \) is w) ({" , am). 


Suppose f(z, y) has a finite total variation 
m—i,n-1 


VS) = dab. SS | figer , 041) — Sar») — Sy , M41) +I, ) |; 


then the above inequality yields 
M,(Ai,f) < stV(f) 
since 
“7 n—1l 


| d.f(u, v) | = lu.b. bs | f(u, v4.) — flu, »,) | = FP), 


r y=0 


| d,F(u) | = lu.b. } | F(a.) — FP(u,) 


lu.b. > , se | f(denar » ror) — S(tysr » M) | 


u=0 


” > | f(u, » +1) — flu, ,v,) || < Vif). 


v=0 


Since a function of bounded variation H has V(f) finite, is of bounded variation 
in x for every y and is of bounded variation in y for every x, our proof is com- 
pleted. 


Summarizing we have the 
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Coro.tiary. Suppose that f(x, y) satisfies the Lipschitz condition (4.33) for 
some a > 0, 8 > 0, and that it is of bounded variation H; let 


. ne a 
‘> (52.335): 


then 


} Par < @. 


wev=O 


Note. To construct a counter example for the purpose that k = 2/(2 + a), 
a = 8, no longer gives absolute convergence of the Fourier coefficients, consult 
Zygmund’s function z(x) in [6; 591-598] and in [7; 138] and consider the double 
Fourier series of f(x, y) = 2(x)z(y). 

For a counter example for Theorem III we may either consider special functions 
V (like the Lipschitz condition), or try to copy Sz4sz’s method in his Transactions 
paper and use functions of the type f(z, y) = z(x)u(y). 
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INTEGRAL FORMULAS IN CROFTON’S STYLE ON THE SPHERE AND 
SOME INEQUALITIES REFERRING TO SPHERICAL CURVES 


By L. A. SANTALO 


Introduction. Several integral formulas referring to convex plane curves, 
notable for their great generality, were obtained by W. Crofton in 1868 and 
successive years from the theory of geometrical probability [6], [7], [8], [9], [10]. 

A direct and rigorous exposition of Crofton’s principal results, adding some 
new formulas, was made in 1912 by H. Lebesgue [12]. Another systematic 
exposition of Crofton’s most interesting formulas, together with the generaliza- 
tion of many of them to space, is found in the two volumes on integral geometry 
by Blaschke [2]. 

The purpose of the present paper is to give a generalization of Crofton’s 
formulas to the surface of the sphere. This is what we do in part I. We find 
further integral formulas on the sphere (for instance, (16), (17), (20), (21)) which 
have no equivalent in the plane. Other formulas, if we consider the plane as 
the limit of a sphere whose radius increases indefinitely, give integral formulas 
referring to plane convex curves (e. g., (34), (35)) which we think are new. 

In part II, with simple methods of integral geometry [2], we obtain three in- 
equalities referring to spherical curves. Inequality (38) is the generalization to 
the sphere of an inequality that Hornich [11] obtained for plane curves. (52) 
and (58) contain the classical isoperimetric inequality on the sphere. Finally, 
inequality (61) gives a superior limitation for the “isoperimetric deficit’ of 
convex curves on the sphere. 


I. FORMULAS IN THE CROFTON STYLE ON THE SPHERE 


1. Notation and useful formulas. The element of area on the sphere of unit 
radius will be represented by dQ; that is, if @ and ¢ are the spherical codrdinates 
of the point 2, we have 


(1) dQ = sin 6 dé dg. 


A great non-directed circle C on the same sphere of unit radius can be deter- 
mined by one of its poles, that is, by either of the extremities of the diameter 
perpendicular to it. Since dQ is the element of area of one of these extremities, 
the “density” for measuring sets of great circles on the sphere is [2; 61, 80] 


(2) dC = dQ; 


Received January 9, 1942. 
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that is, the ‘“‘measure” of a set of great circles on the sphere is defined as the 
integral of (2) extended over this set. 

It is possible to give the density (2) another form, which will sometimes be 
useful. We consider a fixed great circle C, and a fixed point A on it. The great 
circle C can be determined for the abscissa ¢ of one of the intersection points from 
C and C, and the angle a between the two circles. If 6 and ¢ are the spherical 
coérdinates of the pole 2 of C with regard to the pole Q, of C, , @ = a, ¢ = t, and 


(1), (2) give 
(3) dC = sin a da dt. 


Let us consider two great circles C, , C. and one of their intersection points 2. 
If a, and a, are the angles that C, and C, make with another fixed great circle 
which also passes through Q, the following differential formula [2; 78] is known: 


(4) dC, dC, = | sin (az — a,) | da, da, dQ. 


By (2), formula (4) can be transformed into a “dual” form. Let Q, and Q, be 
two points on the unit sphere and let C be the great circle determined by them. 
If 8, and 8, are the abscissas of 2, and Q, on C in relation to a fixed origin on this 
circle, (4) is equivalent to 


(5) dQ, dQ, = | sin (8, — B,) | dB, dB, dC. 


2. First integral formulas. Convex curves on the sphere. A closed curve 
on the sphere is said to be convex when it cannot be cut by a great circle in more 
than two points. 

A convex curve divides the surface of the sphere into two parts, one of which 
is always wholly contained in a hemisphere; that is, there is always a great circle 
which has the whole convex curve on the same side; we only have to consider, 
for example, a tangent great circle. 

When we say a “convex figure”, we understand that part of the surface of the 
sphere which is limited by a convex curve and is smaller than or equal to a 
hemisphere. 

Let us consider a convex figure K on the sphere of unit radius. The radii 
which are perpendicular to the tangent planes (or, more generally, to the planes 
of support) to the cone which projects K from the center of the sphere form 
another cone whose intersection with the sphere is a new convex curve K*. We 
shall call K* the “dual” curve of K. The lengths and areas of K and K* are 
connected by the known relations 


(6) F* = 2x — L, L* = 2a — F. 


All the great circles C that cut K have their poles in the area bounded by 
K* and the symmetrical curve of the same K* with respect to the center. of the 
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sphere. This area equals 44 — 2F* = 2L. Counting each pair of points which 
are the extremities of a diameter as a single point, and taking into account the 
value (2) of the density dC, we have 


(7) | dC = L; 
C-K#0 
this means: on the sphere, the measure of the great circles which cut a convex 


curve is equal to the length of this curve. This result is given by [2; 81]. 


3. Integral of the chords. Let 2, and Q, be two points inside the convex curve 
K (always on the unit sphere) and let C be the great circle determined by them. 
The differential expression (5) can be integrated for all pairs of points within K. 


K 


Ficure 1 


The integral of the left side is F’. By calculating the integral of the right side, 
if ¢ represents the length of the are of C that is contained in K (Fig. 1), we have 


8) [” [| sin @, — 8.) | dB, dB, = 2(¢ — sin ¢). 
Hence 
(9) / (g — sin g) dC = }F’. 
C-K#0 


This formula generalizes, as we shall see (§11), Crofton’s formula for chords 
in plane geometry. 


1. Principal Crofton formula. Let us consider all the pairs of great circles 
C, , C. that eut K. From (7) we deduce 


(10) / dC, dC, = L’. 


C,+Ke0 
Ca*Ke0 
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Now we can make the integration of formula (4) extend only to the pairs of 
great circles which cut K. If @ is fixed inside K, a, and a, can vary from 0 to r 
and 


(11) [CL sin eu = a) | da, dag) dn = 2% f do = 22F; 


QcK QcK 


if 2 i8 outside K, a, and a, can vary from 0 to the angle w between the great 
circles which are tangent to K and which pass through 2 (Fig. 2). By applying 


7, 
QQ 


Ficure .2 


(8), the value of this last integral is found to be / 2(w — sinw) dQ fora C K. 
Adding this result to (11), we have (10); hence 


(12) [e — sin w) dQ = 4L* — «F (QC K). 


This formula has the same form as Crofton’s fundamental formula of plane 
geometry. The integration in (12) is extended to all points 2 outside K, each 
pair of points situated in the extremities of a diameter being considered as a 
single point. 





5. “Dual” formulas. From a convex curve K we can deduce the ‘dual’ 
curve K* as we have seen in §2. To a great circle C which cuts K corresponds a 
point 2* (the pole of C) which is not inside K*. The are ¢ of C inside K is equal 
to  — w*, w* being the angle between the two great circles tangent to K* drawn 
through 2*. Since F = 2x — L* (by (6)), formula (9) can be written 


(13) [@ — w* — sin w*) dQ* = 4(2" — L*)’ (Q* C K*). 


The integration is extended over the outside of K* (the points which are the 
extremities of the same diameter being considered as a single point) and conse- 
quently 


[ ao = 2(2r — F*) (Q* C K*). 
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Then (13) gives 
(14) [ow + sin w*) dQ* = 2nL* — rF* — 4L*’ (2* C K*). 
This formula holds for any convex curve K*; hence it is valid for K: 
(15) [@ 4+ sine) dD = Sel — of — OE? (9 € K). 


From (15) and (12), we deduce 


(16) fo a a (9 € K) 
and 
(17) [ sin ee ee (@ € KR). 


The same procedure shows that formula (12) is equivalent to 
(18) | (x — g* — sin g*) dC* = 4(2e — F*)’ — x(2x — L*), 
C*-K*0 
where the integration is extended over all the great circles C* which cut K*. By 
(7) we have | dC* = xL* and by substitution of this value in (18) and writing 


the formula for K, we have 


(19) / (p + sin g) dC = 2xF — 3F’, 


C-K#0 


where ¢ is the length of the are of C which is inside K. 
From (9) and (19) we deduce 


(20) / ¢g dC = zF, 
C+Ke0 
and 
(21) | sing dC = rF — 4F’, 
Cc-K#0 


We repeat. In (16), (17), w is the angle between the two great circles tangent 
to K through Q; in (20), (21), ¢ is the length of the are of the great circle C which 
is inside K. 

The formulas (16), (17), (20), (21) that hold for any convex curve on the unit 
sphere have no equivalent in the plane. 
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6. Formulas for the tangents. Let K be a convex curve on the unit sphere 
with continuous radius of geodesic curvature. 

If + is the angle between a variable tangent great circle and a fixed tangent 
great circle and if s is the length of the are of K, the radius of geodesic curvature 


p, is given by 


ds 
(22) oes dr’ 
and the Gauss-Bonnet formula gives 
ds 
(23) $@ = [dr =m -F. 
Po 


K 


Let us consider two great circles tangent to K; let Q be one of the intersection 
points of these circles. 7, and T, will be the lengths of the ares of these great 
circles bounded by © and the points of contact (7, and 7, < 7), and we represent 
by w the angle between the two tangent circles at Q (Fig. 2). 

We wish to express.the element of area dQ as a function of the angles r, , 7. 
which determine the tangent great circles. 

For fixed r, , as we pass from 7, to r, + dr, , the are T, is increased by dT, = 
(sin 7',/sin w)d7, . 

In the same way, as we pass from 7, to 7, + dr. , the are 7, is increased by 
aT, = (sin T,/sin w)d7r. . 

Since the element of area dQ can be expressed in the form dQ = sinw dT, dT, , 


we find the desired expression 


sin 7, -sin T, 
sin w 


dQ = dr, dr. 


or 


sin w 


(24) sin T,, ain T,, 





dQ =dr,dr.. 


7. We can make the integration of (24) extend over all pairs of circles tangent 
to K and, by counting each pair once only (to do this we must divide the integral 
by 2), we have, by (23), 

sin w i ‘. 
25 7 dQ = h(2e — F)’ QC K). 
(29) Jz 7T,-sin T, a(2x ) (2 C A) 


Likewise, as in the preceding cases, the notation 2 ( K indicates that the 
integration must be extended over all points 2 outside K; the points situated in 
the extremities of a diameter are considered as a single point. 
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) 


8. Let p,'’, p,”’ be the radii of geodesic curvature of K at the points of contact 
of the tangent great circles through 2. By virtue of (22), (24), we have 


sin «w ——52- Pe_ 
sin 7, -sin T, 





$08, . 


By integrating this expression over all pairs of tangent great circles, counting 
each pair once only, we get 


e (1) _(2) 
) —_ % '=—_— * 
(26) | sin 0 Se Oe ao = BL (2 € K). 


9. By (22) and (24), we have 


(1) 








sin w = 81 dr, 


sin T,. -sin T, 


and by integrating over all great circles tangent to K and observing that each 
point 2 is a common factor of two terms, it follows that 





(27) [ sin w 2 oo fet Pe ag = 19e = F) (@ € K). 


sin TF, -sin 7’, 


10. ‘Dual’ formulas. According to §5, from formulas (25), (26), (27) we can 
deduce the respective “dual” formulas. 








Ficure 3 


If ¢ is the length of the are of the great circle C which is inside K and a, , a2 
are the angles that C makes with the great circles tangent to K at the intersection 
points of C with K (Fig. 3), formula (25) gives 


__ sing 
(28) | sin @, ‘Sin a @, 0 = 3". 
C+K#0 


We observe that the “dual” element of ds is dr* for the dual curve K* and 


~  SEefEot ee es 
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reciprocally. Then the dual expression of p, = ds/dr will be dr*/ds* = 1/p*. 


Hence, formula (26) gives 





sng 1 mp: ss a 
(29) / sin a, -sin Qe -—” dC — 3 (2x F) e 
Cc-Ke0 


Likewise, formula (27) gives 


sin 1 1 
(30) | er (4. + +) dC = (2x — F)L. 
sin a 2\p? ps 
c-Kx0 


11. Passage to the case of the plane. The classical Crofton formulas for the 
plane must result as a special case of the preceding formulas when the radius of 
the sphere increases indefinitely. Moreover, by this procedure, we shall find 
some new integral formulas. 

We observe the following. (i) The element of area dQ on the unit sphere can 
be replaced by dP/R’, where dP is the element of area on the sphere of radius R 
and, as R > o, dP will be the element of area in the plane. (ii) Let us consider 
the form (3) for dC; for the sphere of radius FR this expression (3) must be replaced 
by dC = sin a da(dtz/R), where ty is the length of the are of the great circle of 
the sphere of radius R; when R increases to ~, (3) is lim R-dC = dG, dG being 
the “‘density”’ of the straight lines of the plane (recall that the “density” dG can 
be written dG = sin a da dt, where a is the angle which G forms with another 
fixed straight line and ¢ is the abscissa of the intersection point [2;7]). (iii) When 
we consider a sphere of radius R, the area F and length L which are in formulas 
from §§2-10 must be replaced by F/R’ and L/R, respectively. 

When these remarks are taken into account, the preceding-formulas give the 
following results. 

(i) Let us consider formula (9). If o is the length of the arc that the great 
circle C determines in K, then ¢ = o/R and for R large we have 


3 5 
o 


oo ae 
~ 3IR®— 51R° 





¢—sing 
If dC and F are replaced in (9) by dG/R and F/R’, as R > ~ we have 


(31) | o dG = 3F". 


G-K#0 


This is the classical chord formula from Crofton (9; 84], [10; 27], [2; 20]. 

(ii) Formula (12) maintains the same form for the plane. Indeed, w and sin w 
do not change; d2 becomes dP/R’, F becomes F/R’, and L becomes L/R; in 
the limit as R > ©, formula (12) does not change. It is the “principal’’ Crofton 
formula for the plane [9; 78], [10; 26], [2; 18]. 

(iii) Formulas (16), (17), (20), (21) have no equivalent in the plane, since, 
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when these formulas are written for the sphere of radius R, as R — © the right 
side increases indefinitely. 

(iv) In formula (25), we must replace sin 7, and sin T, by 7',/R and T,/R, 
the element of area dQ by dP/R’, and F by F/R’. In the limit as R > @, we find 





(32) TT. dP = 2x (P € K). 

In this well-known formula ([12]; see also W. Blaschke, Differentialgeometrie 
I, p. 49), 7, and 7, are the lengths of the tangents to the convex curve K drawn 
through P, dP = dx dy is the element of area on the plane, and w is the angle 
between the tangents at P. 

For formulas (26), (27), it is only necessary to observe that the radii of geodesic 
curvature become the radii of the ordinary curvature of the plane curve. Hence 
formulas (26) and (27) give the known formulas [12] 








[ sino Pile gp — 41? | sinw a P2 dP = Il. 


(33) T; T: 142 


(P C K). 
(v) Formula (28), when ¢ is replaced by o/R (c is the length of the are that 


the great circle C determines in K and in the limit it is the length of the chord 
that the straight line G determines in K) and R increases indefinitely, gives 


Co 2 
(34) | sin a, ‘Sin a, oe 
G-K#0 
a, and a, are the angles that the straight line G makes with the tangents to K at 
the intersection points of G with K. The integration in (34) is extended over 
all the straight lines G which cut K. 
Likewise, (29) and (30) give for the plane 





(>= e-™. 
Sad Pi P2 SIN a, SIN A, 

(35) G+K# 
/ (po. + p2)o dG = 2L, 


Pi Pe SiN a, SIN a2 
0 





G-Ke 
where p,; and p, are the radii of curvature of the convex curve K at the inter- 
section points of G with K. 


II. SOME INEQUALITIES REFERRING TO SPHERICAL CURVES 


12. A known formula. Hitherto we have only considered relations on the 
sphere between a convex curve K and points and great circles. Now we wish to 
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establish some new relations which arise from considering on the sphere sets of 
variable small circles of constant spherical radius. 

Let £ be a rectifiable curve (not necessarily convex) of length L on the unit 
sphere. We consider on the same sphere a small circle C, of spherical radius 
p (p < 4), whose length and area will be 


(36) L, = 2m sin p, F, = 2x(1 — cos p). 


Let Q be the center of the circle C, and, as in §1, dQ the corresponding element 
of area of the sphere. If n represents the number of intersection points of the 
curve £ with the circle C, (n will be a function of 2), we have the known formula 


[nav=? Lb, 
T 


or 
(37) [n dQ = 4L sin p; 


the integration is extended over the whole sphere. 

This formula is a particular case of Poincaré’s formula of integral geometry 
[2; 81]. In [2], the formula is established only for spherical curves composed of 
a finite number of ares with a continuously turning tangent. More generally, 
formula (37) is also valid for the case of a curve £ only supposed to be rectifiable 
and a circle C, . The proof can be copied step by step from that given for 
Euclidean space of n dimensions in [13]. 


13. An inequality referring to rectifiable curves on the sphere. In this section 
we generalize for curves on the sphere an inequality that Hornich obtained for 
Euclidean space [11]. The proof is analogous to that given for Euclidean space 
in [13]. 

Let us consider on the sphere of unit radius the rectifiable curve £ of length L. 
Let F be the area filled by the points of the sphere whose spherical distance from 
Lisp < fr. 

We shall prove that 


(38) F < 2L sin p + 2x(1 — cos p) 


and establish the conditior- “~r the equality in (38). 

Let M, (i = 0, 1, 2, 3, ---) be the area covered by the centers of the circles 
of radius p whose distance to £ is not greater than p and which have 7 points in 
common with £. 

By (37), we have 


(39) M, + 2M, + 3M, + 4M, + --- = 4L sina, 


and according to the definition of the area F, 





1e 
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(40) M,+M,+M.4+M,+::: =F. 
From (39) and (40) we deduce 
(41) 2F — 4L sin p = 2M, + M, — (M, + 2M, + ---). 


We consider the arc of a great circle of length D (< 2) which joins the extrem- 
ities of the given curve £ (if this curve is closed, D = 0). Let us call M* (i = 0, 
1, 2) the area covered by the centers of the circles of spherical radius p which 
have 7 points in common with this are of length D (for i = 0 the are is interior 
to the circle). 

The area filled by the points whose distance from the are of length D is not 
less than p < $7 is limited by two ares of circles parallel to this are at the distance 
p and two semicircles of radius p at the ends. The value of this area is 
2D sin p + 2x(1 — cos p) and we can write 


(42) M3 + M¥ + Mf = 2D sin p + 2x(1 — cos p). 
By (37) we have also 

(43) M*¥ + 2M? = 4D sin p. 
From (42) and (43) we deduce 

(44) 2M*# + M*# = 4n(1 — cos p). 


We observe that if the circle C of radius p contains in its interior the curve 2, 
it contains also the are D. Hence M, < M#. Likewise if C cuts £ in only one 
point, it has one of its extremities in the interior and the other in the exterior 
and so the are D cuts the circle C also at only one point, that is to say, M, < M*. 


It follows that, by (41) and (44), 
2F — 4L sin p < 2M% + M#¥ — (M, + 2M, + ---) 
4n(1 — cos p) — (M, + 2M, + ---); 


hence 
(45) F + 4(M, + 2M, + ---) < 2x(1 — cos p) + 2L sin p. 


This inequality implies (38). 

The equality in (38) will be verified only if M; = 0 for i > 3 and moreover 
M, = M#,M, = M¥. Thecondition M,; = 0 fori > 3 carries with it M, = M}#; 
since in the case when the circle C cuts in only one point the are of the great 
circle which joins the extremities of £, it must cut £ in an odd number of points. 


Consequently, the conditions for equality are: 


(i) M,; = 0 (fori > 3). The curve £ cannot be cut by the circle C in more 
than two points. 
(ii) M, = M#, that is to say, if the circle C contains in its interior the two 


extremities of the curve £, it contains also the whole curve. 
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In particular, if the given curve £ is closed, the equality in (38) is valid only 
in the case of reduction to a point. 


14. Isoperimetric inequality on the sphere. Let K be a convex curve on the 
sphere of unit radius. We consider the exterior parallel curve to K at the 
distance p < 3x. This curve cannot have double points and its area is easy to 
calculate. The area is [3; 81] 


(46) S = F + Lsin p + 2x(1 — cos p) — F(l — cos p), 


or, with the values (36) of the area and the length of the circle of radius p, 
(47) S = F + Fy + x (Ly — FF). 


Let us put, as in the last section, M,; (¢ = 0, 2, 4,6, ---) for the area covered 
by the centers of the circles of radius p which have 7 points in common with K 
(M, will be the area covered by the centers of the circles of radius p each of which 
contains X in its interior or which is contained in the interior of K). Since K 
is a closed curve, 7 is always even. 

The expression (47) is equivalent to 


(48) ae eS i eee Fe | +5- (LL) — FF,) 


and formula (37) gives 


a1 


(49) M, + 2M,+ 3M,+:--- =-LL. 


Let us consider a radius p such that M, = 0, that is, such that the circle of 
radius p neither can be totally interior to K nor can contain K in its interior. 
From (48) and (49) we deduce then 

1 
(50) M,+2M,+-:--- = 9, (LLo + FF) — (F + F,). 
We observe that, by (36), L + Fo — 4xF, = 0; hence we can write the identity 
1 
on (LL, + FF,) - (F +. F,) 
us 


= [UL + F* — 4eF) — (L — Ly)’ — (F — Fy)’ 
4 


and (50) gives 
(52) L? + F? — 4eF = (L — L,)’ + (F — F.)? + 4(M, + 2M, + ---). 











or. 
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Since the second member of this equality always > 0, we obtain the classical 
isoperimetric inequality on the sphere 


(53) L’? + F® — 4xF > 0. 


This inequality has often been proved. See [1], [3] and [2], and the bibliography 
in [4; 113]. For proof with methods of integral geometry analogous to those we 
follow in this paper, see [2; 83]. 

Equality (52) is valid when F, and L, are the area and length of any circle 
which neither contains K in its interior nor is contained in the interior of K. In 
particular, if C¥ is the smallest circle which contains K in its interior and C, is 
the greatest circle which is contained in K, by neglecting the non-negative sum 
M,+ 2M, + --- , we have 








(54) L’ + F* — 4xF > (L — L,)’? + (F — F,)’, 
(55) L* + F® — 4nF > (L? — L)’? + (F# — F)’. 
Taking into account the general inequality 
(56) ety 2 iat y)’, 
we may combine inequalities (54) and (55) into the inequality . 
(57) L? + F* — 4eF > (45% 5 Le)’ + (# Fe)" 


This is a better form than (53) for the isoperimetric inequality. 
If we substitute for L, , L¥, F, , F¥ their values (36), relation (57) gives 


Ta FT. 


(58) L? + F*? — 4nF > 49° sin’? ~ -. 





where ry and r,, are the spherical radii of the circles C¥ and C, . 
T. Bonnesen [3; 82] has obtained the inequality 


L? + F? — 4eF > 45° tan? 4—™ “ = 


which is better than our (58). His proof is completely different from ours. 
For a sphere of radius R, inequality (57) takes the form 


>_ gary (fF) > (4=bY’ (Fok 
which as R — @ gives the inequality 
* _ 2 
(60) L’ — 4nF > (454) =r (ru — Tn); 


which is a well-known isoperimetric inequality for plane curves established by 
Bonnesen [3; 63], [4; 113]. 
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15. An upper limitation for the isoperimetric deficit of convex spherical curves. 
We now consider only convex curves K with continuous radius of spherical 
curvature. We understand by radius of spherical curvature the limit of the 
spherical radius of the circle which has three points in common with the curve 
as these points approach coincidence. This radius p (p < 32) is connected with 
the radius of geodesic curvature p, by 


p, = tan p. 


Let py be the greatest radius and p,, the smallest radius of spherical curvature 
(both < $x). We wish to prove that 


cm .. 2 
(61) ih “t F’? om 4aF < (4 = Lo + Fa ; Fe) , 





where Ly, , Fy , L, FF are now the lengths and areas of the circles whose radii 
are p,, and py respectively. 

Likewise, as the area of the exterior parallel curve to K at distance p was 
expressed by (46), when we consider the interior parallel curve to K at a distance 
p < p,, , this curve will not have double points and its area is equal to 


(62) — Lsin p + F cos p + 2zx(1 — cos p). 


If we take p = p,, , area (62) will be the area covered by the centers of the 
circles of radius p,, which are contained in the interior of the convex curve K. 
If we represent this area by M, , we can write 


(63) M, = — Lsin p,, + F cos p,, + 2x(1 — cos p,,). 


We now wish to find the value of the area covered by the centers of the circles 
of radius py each of which contains K entirely in its interior. For this purpose 
we note that when the circle of radius p,, contains K in its interior, by a “dual”’ 
transformation (§2) the transformed circle (of radius 44 — p,,) will be contained 
in the interior of the transformed curve K* (whose length and area are 2x — F 
and 2 — L respectively). The area covered by the centers of the circles of 
radius py each of which contains K in its interior will then be given by (62) if we 
substitute p for }4 — py , F for 2x — L, and L for 2x — F. 

It follows that this area is given by 


(64) M*# = —Lsin py + F cos py + 2x(1 — cos py). 


This has the same form as (63). 
Let L, , Fy and L*, F% be the lengths and areas of the circles of radius p,, and 
pu respectively, given by (36). Formulas (63) and (64) take the form 


Qn (LLy + FF) 


(65) M,=F+F,- 
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and 


| (LLs + FF). 
2r 


(66) Mt = F + Fe - 
When we take into account identity (51), these equalities give 
(67) L’? + F* — 4nF = (L — L,)* + (F — F,)? — 44M, 
(68) i’ + F* — 4nF = (L§ — L)’ + (FF — F)? — 40M3. 
Since M, and M* are non-negative, we have 
(69) L’? + F? — 4nF < (L — L,)’ + (F — F,)’, 
(70) L’? + F? — 4nF < (L# — L)’ + (F# — FY’. 
These inequalities give a first upper limit for the isoperimetric deficit 
L? + F? — 4nF. 
From inequalities (69) and (70) we find 
(71) L’?+F—49F < (L-L,+F — F,)’. 
(72) L? + F? — 4eF < (L? — L + F# — FY’. 


Since the left sides are non-negative by (53) and since 
2 
zrty 
ry S ( 5) ) , 


by multiplication of (71) and (72), we find 





s pe _ BP \2 
(73) SB + F? — 4eF < (4 ; | + F? ; Pe) 


For a sphere of radius R we have 








(74) L’ 





Li — Ly , Fi — Fo)’ 
< ( 2 + aR y. 


andasR— o@ , 


(75) L? — 4nF < 3(L* — L,)? = 2°(om — pn)’, 


where py and p,, are the greatest and the smallest radii of curvature of the plane 
convex curve K of length L and area F. 

This inequality (75) is a known inequality obtained by Bottema [5]; see also 
[4; 83]. 
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RELATED GENERA OF QUADRATIC FORMS 
By Burton W. Jones 


1. Introduction. The purpose of this paper is to provide formulas connecting 
the generalized representation function of a number by one genus of forms with 
the corresponding function of a divisor of this number by a related genus of 
forms. This result may be used as a recursion formula to simplify the evaluation 
of this function. 

The generalized representation function was first developed by H. J. 8. Smith 
and Minkowski and has lately been generalized, simplified and made more 
accessible by C. L. Siegel [17], [18]. Before describing the results of this paper, a 
few notions must be clarified. In the first place, it is understood throughout 
this paper that every quadratic form with which we deal has a non-vanishing 
determinant and that its matrix has rational integral elements. 

We recall the following definitions: Two quadratic forms are said to be equiv- 
alent, that is, of the same class, if there is a unimodular transformation taking 
one into the other. We use “unimodular” in Siegel’s sense to denote a linear 
transformation with integral coefficients and determinant +1. The classical 
definition of class differs from ours in that the determinant of the transformation 
is there required to be +1. Following Siegel we call such a transformation 
“properly unimodular”. For example, we say that the forms a, = 42” + 2zy + 
5y? and a, = 42° — 2ry + 5y’ are equivalent but not properly equivalent and 
hence are of the same class but not of the same proper class. Similarly, in listing 
the automorphs (or units) we follow Siegel in including those of determinant — 1 
as well as those of determinant +1. This difference is of importance only with 
forms of an even number of variables since minus the identity transformation is 
always an automorph of determinant —1 when the number of variables is odd; 
hence, in such cases, our number of automorphs is twice the classical number 
and the number of classes is the same. 

We say that two quadratic forms are in the same genus if they have the same 
signature (or index) and if, for every integer g, each form may be taken into the 
other by a linear transformation whose elements are rational numbers of de- 
nominators prime to g. This definition is equivalent to the original one [20], 
[14] phrased in terms of quadratic characters of numbers represented by a form 
and its concomitants. The equivalence of the two definitions was proved by 
H. J. S. Smith [20; 480ff] for ternary forms and stated by him [20; 516] for forms 
in n variables. Minkowski [14; 221] stated that his methods could be used to 
give a proof. The first complete published proof was given recently by C. L. 


Received January 12, 1942; in revised form September 11, 1942. The basis for this paper 
was laid during a Sabbatic leave from Cornell University spent as a member of the Institute 
for Advanced Study. The author here wishes to express his thanks to both institutions. 
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Siegel [19]. (Strictly speaking, Siegel proved that two forms are of the same 
genus in the sense of the definition we here use if and only if they satisfy the 
conditions of Lemma 4 in this paper; Minkowski proved that the original defini- 
tion is equivalent to the conditions of Lemma 4.) The determinant of any linear 
transformation with rational coefficients taking a form into any other of the same 
genus must have +1 as its determinant since the above definition implies that 
the determinants of the two forms are equal. 

A quadratic form is said to be properly primitive if 1 is the g.c.d. of its co- 
efficients and improperly primitive if it is not properly primitive and 1 is the g.c.d. 
of the elements of its matrix. A primitive column matrix or vector is one whose 
components have 1 as their g.c.d. 

Siegel’s principal result for positive forms is embodied in the following formula 
for quadratic forms of m and n variables, respectively, with matrices S and T: 


AS, Tt) =X I] AS, ee 


where A,(S, I) = M(S, X)/M(S), M(S, ZT) = D> AS, , B)/E(S,), and 
M(S) = > 1/E(S,), the sums being over all classes of the genus, E(S,) being 
the number of integral automorphs of S, , and A(, , T) being the number of 
solutions of ¥’‘S¥ = T for ¥ a matrix with integral elements. A,(S, T) is thus 
a kind of weighted mean of the number of representations of T by the forms of 
the genus of S. On the right of the equality A,(©, T) is the number of solutions 
(mod qg) of ¥’‘S¥ = T (mod 4q), q is a sufficiently high power of p, and d is a 
determined constant depending only on m, n and the determinants of S and T. 
The product is over all primes p. Notice that A,(S, T) = A(S, T) when there 
is but one form in the genus. 

In a second paper [18], Siegel finds the corresponding result for indefinite 
forms. Since there is an infinite number of automorphs of an indefinite form, 
M(G&, TF) is replaced by a sum of certain functions over all solutions of ¥’'S¥ = & 
in which no one can be obtained from any other by multiplication on the left 
by an automorph. The right side of the formula is the same. 

The “sufficiently high power of p” referred to is p* = q, where a > 2b and p’” 
is the highest power of p dividing 27, T being the determinant of T. The 
infinite product over all primes p not dividing 2ST (S being the deterniinant of 
S) has a simple finite expression. If n = 1, the same can be said for all odd 
primes not common factors of S and 7. Hence, except for a finite but usually 
laborious computation, there is an explicit expression for the product on the right. 

In this paper we deal solely with the case n = 1 when Siegel’s expression 
reduces to formula (1) in §4 of this paper. The weighted mean A,(S, ¢) seems 
to be the closest one can, in general, come to an expression for the number of 
representations of a number by a form in a genus of more than one class. (The 
restriction n = | may not be entirely necessary but the most interesting applica- 
tions of the theory of this paper are for this case.) If p is a prime factor of t, we 
establish for positive forms a simple relationship between A,(S, ¢) and the 
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functions A,(W, t/p) and A,(D, t/p), where w and 64, of matrices W and D 
respectively, are representatives of so-called “‘related genera” of the form o of 
matrix S; except, when p = 2, A,(Q®, t/p) is replaced by the sum of three such 
functions. As might be expected, the case p = 2 causes by far the most trouble. 
If p is a factor of S, we can, by continuing this process, arrive at an expression 
for Ao(S, t) in terms of similar functions of other forms in which ¢ is prime to p, 
thereby eventually avoiding some of the laborious computation referred to in 
the previous paragraph. If pis not a factor of S,D = pS and we have a direct 
relationship between representations of tp and, if t = 0 (mod p), of t/p by the 
genus of o, and of ¢ by the genus of w. These results are embodied in formulas 
(11) and (12). The details of this process may be seen in the examples at the 
end of the paper, especially Example 2 for ternary quadratic forms. The most 
difficult part of this paper consists in showing that each step of the process yields, 
except when p = 2, only forms of two genera represented by 6 and w. Again, 
the untidy part of the proof is for p = 2. Since the relationship referred to 
comes by way of A,(S, #), there will be exactly the same relationship for the 
expression for indefinite forms corresponding to A,(G, ¢) for positive forms. 

An upper bound for the number of classes in the related genera is given in 
Theorems 7 and 8. This bound is, in certain cases, actually attained. This 
result is of considerable use in determining the number of classes in genera of 
forms. 

By way of illustration we also exhibit explicit expressions for the vaiue of the 
generalized representation function for positive ternary and quaternary forms. 
As far as the author knows, they have not yet appeared in print, though they 
are derivable for numbers prime to the determinant from results of H. J. 8. 
Smith [20; 491]. 

The gist of this paper may be understood by omitting the case p = 2 through- 
out, reading §§1, 2 and 3 through the proof of Theorem 1, and reading Theorem 
6 and the few lines immediately preceding it, Theorems 7 and 8, formulas (1), 
(11), (22), (29), (30) and such of the examples as prove interesting and en- 
lightening. 


2. Notations and preliminary lemmas. We adopt Siegel’s notations in using 
German capitals for matrices and corresponding italic capitals for their determi- 
nants. We use corresponding lower case Greek letters for the quadratic forms. 
Lower case italic letters are rational integers unless otherwise specified. German 
lower case letters are column vectors which are called integral if their elements 
are integral. A(S, T), A,(S, T) and E(S) are defined in the introduction. 
4 = 4°" means that A has m rows and n columns. If A = A", m > nand 
¢€ = ¢'"""”, then the matrix (% ©) is that one whose first n columns are those 
of &% and whose last m.— n columns those of ©. One similarly defines 
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the primes denoting “transpose”. 9 is reserved to stand for a null matrix, n 
for a null vector and € for the identity matrix. If two forms o¢ and r are equiv- 
alent, we write ¢ ~ 7; if they are of the same genus, ¢ v r. 

In order to make his paper self-containing, Siegel proved some lemmas and 
theorems which had previously been proved by Smith and Minkowski. Since 
the reader may find Siegel’s proofs more readable, the page reference to his 
article as well as to the original proofs are given. We shall rephrase or specialize 
some of the lemmas in order to exhibit the exact form which we shall use. 


Lemma 1. Jf a matrix A = A” with n < m has integral elements and if 1 
is the g.c.d. of its n-rowed minors, then there is a matrix € = €‘"'"~” with integral 
elements such that (X ©) is unimodular. In fact, (A ©) may be made properly 
unimodular (17; 533], (20; 367-409]. 


Lemma 2. If g is an integer and &% a matrix of determinant +1 whose elements 
are rational numbers with denominators prime to q, then there is a unimodular 
matrix B, such that 8, = B (mod q) [17; 534]. 


Lemma 3. If q is an integer and Ul a matrix of determinant = +1 (mod q) and 
having integral elements, then there is a unimodular matrix 8 = U (mod gq) [17; 
Lemma 6], [20; vol. IT, 635). 


We use the following well-known 


LemMaA 4. For any power of an odd prime and hence for any odd number q, and 
any form c, there exists a form + ~ o such that T is a diagonal matrix mod q. (See 
[17; 535]. In the statement of Siegel’s lemma, RF, should be replaced by G, .) 


Lemma 5. Two forms o and r are of the same genus if and only if S = T, their 
indices are equal, and there is a form 7, ~ 1 such that r, = o (mod (28)*) [17; 
Lemma 20], [14; 71-79]. 


That Lemma 4 fails to hold for powers of 2 can be seen from the following 
example. o = 2x” + 2ry + 2y’ is of odd determinant and hence if it were of 
the same genus as a form = az* + by’ (mod 2”), a and b would need to be odd. 
This cannot be since o represents no odd numbers and two equivalent forms 
represent the same numbers. As a matter of fact, it is true, though we shall 
not here prove it since we do not use it, that a form a is equivalent to a diagonal 
form modulo an arbitrary power of 2 if and only if ¢ and all its concomitants 
are properly primitive. However, we do need lemmas which, for powers of 2, 
take the place of Lemma 4. Parts of Lemmas 6 have been proved by Minkowski 
and C. Jordan. (See {14; 16-21]. At least the basis for these results was earlier 
laid by Jordan [8]. <A brief derivation of 6a and 6b is given in [16].) 


Lemma 6a. Jf a is a properly primitive form and q # 1, an arbitrary but fixed 
power of 2, there exists a form B ~ a such that 


B = 2°B, + 2°B.+ °°: + ym ' (mod q); 
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where 8; are forms of odd determinant and no two have any variables in common. 
The exponents e; are non-negative integers. 


Lemma 6b. Every form of odd determinant is equivalent to a form of type a or 
type 8 below according as it is properly or improperly primitive: 


a = 4,2; + ana, +--+ + 4,23 (mod q), 
B B, + Be + coe of B, (mod q), 


where the a; are odd integers and 8; are improperly primitive binary forms no two 
of which have a variable in common. 


Lemma 6c. Every form 2ax* + 2bxry + 2cy’ in which b is an odd integer can be 
carried by an integral transformation of odd determinant into a form 


B = 2ry (mod q) or B = 2x? + Qry + 2y’ (mod q) 


according as ac is even or odd. 


The proofs of Lemmas 6c and 6d are essentially those of Gordon Pall, being 
simpler than those which the author devised. In fact, Pall’s contribution to the 
simplification of the whole case p = 2 is notable. 

Proof. Since b is odd, we can solve az; + bz, x, + cx; = 1 (mod q). Taking 
2, , X2 as the first column of a linear transformation of odd determinant, we 
obtain an equivalent form of the type x’? + b,ry + c,y’, with b, odd. Replace 
x by x + hy, y by ky, and choose h and k so that 


2h + bk = 1, hi + b,hk + ck? =e (mod q), 


where ¢ is 0 or 1 according as c, is even or odd. The latter congruence is equiv- 
alent to (2h + b,k)* + (4c, — bi)k? = 4e (mod 4g) and is solvable with k odd. 
If e = 1, our resulting form = x* + ry + y’ (mod q), while if e = Oit = 2° + zy, 
which is equivalent (mod q) to xy. 


LemMaA 6d. The form 8 of Lemma 6b is equivalent to a form 
Bo = 2( jx} + bax, + jx?) + Qrsty + -°* + 2r2--12o, (mod q); 
where j is 0 or 1 and b is odd. 


Proof. The transformation x, = y,; + ys + Ys, 22 = Yo — Ys — Wi Xs = —Y + 
Yo — Ys, Xs = —Ys + y, Of determinant 3 replaces x} + 2,2, + 22 — 23 — 
ta, — x4 by 3y,y2 + 3ysy, . Hence Lemma 6c shows that a transformation of 
odd determinant takes 8 of Lemma 6b into a form 8, with b an arbitrary odd 
integer. We can choose b to make the determinants of 8 and 8, congruent 
(mod gq); then the accompanying transformation will have determinant +1 
(mod g). The use of Lemma 3 completes our proof. 


3. Related genera. Let 8 be any quadratic form in r variables and let % be its 
matrix. Let p be any prime and let the vector 6 be a primitive solution of 
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r’Sr = 0 (mod p). Write ¥ = (p9* 6), where 3° = (9* 6) is a unimodular 
matrix. It is easily seen that ¥ = 93°$, where 


eee 
B= (7 "). 


% takes 8 into a form py of matrix p@, where 


«ena. rw mt) 
rr ( ph’B3* =’ BH” 


and C, the determinant of G, is p’~*B. 


Let (@’ g)’ = 9°°'. Then (G’ g)’(3* 6) = E'”; whence GQ* = E°~” and 
Gh = (q’ 3*)’ = n, g’6 = 1. Also 3*@ + hg’ = E”. 

Let r’ = (a , 22, °** , Z-) = 8h’ (mod p), where s is a scalar not divisible by 
p;andr = Sy. Then 

y= FT =P'P tr =P gt = 3(“). 

First, notice that g’r = g’sh = s (mod p), which implies that y, = s (mod p), 
where » = (¥; , Yo, *** , y-)’. Second, Gh = n implies Gr = Gsh = n (mod p) 
and hence p is integral if ris. Thus, if r’Sr = pa, then y’3’B3y = py’ Cy = pa 
and y’Gy = a. Since the process is reversible, we have established a 1-1 corre- 
spondence between each integral r such that r’Br = pa with r = sh (mod p) 
and each integral y such that y’ Cy = a with y, = s (mod p). 

We remark that for any r by r matrix IM, B-'MP can be obtained from M 
by multiplying its last row by p and its last column by 1/p. 


THEOREM 1. Jf 6, = sh, (mod p), where s is a scalar ¥ 0 (mod p), and if the 
transformations 3 and the forms y for 6, and b, are labelled &, , 3. andy; , ¥2 , 
respectively, then y, ~ 2 . 

Proof. %, takes B into pG, and 3, takes B into p©, . Hence 37'3. takes 
€, into ©. Now 37'S. = B°'ST'S28B and, by the above remark, to show 
37'3, an integral matrix, we need merely show that the first r — 1 numbers in 
the last column of $37'33 are divisible by p. Now 


o-iqo — (G:)\a0n) — (9:9? *s) 
a ( 38 b) = Vag gth,)? 
, and g, being defined above. We know that G,5. = G, sh, = sn (mod p), and 
our proof is complete. 

Our goal in this section is to prove that if 6, and 6, are two solutions of r’Sr = 0 
(mod p) then, except when p = 2, the corresponding forms y, and y, are of the 
same genus. In case p = 2 our results are not so simple but are no less definite. 
To this end we prove the following lemmas which the proofs of Theorems 2 and 


3 require. 
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LemMa 7. Let & be the matrix of a primitive form in r variables, p an odd prime 
not dividing B, and 6, and 6, two non-zero (mod p) vectors such that b/Sb; = 0 
(mod p),7 = 1, 2. Then there exists a vector ¢ such that ¢’Bc, c’Bb, and c’Bbh, are 
all prime to p. 


Proof. First, notice that this lemma will hold for a form 8 if it holds for any 
form equivalent to 8. Hence, by Lemma 4, we may take the matrix of 8 to be a 
diagonal matrix (mod q), where q is an arbitrary power of p. Then 8 = 6,2] + 
boxy + --- + b,x? (mod q), where all b; are prime to p. Then, for each set of 
values of x, , --- , 2, , there are at least p — 2 different values of x, such that 
r’Br # 0 (mod p); hence not less than (p — 2)p’~’ different vectors ¢ such that 
c’Bc # 0 (mod p). On the other hand, for any 8h # n (mod p), there are exactly 
p’' vectors c such that ¢’Bh = n (mod p) for if, for instance, the leading element 
of Bb is not divisible by p, there will be, for every c, , --- , c, , exactly one com- 
ponent c, of ¢ satisfying the congruence. Now $b; # n (mod p) fori = 1 and 
2 since 5; is non-zero and B is prime to p. Hence, there is some c satisfying the 
conditions of the lemma if 


(p — 2)p’"' — 2p’ = p™"(p — 4) > 0, 


i.e., if p > 5. 
It remains to consider p = 3. Then, by renumbering the variables if necessary, 
we can write 


B=atat-:-- +a — a, -— +++ 2 (mod 3). 


Write bf = (hi, , his, +++ , Ay,). First, if for some k, hy, h., 4 O (mod 3), take 
c’ = (0, --- , 0, 1, 0, --- , 0), where the 1 is the k-th component. Second, if 
for some k and 1 < v ork andl > v it is true that h,,h., ¥ 0 (mod p) but huhy 
= h,,ho, = 0 (mod p), take c’ = (0, --- , 0, 1,0, --- ,0,1,0, --- , 0), where the 
two non-zero components are the k-th and /-th. Third, if h,, = 0 (mod p) for 
all k > v and h,, = O (mod p) for all k < v, we notice that 6’8h = 0 (mod 3) 
implies that two h,,; , hi, , for m, 1 < v, # 0 (mod 3) and two hy,, , ho, , with 
w, u > v, # 0 (mod 3). Then take as c the vector whose only non-zero com- 
ponents are |’s in the 1, m, and w places. We have considered essentially all 
cases. 

The reader who wishes to avoid the laborious case p = 2 may pass immediately 
to Theorems 2 and 3. 

For p = 2, we use the following terminology; if § is a vector (mod 2), we call 
(1, 1, --+ , 1)’ — b its complementary vector or complement and denote it by 5°. 


Lemma 8. If 8 = 21 + --- + 22 — 23,, — +++ —2? (mod 4) and b, and , 
are two primitive vectors neither of which has all its components 1, then, with the 
exceptions below, there always exists a vector ¢ such that c’Bb, and ¢’Sb, are odd 
(that is, c’b, and c’b, are odd) while c’Bc = 2 (mod 4). In each vector the semicolon 
appears after the v-th component. Exceptional values of h{ and 6; (mod 2) are 
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> 9 po = 


(0, 1; 


6. vectors obtained from the above by some or all of the following changes: inter- 


chang 


tion, replacing one b or both by its complement, multiplying B by —1. 
Exceptions 5 contribute no cases in which bib, is even. 


Pal 


lemma and of Lemmas 9 and 10. 

Proof. First, we show that if the lemma holds for 6, it holds for 6}. ¢’Sb; = 
cB, 1, --- , 1)’ — Bb, while ’B(1, 1, --- , 1) = A, 1,---,l’ =ece= 
c’Sc = 0 (mod 2). Note also that §)’Bb! = r + 6/%Bb, (mod 2). 


In 


instance, (0, --- , 0; 1, 1, * , --- , *) is a vector whose first v components are 0, 
whose (v + 1)-th and (v + 2)-th are 1 and whose others are unknown. We 


write 
two | 


Now consider what vectors 6, and 6, can be treated by the simplest vectors ¢ 
such that c’Sc = 2 (mod 4). If ¢ has every component zero except two com- 
ponents c; and c, such that 7 and k both < v or both > », then ¢’h, = hi, + Mu 


and ¢’ 


bh. in which not all of h,, , --+ , A, are equal and not all of h., , --- , ho, are equal, 


and o 
h. +19 


aOan 


ments if necessary, we have left only two possibilities: 


(a) bf 
(b) bf 


The 


will el 
(ec) 


for an 


semicolon. If v > 4, the denial of (c) with m = v + 1 and h, k,l < v implies 


ha + 


implies ho, = ho, = he, = hz,.; (mod 2). Then, replacing 6, by its complement 
and permuting variables if necessary we can write 6; = (0, --- , 0; 1. *,--- ,*), 
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(0; 1, 1) and (1; 1, 0); (0; 1, 1) and (0; 1, 1); 

(0, 0; 1, 1) and one of (0, 0; 1, 1), (1, 1; 0, 0), (O, 1; 0, 1); 

(0, 0; 1, 1, 0) and one of (1, 1; 0, 0, 0), (0, 1; 1, 1, 1); 

(0, 0, 0; 1, 1, 0) and (1, 1, 0; 0, 0, 0); 

(0, 0, 0; 1) and (0, 1, 1; 0); (0, 0; 1, 1) and any b, not in 2; (0, 0; 0; 1) and 
0, 0); (0, 1) and (1, 0); 


ing b{ and b; , permuting the variables of both h, and bh. by the same permuta- 


1 has contributed considerably to the simplication of the proof of this 


what follows we use asterisks to indicate unknown components. For 


such a symbol even if v = 0 or r — v = 2 or both though the exhibition of 
’s indicates r — v > 2. 


hb. = he; + hy. We call such ac of type I. It will take care of all 6, and 

f all 6, and 6, in which not all of h,,., , --- , Ay, are equal and not all of 
+++, hy, are equal; for, any such pair will have a 0 and 1 corresponding to 
d 1, or toa 1 and 0, both on the same side of the semicolon. Using comple- 
= (0, --- ,0;1, --- , 1) and 6} arbitrary, 


= (0, --- ,0;1,0,%«,--- , #) and bj = (#, --- , #,0,1;0,--- , 0). 





» next simplest vectors ¢ are symbolized by (1, 1, 1; 1) or by (1; 1, 1, 1) and 
iminate all pairs 6, and 6, for which 














Nin + Pie H hae + Pim = hon + hee + her + hom = 1 (mod 2) 








y choice of subscripts three on one side and one on the other side of the 





hoe + hor + ho.., = 0 (mod 2) for all choices of h, k, 1 < v which, in turn, 
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which excludes (b) above and to which our “next simplest’’ ¢ applies. Since the 
cases r — v > 4 may be similarly handled, there remain the following cases: 


(0, 0, 0; 1, 1, 1) 


(*, *, *; *, *, *), 
where denial of (c) implies 62, or its complement is 0, 
(0, 0, 0; 1, *, 0) 
(1, *, 0; 0, 0, 0), 
where denial of (c) implies that both asterisks are 1, yielding exception 4, 
(0, 0, 0; 1, 1) 
(a, b, c; d, e), 
where denial of (c) implies a + b + c = d = e (mod 2) yielding exception 3.1, 
(0,0,0;1,0) (0,0,0;1) (0,0;1,1) (0,0;0,1) (0,0; 1) 
(*,0,1;0,0), (+, *,1;0), (*, #;*,#), (0,1;0,0), (+, 1; 0), 
and the pair (0; 1) and (1; 0) which are all easily dealt with. 


Lemma 9. If 8 = 2x, x, + 273 2, + +--+ + 222,_; Zo, (mod 4) (s > 0) and b, 
and b, are two non-zero (mod 2) vectors with 2s components each, there exists a vector 
c such that c’Bc = 2 (mod 4) and c’Bbh, and c’Bb, are odd, with the following excep- 
tions, where the b; are listed (mod 2): 


l. s 1 and either bf = (1, 0), 6 = (1, 1) or bf = (1,1) = B, 
2. s = 2and bj and 6 are (1, 0, 1, 1) and (1, 1, 1,0) or (0,0, 1, 1) and (1, 1, 0, 0) 
or (1, 0, 1, 1) and (0, 0, 1, 1). 


Proof. First, let s = 1. The vector c’ = (1, 1) disposes of 6, and 6, if each 
has the components 0, 1 in some order. Such ac we say is of type I. 

Second, if s = 2, write bf = (a, , a2 , as , @,) and h} = (b, , by , bs , by). A per- 
mutation of ¢’ = (1, 1, 1, 0), which we call of type II, disposes of 5, and 6, unless 
for every a, + a; + a, which is odd the corresponding b; + b; + b is even. 
Hence, if bf = (0,0, 0, 1), every 6, is eliminated except those for which b, + b, + 
b, = b, + b, + b, = b, + Bb, + b, = O (mod 2). Hence, 63 = (0, 0, 0, 0) or 
(1, 1, 1, 0), the latter of which is eliminated by ac of type I. Similarly, if 6, is 
not the zero vector, all but the following typical cases are eliminated: 


b; = (0, 0, 1, 1) with bf = (1, 1, 0, 0), (©, 1, 1, 1) or (1, 0, 1, 1), 
bf = (0, 1, 1, 1) with bf = (1, 1,0, }), 


which are essentially listed in exception 2. 
Third, if s = 3, we see that if the first four components of 5, are neither of 


aan ee 
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those displayed above, our previous treatment eliminates all cases except when 
the first four components of 6, are 0; then we interchange b, and b, and have to 
consider for bf 


(0, 0, 1, 1, *, *), (0, 1, 1, 1, *, *), and (0, 0, 0, 0, *, *). 


The last permutes into one of the first two unless the last two components are 
1, 0 in some order when the above paragraph disposes of all non-zero 6, . Sim- 
ilarly, a ¢ of type II disposes of all but the following: 


(0,0,1,1,1,1) (0,0,1,1,0,0) (0,0, 1, 1, 0, 0) 
(1, 1, 0,0,0,0), (1,1,0,0,1,1), (0,1, 1,1, 1,0), 


and ¢’ = (1, 0, 0, 1, 1, 1) disposes of these. 


Lemma 10. Let 8 be a quadratic form of odd determinant of the type of Lemma 8 
or By of Lemma 6d and b, and 6, two distinct non-zero solutions (mod 2) of r’Br = 0 
(mod 2) such that 6{B6, = 6386. (mod 4), then, with the exceptions below, there - 
exists a vector ¢ such that c’Bc = 2 (mod 4) while c’Bb, and ¢’Bb, are odd. 


Exceptions. 
1. 6 is of the form in Lemma 8 and b, and b, are 


(1, 1;0, 0,0)» (0,0; 1,1) > (1, 1, 150, 1) | (0, 0, 0; 0, 1, 1) 
(0,0; 1, 1,0)” (1, 1;0, 0)” (1, 1,0; 0, 0) (1, 1, 0; 0, 0, 0) 


or pairs obtained from them by one or more of the following changes: permuting 
variables, replacing B by —8, replacing one or both of the last displayed pair by its 
complement. 
2. 8 is of the form in Lemma 9 and 6, and 6, are obtained by permuting the 
variables of the following pairs: 
(0,1,1,1) (0,0,1,1) (1,0,1,1) 
(1,1,1,0), (1,1,0,0), (0,0, 1, 1). 


3. B is of the form in Lemma 8 and one of 6, and 6. has all its components 1. 


Proof. When 8 is of the form of Lemma 8, the exceptions there contribute 
exceptions | and 3 of this lemma. When 2 is of the form of Lemma 9, our present 
exception 2 results. It remains to consider 


B = Qari + Qr x. + 2x + Qasr, + +++ + QWry,-12o, (mod q), 


where, as usual, g is an arbitrary power of 2. If the first two components of h, and 
of b, are different, we choose ¢c = (1, 1,0, --- , 0) while if 5, and 6, each has 1 as its 
first component, ¢c = (1, 0, --- , 0) suffices. Hence, we need to consider only the 
typical case when the first two components of 5, are 0. Now, Lemma 9 shows 
that r = 2 or 3 and we need to consider only the cases in which the last two or 
four components of 6, and 6, occur among the exceptions of that lemma. 
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First, if r = 2, b{Bb, = 63Bb. (mod 4) implies that either bf = (0, 0, 1, 1) = 
h; or bf = (0, 0, 1, 0) and 6; = (1, *, 1, 1) and in the latter case we take c’ = 
(O, 1, 1, O). 

Second, if r = 3, b{Bb, = 63Bb3 (mod 4) implies that the first two components 
of 6, are 0, 0 and the last four components of 6, and 6, are one of the pairs of 
exceptions 2 of Lemma 9. Thus, there remain: 


(0, 0, 1, 0, 1, 1) 
(0, 0, 1, 1, 1, 0), 
and c = (1, 0, 0, *, 0, 1) suffices, where the asterisk is 1 in the second case and 
otherwise 0. 


THEOREM 2. Let 8 be a primitive (not necessarily properly primitive) form in n 
variables, p a prime not dividing B, 6, and bh. two primitive solutions of r'Br = 0 
(mod p) with the further proviso that if p = 2, b{Bb, = §3Bb. (mod 4). Then, with 
the exception below, for q an arbitrary power of p, there exists a unimodular trans- 
formation % such that A’BA = B (mod q) and Ah, = bh. (mod p). 

The exception for p = 2 is: 8 properly primitive, n even, and either b, or bh, having 
its components congruent in order to the elements in the principal diagonal of B*. 


Proof. First, if 6586, # 0 (mod p), let bs = 6. — 6b, and b3Bb. = 63Bb, + 
26:86, + b{Bb,. Hence, —26;Bb, = 638, (mod p) or (mod 4) according as p 
is odd or p = 2. Thus, b. = 5, + bs = 6, — 2636$Bb,/(63Bb;) (mod p) since 
5b, = 6586, 4 0 (mod p). Thisis true even if p = 2, for then 6jBb, = $6;Bh; = 
1 (mod 2). Then 6, = % b, (mod p), where A, = € — 2bsh{B/(b{Bb,) is easily 
seen to be an automorph of 8 and the denominators of its elements are all prime 
top. Then, from Lemma 2, there is a unimodular &% = %, (mod gq), which there- 
fore satisfies the conditions of this theorem. 

Second, if 638), = 0 (mod p), then we can find a vector c satisfying the condi- 
tions of Lemma 7 if p is odd or, with the exceptions noted, of Lemma 10 if p = 2. 
Define hb, = 6, — 2cc’Bbh,/(c’Bc). Then b; = Ab, , where A, = E — 2ce’B/(c’Be) 
is an automorph of B. Since ¢’Sc # 0 (mod p) for p odd and = 2 (mod 4) for 
p = 2, there is a unimodular transformation %, = % (mod qg) such that h; = %,5, 
(mod g) and ABA = B (mod gq). Then hjBb,; = b/Bbh, (mod g). The first case 
of this proof will show the existence of a unimodular transformation %, such that 
bh; = %.b. (mod p) and WBA, = B (mod gq) provided h;Bbh, ¥ 0 (mod p). Now 


c’ Bb, 
c’ Be 





h;Bb. = bi: Bb. — 2 c’ Bh. (mod p), 


b/Bb. = 0 (mod p), and the fact that ¢ is chosen so that c’Sb, and c’Bb, are prime 
to p shows that 6{86, 4 0 (mod p). Then %;'%, is the desired Y. 
It remains to consider the exceptions of Lemma 10. 
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Exception 1.2 (that is, the second pair listed under exception 1). Here we may 
take 8 = b,zi + box; — byx3 — b,x (mod q), where b; = 1 (mod 4), 7 = 1, 2, 3, 4. 
Now the forms 

ata —a3— a, 2 + Sa, — 25 — Sai, 


2 2 2 2 2 2 2 2 
Xi + 7% — 23 — 52;,, x; + 22 — 523 — 52; 


have the respective automorphs %; 














Uae et 5 05 
l-1 10 ~“11 18 
ee 05 15 
®@.2 =-1.1 1o-1 1 
1 2 5 a 5 
1 -1-=1 0 1-5 5& -10 
1 16P {2 -1 6 -1 
a or bb nQ “J 5 


Every form 8 above may be derived from one of these three forms by one or 
more of the following transformations: multiplying the form by an odd integer, 
permuting or interchanging the pairs (x, , 22) and (z; , x4), and stretching z; — 
mx, (m odd). The first of these transformations does not alter the automorphs; 
the second either leaves 6{ = (0, 0, 1, 1) and 63 = (1, 1,0,0) unaltered or inter- 
changes them; and the third leaves b{ and 63 (mod 2) unaltered. Then if T is one 
of these transformations, there is a matrix & with integral coefficients = I~'A;T 
(mod q) for the proper 7, for which %’SY% = B (mod g) which implies A = +1 
(mod $q). Furthermore, %,5, = 6. (mod 2) implies %5, = 6. (mod 2) and Lemma 
3 completes the proof of this case. 

Exceptions 1.1 and 1.4. In 1.1 use the same automorphs used in the case above 
with a row and column (0, 0, 0, 0, 1) adjoined. Deal similarly with 1.4. In the 
latter, if both the vectors § are replaced by their complements, the same trans- 
formation suffices. To deal with the case in which just one 6 is replaced by its 
complement, write 6; = (0, 0, 0; 0, 1, 1)’ and 6, = (1, 1, 1; 1, 0,0)’. We can use 
¢ = (1, 1, 1;0, 1, 0)’ to satisfy the conditions of Lemma 8 and see by the first part 
of the proof of this theorem that there is an automorph Y%, (mod qg) such that 
4,5; = 6, (mod 2) and that there is an automorph %, such that %,), = b. = 
(1, 1, 0; 0, 0, 0)’ (mod 2); hence the automorph %,%7" has the property that 
%.%7'6, = b. (mod 2). 

Exception 1.3. We here use }; = (0, 0, 0; 1, 1)’ with 6, = (1, 1, 1; 0, 1)’ as 
above to prove the existence of an automorph Y%, such that %,5, = 6, (mod 2). 
Obvious modifications of the transformations used for exception 1.1 yield an 




















GENERA OF QUADRATIC FORMS 735 


automorph %, such that %.5; = 5. = (1, 1, 0; 0, 0)’ (mod 2) and complete the 
proof as above. 

Exceptions 2.1 and 2.2. 8 may be taken = 22,2, + 22,2, (mod 8) since one or 
both of x, and x; may be replaced by their negatives. The automorph desired is 


0 
0 
0 
1 


or oOo SO 


1 
0 
0 
0 


oor © 


Exception 2.3. Use 6; = (1, 1, 0, 0)’ and proceed in a manner analogous to 
that for 1.3 above. 

The exception of our theorem arises from the case of Lemma 10 in which 
8~ 8, = 2, + --- + 2% (mod 2) and § is a solution of r’B,r = 0 (mod 2) which 
has all its components 1. Such a solution exists if and only if n is even and, by 
Lemma 6b, 8 is equivalent to such a form as @, if and only if it is properly prim- 
itive. If, then, T is a unimodular transformation taking 8 into 8, , Tb is a solution 
of r’‘Br = 0 (mod 2). Since 6’ = (1, --- , 1), Th is the vector whose 7-th com- 
ponent is the sum of the elements in the 7-th row of T, fori = 1, --- ,n. These 
components are congruent (mod 2) to the elements of the principal diagonal of 
TI’. But T’BXT = E (mod 2) implies 8’ = TI’ (mod 2) and our proof is 


complete. 


THEOREM 3. If p is a prime not dividing B and if 6, and 6, are two primitive 
solutions of r’'Bxr = 0 (mod p) while if p = 2 we further require that 6{Bb, = 63Bb. 
(mod 4) and that neither 6 is of the exceptional form mentioned in Theorem 2, then 
71 V Y2 , where y, and y, are the forms which B yields by use of h, and bh, in the trans- 
formations %, and &, , respectively. 


Proof. Since, by Theorem 1, 6 can be replaced by any vector congruent to it 
(mod p) without altering the class of y, we see that Theorem 2 shows that 
we may consider bh, so chosen that %h, = 6. (mod q), where q is an arbitrary 
power of p and, for an arbitrary V prime to p, 5, = 6, (mod Y). Furthermore, 
by Lemma 3, there is a unimodular matrix %, = € (mod V) and = A (mod q). 
Then %,5, = b. (mod gV) and ABA, = B (mod gV). By Theorem 1, with- 
out altering the class of y, we may take 3, = %;3, since its last column is 6, and 
all the other columns are divisible by p. Then pG@, = 3:82. = I/AjBA,3, = 
S3{BI, = pC, (mod gV). Hence ©, = €, (mod gV/p) and y, v y, by Lemma 
5, for the determinant of each form is p’~’B with r the number of variables and, 
since each is derived from % by a real transformation, their indices are the same. 
This completes the proof of the theorem. 

Before proceeding, we wish to show that the restriction 5{8b, = 6386, (mod 4) 
and the ruling out of the exception in Theorem 2 are essential. 
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TuHeoreM 4. If 8 is a primitive form of odd determinant and if 6, and b, are 
proper solutions of r‘Sr = 0 (mod 2) such that 6{Bb, ¥ 62Bb. (mod 4), then the 
forms y, and 7, corresponding to 6, and b, are not of the same genus. In fact, y; is 
properly primitive if and only if 68h; = 2 (mod 4). 


Proof. Take 6{8b, = 2 (mod 4) and 6386, = 0 (mod 4). Then, by the first 
paragraph in this section, 


g = (291,891 31’ Bb, 
bBSt 4/85.) 


Now (3* 6,) being unimodular and B odd implies 


a”) 2 va) . 
6 Bh; = 6 Bb, ~MN (mod 2) 


and since 6/86; = O (mod 2) we have 3*’Bb; # MN (mod 2). Hence, the y; are 
primitive forms (mod 2) and hence are primitive forms. But y, is properly 
primitive while y, is not; that is, the former but not the latter represents an odd 
integer. Thus no integral transformation of odd determinant can take y, into 
a form = y. (mod 2); hence they are of different genera. 


TueoremM 5. Let 8 be a properly primitive form of odd determinant of the type 
of Lemma 8 with r even and 6, a vector whose r components are 1; if b2 1s any other 
primitive solution (mod 2) of r’'Br = 0 (mod 2) and if y; and 2 are the forms 
associated with h, and 6. , then they are not of the same genus. 


Proof. If r = 2, there is only one non-zero solution (mod 2) of r’'Br = 0 
(mod 2). Henceforth, we take r > 4. For the time being, we omit the sub- 
scripts on the 3’s, C’s, ete. We have 9/83 = 2€. The discussion of Theorem 4 
shows that € is primitive. Now 97'S"'3’"' = $€", and since the determinant 
of © is 2’~-*B, we have 2"-'B37'B"'Q’"' = adj €. Noting that ¥ = 3°R we have 


2" ‘BY “(9° “o>” - gr = adj ¢ 
or 
2’ BBY") B19" "2B") = adj C. 
Now 2%"! is integral and all the elements of adj € are divisible by 2°~*. Write 


¢° = adj €/2"~* and let y’ be the form having this matrix. By permuting the 
variables in 8 if necessary we can take 
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where hb’ = (h, , -++ , h--:). By virtue of the fact that 8 = B~' = € (mod 2), 


we have 
_ ({€ —5 E n 
e=(s DCF) 


1 + hy hyhe hyhs _ hyh,-, 0 
hyhe 1 + he hahs vey: hoh,-; 0 
(mod 2). 


Ill 


h,-yhy Reals ah I PA Rex. +1 0 
0 0 ie! TH 0 0 














Now 7’ is primitive (mod 2), for, if one of the first r — 1 components of is even, 
one of the elements on the principal diagonal is odd, while if all the first r — 1 
components of § are odd, there are many odd elements off the principal diagonal. 
Furthermore, if (6, 1) = 6, , y° is improperly primitive while if (6, 1) ¥ 6, , y° 
is properly primitive. Hence y{ and y2 are not of the same genus. This is 
equivalent to saying that y, and 7, are not of the same genus. 

We now proceed to consideration of forms whose determinants are not prime 
to p. Bor any prime p, and g, an arbitrary power of p, we may, by Lemmas 3 
and 6a, consider any form 


(a) o = 68+ pr (mod gq), 


where the determinant of 8 is prime to p and @ and X have no variables in com- 
mon, 8 being a form in r variables and \ in m — r variables. Now, in place of 
the transformation § we use for an arbitrary V (prime to p but containing 
sufficiently high powers of the odd factors of S and of 2 if p # 2, S being the 
determinant of ¢) a transformation 


HR go” 


~ as MN i hie 
R= (mod q), R=€E (mod V). 


With these notations, the following theorem follows directly from Theorem 3. 


THEOREM 6. Jf ¢ is a quadratic form (a) above and if h, and b, satisfy the condi- 
tions of Theorem 3 and determine 3, and &, and hence R, and R, and if R, and R, 
take o into pw, and pw. , respectively, then w, and w, are of the same genus. 


Proof. w, = w, (mod VY). Also w; = y; + A (mod q/p) and hence, since y, 
and y, are of the same genus, w, is equivalent to a form = w, (mod Vq/p). 
Conversely, suppose w, is some form obtained from 6 by such a transformation 
and w, V w,. We may take w, = w, (mod gV) and, applying R~* to pw, get a 
form ¢, = o (mod Yq) and g, v o. 
We now proceed to prove two theorems on the number of classes in related 


genera. 
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THEOREM 7. If o is a form = 8 + pd (mod gq) (see (a) above), and if n(c, p) is 
the number of distinct primitive solutions of r‘SBr = 0 (mod p) such that no one is a 
scalar multiple of any other and no one can be obtained from any other by multiplica- 
tion on the left by the matrix composed of the elements of the first r rows and columns 
of an automorph of a, then the number of classes in the genus of w (derived from o by 
a transformation R) < >- n(ox , p), the sum being over representatives of all the 
classes in the genus of «. If p = 2, the congruence is replaced by one of r’Sr = 
0 (mod 4) or r’Br = 2 (mod 4) with the exceptional solution 6 of Theorem 2 barred. 
A may be vacuous but B is not. 


Proof. In what follews we proceed as if \ were not vacuous. The proof is 
easily modified to dispose of the case when the determinant of ¢ is prime to p. 


e- (2 N 


Some transformation 


mr € 


takes o, into some pw, . Then, for an arbitrary modulus V, the representatives 
w, of the other classes of the genus of w, may be considered to be all congruent 
to w, (mod VY). &** will take each of the forms pw, into an integral form ¢; = 
o, (mod V7) and hence of the same genus as ¢, . 

First, we prove that, if w, = w, (mod V) and o, ~ oa, , where & take& o, into 
pw, and a, into pw, , then there is a transformation , taking o, into a form 
Pwo ™ Pw. Let U be a unimodular transformation taking ¢, into ¢,. Then 
B= RK;7'UR takes w into w,. It has determinant +1 and hence it remains to 
show that we can determine &, so that ¥ has integral elements. Write 


Ul, U 
= Va - 
where Ul, = U;""", U, = U,"-"'""”, ete. Since 
_ (9709 gu, 
s - ( ws Uy ), 


we proceed first to show that Ul, = M (mod p). Now 


_ {8 @ 


G 


and U’S,U = S, implies 


WB, wae) ba (> " (mod p) 
WBU, WSU) ~ (Nn R - 


Also U{%,U, = 8, # 0 (mod p) implies | U{S, | 0 (mod p). Hence Uj$,U, = 
N (mod p) implies U, = MN (mod p). It remains to consider 3;'U,9. Here, 








{ 





| p) 
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Sr’ = (G{/p q,)’ and 


-. ©/) (maz @,U,b/p 
or US = , i(S* - , , 
Sis ( Gi U(S"p 5) gil.*p aiU.b 


and we seek to determine G, so that G,U,5 = N (mod p). But r’Ul,b = 0 (mod p) 
has r — | linearly independent solutions (mod p). Choose these to be the r — 1 
rows of @, and choose g, so that (G{ g,)’ is unimodular. This proves w) ~ w» . 

Notice that w) ~ w, would imply w, ~ w, , contrary to our choice of w,. Hence 
h) (the 6 for w.) is not, by Theorem 1, a scalar multiple of the 6 for w,. If we can 


show that for some automorph 
_ (% oe 
°° (Z a, 


of ¢, where A, = Wj", ete. and h, = %,5 (mod p), it will follow that w, ~ , 
and our theorem results, for in that case representatives of all the classes of the 
genus of w, will be derived by transformations & for non-equivalent forms of the 
genus of o and no two h’s, by and b, will have the property that 6, = 4,5 (mod p). 

Suppose, then, bo) = %,5 (mod p), where Y%, is the matrix whose elements 
in order are those in the first r rows and columns of an automorph of ¢. Since 
Y%, = N (mod p), then A,A, = +1 (mod p). Since b is primitive, we may form 
a matrix (XZ, 5) of integral elements whose determinant = A, (mod p). Then 
the matrix (%,T, %,5) has integral elements and determinant = +1 (mod p). 
Hence, by Lemma 3, there is a unimodular matrix $$ = (%,T_ 4,5) (mod p). 
Then choose 3, = SB = (p%,T. Wb) (mod p), and the transformation 


RAR = (5s %3 3 *) 


takes a form in the class of w) intow,. But %, = MN (mod p) and the last column 
of %,.¥ is congruent (mod p) to the last column of 3%, . Hence, by the proof of 
Theorem 1, 35'%,3 has integral elements and we have shown that w) ~ o. 

For p = 2, there is no change in the argument except to make the replace- 
ments indicated in the statement of the theorem. 


Corouuary. If r = 2, that is, if p divides every three-ruwed minor of S but not 
every two-rowed minor, the number of classes in the genus of oa is not less than 
half the number of classes in the genus of w. 


This is true because here there are at most two solutions of r’Sr = 0 (mod p) 
yielding non-equivalent forms. 


THEorEM 8. If 6 is the form obtained from o by replacing x, , --- , x, by pa , 
+++ , px, and dividing the resulting form by p, the number of classes in the genus of 
o is not less than the number of classes in the genus of 6. The equality holds if the 
determinant of (where o = 8B + pd (mod q)) ts prime to p. The case when d is 
vacuous is trivial and is here excluded. 
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Proof. The transformation 


pe RN 
ym € 














takes o into pé. We get just one 6 from each o of the genus and each form = 6 
(mod VY), for an arbitrary V, is derived from a form = o (mod pV) by the same 
transformation. A similar argument to that for the proof of the previous theorem 
shows that ¢, ~ o, implies 6; ~ 6, . 

Suppose the determinant of \ is prime to p. Then 


ke B M ‘ 
S= (: *) (mod p’), 


i (76 .) & pt (76 *) re ‘bs .) (mod 7”) 
ae mn GEA pe/\n CJ ~ \N pe P} 


If a unimodular transformation 
Cie: & 
U= bey e 


takes 6, into 6, , it may be shown, as in the proof of Theorem 7, that L 4 0 
(mod p) implies U; = MN (mod p). Then 


7 


E/p MN 
MN € | 


p& *“ | am & 
| 


HU, Uy, 











| Ul, pu, 
«Wy /p | 




















| 
ir € 
is a unimodular transformation taking ¢, into ¢,. This completes the proof. 
The following example shows that the equality in the last theorem does not 
always hold. Let o = ai + 23 + 12123, p = 11, 6 = Ilaj + 1la2 + lla}. 
There is only one form in the genus of 6, but more than one in the genus of o. 
That the equality in Theorem 7 does not necessarily hold is shown by taking 
o = x; + 3x3 + 7x; which is in a genus of two classes. For p = 7, § may be 


taken to be (2, 1)’ and 














Hence, w = 72) + day, + x3 + 23 ~ 3a) + 22 + 23, which is in a genus of one 
class. The equality in Theorem 7 does not even necessarily hold if ¢ = 8 as is 
shown for p = 3 by the form ¢ = 2} + 423 + 7x; , which is in a genus of two 
classes. >> n(o, ,3) is 3 while the number of classes in the related genus for p = 3 
is two. However, for p = 7, Theorem 8 shows that 6 = 7x; + 2823 + 2; is in 
a genus of two classes. 
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4. Recurrence formulas. The general result of Siegel mentioned in the intro- 
duction specializes, when T is a scalar ¢ and o is a form in m variables, with 
m > 2, into the following: 


eS 


fet a A(G, 0) 
I'(3m) I] ” alte 7 








(1) A,(S, ) = 


where ¢€ = | or } according as m > 2 or m = 2 and the product ranges over all 
q = p’, where p is a prime, a > 2b, and b is the highest power of p dividing 2t. 
If ¢ is a positive form A,(S, t) = M(S, t)/M(S) and 


mM6é,p)= y 402 wo=- ne’ 


(Ze)0(S) E(S,) (Zere(Z 


where the sums are over all classes of the genus (one form in each class), A(&, , !) 
is the number of representations of t by S, (that is, the number of solutions of 


r’S.r = t), and L(S,) is the number of integral automorphs of S, (deter- 
minant = +1). A,(G, ¢) is the number of incongruent (mod gq) solutions of 


r’Sr = ¢t (mod gq). If a is indefinite, A, has a corresponding meaning. Notice 
that if the form is positive and there is only one class in the genus, A, is the 
number of representations of t by S. 

For any prime p, the two genera derived from o are represented by the forms 
w and 6 (see Theorem 8). We now develop a relationship among A,(S, pf), 
A,(%, t), and A,(®D, #). Notice that, when p = 2, the w may belong to any one 
of two or three genera, but, if p is odd, the genus of w is determined. 

Substitution in (1) shows us that 


Ao(S, pt) = kp'""'A, (GS, pt)/qr', 
(2) Ao(®, t) = kp'**#"A,,(®, O/qr", 


A,(D, t) = kp'""’A,,(D, 0/qr™', 


where k is the same for all three since W = p*”*-"S and D = p*’~-"S,_ and, from 
the choice of R, the only A, affected by our, transformations is that involving 
our particular prime p. g, = p"', G2 = p”’, a > 2b, ag > 2(b — 1), and b is 
the highest power of p dividing pt. We know [17; 542] that A,,(S, pt)/q?~' are 
independent of a, and a, if the inequalities involving a, and a, are satisfied. We 
choose q, = pq sufficiently large and g. = g. We now need a relationship among 
the A,’s. 

Notice first that A,(S, pt) depends only on the genus of o since all forms in 
the genus may be considered to be congruent (mod VY) for V arbitrary. Below, 
for any vector » with m components, let vp’ be the vector composed of its first r 
components. Any vector denoted by bh is assumed to be primitive. 

Let 6, and 6, be two (primitive) solutions of r‘Sr = 0 (mod p), 3, and &, the 
transformations, and y, and y. the forms associated with them. Furthermore, 
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suppose the 6’s are such that y, v y.. (They are necessarily such if p is odd.) 
The proof of Theorem 3 shows that, for V arbitrary, 3, and 3, may be so chosen 
that y, = y. (mod gV). Hence, we talk about just one ¥& (mod q) derived from 
S by the transformations associated with the 6’s if p is odd and, in addition, two 
other forms (representatives of genera) if p = 2. 

Let 6 be some fixed solution of r’'Sr = 0 (mod p) and yr, a solution of 


(3) r’Sr = pt (mod q,) 


for which r; = sh (mod p), where s is a scalar prime to p. The transformation 
R associated with b yields a solution of 


(4) y Wy =t (mod q) 


in which, by the beginning of §3, y, (the r-th component of ») = s (mod p). 
Also r° = Sy’ and the last m — r components of x and y are identical. Further- 
more, if r. = r, + 9,3, then r? = 1) + q:3° andy, = F's =o + S'ga” = OF 
(mod g). Hence, to each r which is a solution of (3) corresponds exactly one 
solution of (4). 

Conversely, for each solution of (4) with y, = s (mod p) and for each primitive 
solution 6 of r’Sr = 0 (mod p) we can find a R taking © into pW, andr = Ry 
determines a solution of (3). For each solution of (3) with y, = s ¥ 0 (mod p) 
the various solutions § will yield distinct r’s since r = sh (mod p). There are 


A,(%, 0) — 1 

hk, = eet 
p-il 

distinct primitive solutions 6, none of which is a scalar multiple of any other 
(mod p), where A,(%, 0) is the number of distinct solutions (mod p) of r’‘Sr = 0 
(mod p). Thus, to each solution of (4) with y, # 0 (mod p) correspond k, 
solutions of (3) with r° # n (mod p) and no r’ is a scalar multiple (mod p) of any 
other r°. We have seen that two incongruent (mod q) solutions of (4) yield 
incongruent solutions (mod q,) of (3). If, on the other hand, », is a solution of 
(4) with y; # 0 (mod p) and », = », + gj, consider any primitive solution } of 
r’Sr = 0 (mod p). There is a corfesponding transformation & taking S into W. 
Then x2 = r} + 3° = x) + q(M b)z, (mod q,), where z, is the r-th component 
of 3. There are p different values for z, (mod p) and hence p different r°’s (mod q;) 
for each y, (mod q). Since the last m — r components of r and y are identical, 
we see that for each 6 and each » (mod q) with y, # 0 (mod p) there are p”"*' 
incongruent r’s (mod g,). Hence we have 


(5) Al (S, pt) = p™ "*'k, AL(B, b) 
for p odd, where k, is defined above, A/,(S, pt) is the number of solutions of (3) 


with r° primitive, and A/(Q, t) is the number of solutions of (4) with y, #4 0 
(mod p). In case p = 2, 
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(5’) Al (GS, 2t) = 2"-"*"|AL(D, 2)AL(R, , d) 
+ {Ai(B, 0) — 1jAi(B., + ABs , O), 


where A{(Q%, 7) is the number of distinct solutions (mod 2) of r’Sr = j (mod 4), 
j = 0 or 2, excluding the exceptional solution of Theorem 2, w, and w, are the 
corresponding forms, and w,; the form obtained using the exceptional 5 of Theorem 
2. A‘ denotes for the respective forms the number of representations with y, odd. 
We next consider the solutions of (3) with r° = n (mod p). If xr = (2, , 2, 
- , Zm) is such a solution of (3), 3 = (a:/p, %2/p, -** , 2-/P, Brary *** » Lm) iS 
a solution of 


(6) Dr =t (mod q), 


and conversely. For each solution of the latter there are p”~" solutions of the 
former. Hence, 


(7) A, (S, pt) oe ALG, pt) my p” ‘A,(D, t). 


We now seek A,(%8, t) — A/(, 4), for any form w. If w represents ¢ with 
y, = 0 (mod p), let y, = py? . Then, if ) is the vector composed of the first 
r — 1 components of y, we have 

(p-3* 6) (vs p-v;)’ = p(S* 6) (wo v7)’. 


Now p€ = 3’S3 with § = (p-3* b) and if y, = 0 (mod p) in y° we see that 
py’ Sy° = p’yo’(3* 6)’B(9* b)yo , where yp is the same vector as y° except that 
its r-th component is y? instead of y, . Thus, to every representation y of ¢ by 
YW with y, = 0 (mod p) corresponds a representation 3 of t by D, where the first 
r components of 3 are 3°y> and the remaining components are the same as y and 
3° = (3* 6) is unimodular. There are exactly p values of 3 (mod q) for each y. 
Thus 


(8) A,(D, t) = p{A,(®, ) — AB, d}. 
Then, using (5), (7), and (8), we get 
(9) A,,(S, pt) = p™*' "k,A,(B, .) + p™ "(1 — k,)A,(D, dD for p odd. 
If p = 2, we use (5’) instead of (5) and get 
A,,(G, 2t) = 2"*'""[A4(B, 2)A,(BW, , + {A(B, 0) — 1} A,(BW., d 
+ A,(W; , )] + 2""k.A,(D, d), 


(10) 
where k, = 2 — A,(%, 0). 
Using (9) with (2), we get 
(11) A,(S, pt) = k, Ao(W, 1) + (1 — fh) Ao(D, O for p odd, 


where k, = {A,(%, 0) — 1}/(p — 1). 
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Using (10) with (2), we get 
A,(S, 2t) = Ai(B, 2)Ao(B, , ) + {[A(B, 0) — 1}A(W, , 4 


(12) 
+ Ao(W; , t) + {2 — A,(B, 0)}Ao(B, 4), 


where the terms on the right side are defined after equation (5’). 

(11) and (12) are the recursion formulas which constitute the principal result 
of this paper. 

In case r = m, it follows that D = 26 and (12) may be simplified. Notice 
that ¢ = 1 (mod 2) implies A(Q, , t) = A(D, t) = 0 and hence A,(¥, , t) = 
A,(D, t) = 0. Thus, (12) becomes 


(12’) Ap(S, 2t) = AZ(B, 2)Ao(W, , 2 + Ao(Ws; , 2) for r = m,t = 1 (mod 2). 


On the other hand, if ¢ is even, A{(%, , t) = 0, and hence, by (8), A,(D, ) = 
2A,(W, , 4). The genus w, exists if and only if 8 = o is properly primitive and r 
is even. If the trace of B is not divisible by 4, A{(W, , t) = O and, by (8), 
A,(D, t) = 2A,(%; , ). Thus, if we let w = 0 if the genus w, exists and the 
trace of B is divisible by 4 and otherwise w = 1, we have 


A,(@; ’ t) =(1- w)A, (BW; ’ t) + A,(®, t)w/2. 
Hence (10) becomes 
A,,(S, 2t) = 2[{Ai(B, 0) — 1}A,(BW., t) + (1 — w)A,(B; , d)] + k3A,(, dO, 


where ki} = 2 — A,(%, 0) + Aj(B, 2) + w = 2 — AP(B, 0) — AF(G, 2) + 
At(%, 2) = 2 — Af(%, 0), where A?(%, 2a) is the number of distinct solutions 
(mod 2) of r’'Br = 2a (mod 4). Thus, using (2), we get 


A,(S, 2t) = {Ai(B, 0) — 1}Ao(W. , t) + (1 — w)Ao(Rs; , 2) 


(12”) 
+ {2 — AZ(®, 0)} AS, 32) 


when r = m, ¢ is even; the genus w; exists if and only if 8 is properly primitive 
and r is even; w = 0 if the genus of w; exists and the trace of & is divisible by 4; 
otherwise w = 1. 

The significance of this result is more clearly seen if we notice that the deter- 
minants of w and 6 differ from that of ¢ only by a factor which is a power of p. 
Hence, by a series of such steps we can finally arrive at a ¢ which has no factor 
in common with twice the determinant of S. Then, the evaluation of (1) is 
accomplished by means of the A,(G, ¢) for p odd and A,(G, #), where g = p for 
any odd prime factor p of S. When p does not divide S, there are explicit 
formulas for A,(G, ¢) (see §5). If p is a factor of S, o is equivalent to a form 
8B + pd (mod q), where 8 has a determinant prime to p and has r variables; then 
A,(S, t) = p” "A,(B, t). Here we have the especially simple form 


(13) A,(B, ) = p"(1 — ep) orp *(1 + ep”) 
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according as r is even or odd, and e = ((—1)'"B| p) or ((—1)'~" Bt | p) in the 
respective cases. p is an odd prime not dividing Bt. 

In case o is in a genus of one class, one may easily deduce by elementary 
means, without using Siegel’s results (1), a formula numerically equivalent to 
(11). Itis 


A(S, pt) = ky,A(B, 2) + kA, + --- + hy AB, 
+(1 es k,)Ao(D, ), 


(11’) 


where w; are representatives of the classes of the genus related to o and k,, is the 
number of primitive solutions 5; of r‘8r = 0 (mod p) leading to the class w; , 
no 6, being a scalar multiple of any other. This, taken with (11), suggests the 
interesting relationship 


ky) = E(®,)M(B)ky", 


where the quantities on the right are defined in the introduction. 
In the interests of more explicit formulas we proceed to give the formulas for 
k, for p odd and A,(G, 2). 


5. The evaluation of k, and A,(S, ¢). The value of k, and methods for evalua- 
tion of A,(GS, t) were first given by Lebesgue and Jordan [10], [1], [8] respectively 
and both later by Minkowski [14; 45-58]. The methods are more accessible, 
however, in Siegel’s work [17; 541]. We here merely state the resulting formulas. 

If p is an odd prime not dividing S, 


(p""* if m is odd, 
A,(S, 0) = 4 
lp" + e—p'™"(p — 1) if m is even, 


where « = ((—1)'"S| p). Hence 





m—1 
as if m is odd, 
| p-l 
(14) ky 7 
m—1 
| etal + e'*"' if m is even. 
lp-1 
Using Lemma 6 we see that we may consider our form to be 
o = o, + 2c. + 4a, (mod 8), 


where each o, is a quadratic form of odd determinant and may be taken to be 
of one of the forms: 


2 2 
@:% + °°* + 4,2,, 


Qjzxi -+ 2bx 2X2 + Qjx2 + yp + woe + 222--1:Zer , 


a 


B 


ll 
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where j is 0 or 1 and bis odd. A,(S, t) may be quickly found from A,(M, ¢) and 
A,(%, t). We have 


(15) A,(4, 2) = 8 '[1 + 2°" + 2°*di, 


where 
e we Derr) (NV, N=(1-7) °° '+ (14+ 777%, 


8 is the least positive residue (mod 4) of the sum of the coefficients of a and s, is 
chosen so that r; — r,; + 8 = 48, (mod 8), r, being the number of coefficients of 
a which are congruent to g (mod 4);d = 0, — 4"*', 4"*' according as s) — t # 0 
(mod 4), = 4 (mod 8) or = 0 (mod 8). Also 


(16) A,(M, 2) = 4°~"[1 + 22"? (— 1) "NI; 


the letters used are defined below (15). 
Also the following formulas hold for the second form: 


(17) A,(%, 2t) = 87°-"'{2 + 2°°*'(-—1)'*'4+-2°7'N,}, 
where N, is 0, —4 or 4 according as ¢ is odd, = 2 (mod 4) or = 0 (mod 4). 


(18) A,(B, 2t) = 2° -"[1 + 2°°(—1)'*'. 


6. Applications. The above formulas and methods apply to binary forms but 
for such forms this machinery is not necessary. Results may be obtained just 
as expeditiously by more elementary means [5], [15]. 

We first exhibit Siegel’s formulas [17; 544], [8] for q'~"A,(G, ). pis a prime 
not dividing 2S and p’ is the highest power of p dividing ¢ = p't, . € is equal 
to the Legendre symbol ((—1)'"S | p) or ((—1)'“"~" St, | p), according as m is 
even or odd and r = p'~*” or p’~” in the respective cases. Also q = p* and 
a>l. Then 


a - ep *™)(1 tert+t+eéer+--- +er') for m even, 


1 

3 

G 
I 


aQ—p ")(l+trtr +e) tr?) for m and | odd, 


Il 


Q—-p "[(l+trtrt--- te t4+ re — —”)) 
for m odd and / even. 


We shall find it necessary, at times, to put subscripts on J, « and r to indicate 
the prime concerned. In deriving explicit formulas for A,(S, t) the following 
lemmas are useful. 


Lemma 11. Jf m is even and S and t have no odd prime factor in common, 


(19) J] q' "AX, ) = [Yen {DY ead") T] AG, dq”, 


a pi2s 
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where the first sum is over all odd positive integers n, the second over all odd divisors 
of t, and «, = ((—1)'"S| n). 


Proof. Siegel’s formulas show that the product A,(S, é)q'~" over all powers 
of primes not dividing 2S is equal to 


Ila - «p') [] + 67, + «+: + er), 


r and / being defined as above, the first product being over all odd primes p and 
the second over all odd prime divisors of ¢. The second product is equal to the 
second sum in (19) and 


Ila - ep 'y' =T] Gd +p + @p "y+ +) = Den. 
LemMA 12. If m is odd and 2S and t have no factor in common, 


IT dS, dq" 
= (1-27) (mm — IQ ein” >} 
x {oe TT ob -— (-9 st? | pp} 


Xx IT AG, t)(p"* = Wal 


(20) 


where n is odd, ¢, = ((—1)'\""" St| p), p is an odd prime, p’ denotes an odd prime 
factor of t occurring to an odd power, p’’ an odd prime factor of t occurring to an 
even power and ¢~'(m — 1) is the reciprocal of the Riemann zeta function whose 
values for m odd are known [22] in terms of Bernoulli numbers. 


Proof. Write «, = ((—1)'“""" St, | p), where ¢, is the largest factor of ¢ prime 
to p, r, = p " and t = ét, , where ¢, is square-free. Siegel’s formulas yield for 


TT 4.6, da HTT a - 
the value 
TT = pT a = ety 0 = ep, 
where 
L= IT te one pit“) 
xIT f(I—ep oO") tert $e!) tr. 


First, we have 


Ila -p'”) 


a—2'")'T]a- p'”"a - 2°") 


Pp 


(1 — 2°-")""{3(m — 1}. 
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Second, it is easily shown that 
hi m)\- 4(1—m) 
TT a — ep)" = Dia’. 
sd n=1 


Third, we proceed to prove that 


2—m m—2 h(l-—m 
L=6 dv I] (1 -—«9' ‘. 


wits v 
Select any set of distinct primes p{’, p3’, --- , p{’ and in this paragraph denote 
a product over this set of primes by []’. Then, in L, the coefficient of 


[]’(-—ep'""™) is 
TTatrt-- +29) 04er4--- 49 T YT. 


The coefficient of the same product on the right side of the equality to be proved 
is -" >> v™-*, the sum being over all divisors v of t, which are multiples of the 
tty ti 


product pj’ps’ --- pi’. But 
Veta Tate ge eh Tet te tr) 


= | Eee | te | (1 Bed se +r) TT 0 eS eee 4. gl) 


e 
while 
o. 1 = 
é ——-— [] 7" I] 7°" » 
* p’ 


Thus our result is shown. 
Fourth, it remains to evaluate 


LIT a — ag)" = TT — aye Do? TT ae) 


vite p’’\e 


= 2 o/t)"* I] - ep)", 


olts 


where the last product is over all p” dividing ¢, but not v. If we interchange v 
I i 


and t./v, we have 


Se TT = apt, 


wits 


the product being over all p”’ dividing ¢, but not ¢,/v. Now ¢,-- = ((—1)?""' 
x St,-. |p’). Hence ((—1)!""? St/v? |p”) = ((—1)'"" Sts /v? = 
or 0 according as p”’ does not or does divide ¢,/v. Hence 


LIT a-—e_p™)" = Deo TT i — hr (— St? |p’) 


and the proof of the lemma is complete. 
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It does not seem to be known generally that there are finite explicit expressions 
for 


> «n™, 


the sum being over all odd 1, s is a positive integer and «, = (D|n). These have 
been found by H. J. 8. Smith [20; 517, 518] using ‘‘methods employed by Dirichlet 
and Cauchy”. In view of our later applications it seems worthwhile to give 
these formulas for s = 1 and 2. Substitution in Smith’s formulas gives 


(21) Dd «n™* = x'v[] [1 —(D, | p)p), 


where D = D,D; , D, is square-free and different from 1, while the product is 
over all prime divisors of D, and 


{(—aytaft — (2 | a)/218- (| AdF,-a(4/A) if Dy = 1 (mod 4), 
| i=1 


vy = 4 
| 
[(— )"s(1/2") Dd (Di | j)F.-s(j/44) if D, # 1 (mod 4), 


j=1,(7,44)=1 


A = (-—1)'D,, F(x) = 2, F,(x) = 4(x” —x). If D, = 1, the evaluation in terms 
of ¢(s) is easy. 


7. Positive ternary quadratic forms. Since there seems to have been no 
explicit evaluation of A,(G, é) for all positive ternary forms we first apply the 
above results to get a very simple expression for A,(G, ¢) in terms of class number 
and proceed to apply the methods of this paper to other examples. This has 
been evaluated for several forms. See [21]. Our results can be derived from 
general results of H. J. S. Smith. 

The formulas of Smith in the previous section may be applied to give a finite 
expression for Ao(G, ¢) not involving class number, but it is not nearly as simple 
as that using the class number. We let h(n) be the number of proper classes of 
properly primitive binary forms of determinant +n and F(n) the number of 
prope. classes of binary forms of determinant +n one of whose coefficients is 
odd (recall that only forms with integral matrices are considered). In the 
classical literature, the determinant of a binary quadratic form az? + 2bry + cy’ 
is defined to be b? — ac. We take as the determinant ac — b’. This seems a 
much more natural usage since it is the value of the determinant of the matrix 
of the form. It also conforms to the usage in forms of more than two variables. 
From Dirichlet [2] we have 


h(D) = a2 D> (-D | nn", 


6 AO nme, Teen pm 


pein = 
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the sum being over all odd n and a = 2 or 1 according as D = 1 or #1. Thus 
if D = D,D; , where D, is square-free, 


F(D) = > h(D/’) = are av ' [T] {1 — (—DA’ | pp"}", 


the sum being over all odd divisors v of D, , a, = 1 or 2 according as D/v* # 1 
or =1 and the product is over all odd primes p. Hence 


F(D) = 20 Y (—D| ayn" Dav"T] (1 — (—D/f? | pp}, 


Pie 
the first sum being over all odd n and the second over all odd divisors v of D, . 


We may write 
’ 2D' 1 -1 2) —1)-1 
F(D) = —— 2 (-D nn '{ > v (I] {1 -—(-—D v |pp }) 
+ 2D;" TT {1 — (-1| py}, 


P| Da 


where ¢« = 3 or 0 according as D, = 1 or #1. If D, = 1, the coefficient of « is 


y® ' ~ip-8 m—1 | —1)-1 
4D2 TT 11 — (—D | p)p"}"'Ds' T] (1 — (-1| pp} 


piD, 
ot Stn) la ee 
=-2 ( L{nn = 1. 
Hence 
, 2D' ~1 -1 2) -1)-1 
F(D) — « = —— 3 (-D| ayn Yoo TT {1 — (— Df’ | pp}, 
n | Da pie 


v and n being odd. 
From Lemma 12, taking D = St and noting that ¢(2) = 2°/6, we have 


[I] A(G, de? = — , AF(S) — JT] AAS, O@" - 1)", 
a odd r(St) 513 





where 7 is chosen so that 
5 XO oT] 1 — (se? | pp = Do TT (se | pp}, 
e | Sats pie tits pie 
where S = S,S;,¢ = t,t, S, and ¢, are square-free and vis odd. A little computa- 


tion shows that 


r'= }d'[] tl — (—St/d | pp'}"', for d odd, 


d\8;, pid 


the product being | when d = 1. Then, using (1), we have 


(22) = AS, ) = &(F(SH) — dr T] AG, OG" — 1)'alS, 9, 








hus 
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where « = 3 or 0 according as St is a perfect square or not, 7 is defined above, 
a2(S, t) is As(G, t)/8’ and A,(G, #) is the number of solutions of the congruence 
r’'Sr = ¢ (mod q). Notice that St is a perfect square if and only if S and ¢ are. 

Example 1. Let S = 1. There is only one class of forms of determinant 1, 
which is represented by ¢ = x} + 2; + 2; and A,(G, é) is the number of repre- 
sentations of tby «. (22) and (15) yield 


(23) A(G, t) = 8{F( — «ja, for ¢ odd, 


where « = 3 or 0 according as ¢ is a perfect square or not and \ = 3/2, 1 or 0 
according as t = 1 (mod 4), = 3 (mod 8) or = 7 (mod 8). This is equivalent to 
a result of Kronecker’s [9]. If t = 0 (mod 4), it is easily seen that x, , x. , %; are 
all even and 

(23’) A(G, 4t) = A(S, b, 

while A(G, t) = 3A(G, , #4) if t = 2 (mod 4), where o, = zi} + x3 + 2x3. Then 
(24) A(G, t) = 3A(G, , 34) = 12F (0) if ¢ = 2 (mod 4). 


Example 2. Application of the methods of this paper to the above forms yields 
other results of interest. If p is any odd prime, let w, be the genus of forms 
derived from ¢ of Example 1 by a transformation J. (11) yields 


(25) A(S, pt) = k,Ao(B, , 0) + (1 — k, ApS, d) 
and A(pG, t) = 0 or A(G, t/p) according as t # 0 (mod p) or = 0 (mod p). By 
(14), k, = p+ 1. Notice that in (25) ¢ is not necessarily prime to p although 


p is a factor of the determinant of &, . 
Suppose p = 7. A solution of r’Sr = 0 (mod 7) is (3, 2, 1)’ and taking 


7 0 3 
J=|]0 7 2 
0 0 1 


we get the form w = y = 7x} + 7x3 + 2x3 + 6a,2, + 4a,2,;. The unimodular 
transformation 


0 -!1 ] 
0 -!1 0 
l 3 —! 


takes y into 277 + 2x3 + 3x3 + 2xix. + row, + 2z,x;. Hence 
(26) A,(W,,0) = {A(G, tp) + pA(S, t/p)}/(p + D, with p = 7, 


where A(G, @) is given by (23), (23’), (24) and A(G, t/p) is taken to be zero 
if # 0 (mod p). Furthermore, all the primitive solutions of r’Sx = 0 (mod 7) 


Ls Se es ok 


= oy 
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are scalar multiples of the solution given or may be obtained from it by permut- 
ing the components and/or changing the signs of some of them. Since so per- 
muting or changing the signs of the components of § is equivalent to multiplying 
it on the left by an automorph of ¢ we see by Theorem 7 that w; is in a genus of 
one class and hence A,(%&; , ¢) is the number of representations of ¢ by w; and, 
in (26), the subscript on A may be omitted for p = 7. 

Similarly, using the same o and p = 3, 5, 11 we have (26) for w; , w; , @; , 
respectively, equal to 27+ 223 + 2x3 — 2roxy , ai + x3 + 5x3 and 2} + 2x3 + 
6x3 — 2zx,2; , all of which are in genera of one class, by the above argument. 

We have a different type of result for p = 13. Here there are two vector 
solutions : (4, 3, 1) and (5, 0, 1). Neither is a scalar multiple of the other or a 
multiple of the other by an automorph but all other solutions may be so obtained 
from these two. Hence there are, by Theorem 7, at most two classes in the genus 
of w,;. In fact, there are two which are represented by w,, = 22} + 2x2 + 523 + 
2x,25 + Qx,x, + 2x7, and wi, = zi + 2; + 1323. We have (31) for p = 13, 


where now 
ABs, ) = 5 4ABs , ) + 3A , 0) 


since w,; has 12 automorphs (double the number of automorphs usually given 
[7] since the determinant may be —1 as well as +1) and w{, has 16 automorphs. 
Example 3. To see how the methods apply to a form with cross products, take 
w, = 2x} + 2x} + 3x3 + Qz,2. + 2x2, + 2x27; as a new o and p = 3. Itis 
easiest to find 6 directly in this case but we shall illustrate the general method. 
To put ¢ in canonical form, add the first column of its matrix to the second and 
third and then add the third column to the second; then perform the same 
operations on the columns. This is equivalent to transforming the form by 


1 2 1 
T= 0 1 0 
01 1] 


and yields ¢, = 277 + 2323 + 723 + 12z,2. + 62,2; + 242.7, = Qxi + 2x3 + 23 
(mod 3), and the values of § may be seen by inspection to be (1,0, +1), (0, 1, +1) 
together with scalar multiples of these. Multiplying these on the left by T yields 


b, = (-1,0,1), 6b. = (0,0,-1), 6 = (0,1,-1), bh, = (1,1, 0) 
as values of § for the form ¢. Now the automorphs 


0 -!] 0 ] 0 0 
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have the property that %,5, = 6. and %,5; = 56,. Hence, by Theorem 7, there 
are no more than two classes in the genus of w. 56, yields a form equivalent to 
wr3 = ti + 5az + 5x3 — 4.x; and 6, yields a form equivalent to w{; = 2z} + 
Qu; + 7x; — 2x,2.. Hence 


(27) Ao(Ws , 2) = F{A(B;: , 2 + 3A(B,z , t/3)}, 


where A (8, , t/3) is taken to be zero if ¢ # 0 (mod 3) and, since w;; and w}, have 
8 and 24 automorphs respectively, 


Ao(BWrs , t) = [8A(Wrs , -) + A(Wis , H}/4. 


Example 4. We finally consider a case in which ¢ and S have a factor in com- 
mon. Choose as o the form x; + 223 + 523 in a genus of one class. If t is prime 
to 10, the formulas yield [21; 59] 


(28) A(S, t) = F(100). 


Now o = 5t implies xz, = xz, = 0 (mod 5) and A(G, 5t) = A(S, , d, where 
o, = 5a; + 10x; + x; since, by Theorem 8, ¢, is in a genus of one class. Then 


(28’) A(G, 5t) = A(S, , ) = F(5OA)[1 + (¢| 5)]/7, for ¢ prime to 10, 
and 
(28’’) A(G, 25t) = A(G, 2). 


Consider ¢t even. The form 8 of the theory is z} + 52; , A{(B, 2) = 0, 
A‘(B, 0) = 1 and ¥, is the form 227 + 22,2; + 323. Hence, (12) yields 


A(G, 2t) = A(W; , d), 
where w, = 2x7 + x2 + 323 + 22,2; , whose representations may be found for ¢ 


odd. 


8. Positive quaternary forms. The number of representations function for 
various quaternaries was given by Liouville [11], [12]. A few other forms are 
dealt with in neighboring volumes of his Journal. From (1) and Lemma 11 we 
find, for ¢ prime to 2S, 


(29) AS, ) = Stee {Yo an?" ed} TT AMS, Og", 


where the first sum is over all odd positive n, the second over all divisors of / 
and ¢, = (S| n). 


If Sis a perfect square, >, en™? =} n™? = 3¢(2) = 2° Sandt)>. «d™' = Dod, 


that is, the sum of the divisors of ¢. Hence, 


Sao SE an re re A AGN go 


gn ered i nee eB meen nh 
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(30) AS, t) = 8S'{> d} T] AMG, dq”. 
dit pi2s 


If S is not a perfect square, we use (21). Since there is no essential simplifica- 
tion, there is no great point in exhibiting the complete formula in one piece. 

Example 1. If S = 1, we have the usual formula [6] for the number of repre- 
sentations of ¢ by the sum of four squares 


(31) AS, t) = AS, ) =8>d, fort odd. 
d\t 


Example 2. If o¢ = x; +22 +223 +22% , we have [13] 
(32) AS, ) = AG, ) =4>)5d, for t odd, 
dit 


since Theorem 7 may be used to show that ¢ is in a genus of one class because 
the sum of four squares is. If we take p = 3, we see that the only two primitive 
solutions 6 of r'Sr = 0 (mod 3) which need be considered in getting the classes 
of w are 6, : (0, 1, 0, 1) and b, : (1, 1, 1, 1). They yield the forms w{ = 32; + 
322 + Gry + xi + 2r.wy ~ w, = 22 + 222 + 3x2 + 67? and w, = 3x7 + 3x3 + 
Gay + 2ri + 2x,2, + 2xr.x, + 42,2,. Theorem 7 shows that there are not more 
than two classes in the genus of w, . w, , having the minimum 2, is not in the 
same class as w, . Hence, there are exactly two classes in the genus of w, and 
their representatives are w, and w,. Now k, is, by (14), equal to 16. Hence, 
from (11) we have 


AV(S, 31) = 16A, (BW, t) — 15A,(3S, t) 


and (32) implies 
(33) 16A,(@, t) = 4 > d + 60 h ¥ d, for ¢t odd, 


d\3t 3d\t 
the second sum being omitted if ¢ # 0 (mod 3) and 
2A, (BW, t) = A(BW,, 1) + A(z, O 


since w, and w, each have 16 automorphs. The form w, has been considered on 

numerous occasions [4]. The fact that it occurs in a genus of two classes shows 

that one should expect to have difficulty in finding the number of representations 

of any number by it. (33) may be deduced by elementary means. The formula 

for the number of representations of an even number by , has been found. 
Example 3. Leto = xi + 2 + 23 + 32,. Formula (21) yields 


> 3 | nn? = me (3 | a) f(j/12)” — (j/12)}, 


the sum being over j = 1, 5,7, 11. Now 


> (3) j){(j/12)? — (7/12)} = 1/38. 
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Hence, from (29), 
AG, ) = AlS, 0 = 6D @| ai/a TI AG, 00°, 
dit p=2,3 
for {prime to 6. Now A,(G, t) = 3A,;(G, , t), where o, = 2} + 23 + 23. Hence 


A,(G, t) = 3°{1 + (—t|3)/3} and, by (15), As(S, t) = 8°{1 — i**"/2} and 
[3], [12] 


(34) <A(S,t)=6)>¢ (3| d)td'{1+ (—t|3)/3}{1—7'*'/2}, — tprime to 6. 


d\t 


The odd multiples of 3 represented by ¢ may be dealt with in a manner similar 
to that used for w, in Example 2 of §7. 

Since the development for even values of ¢ illustrates our methods, we give it 
here in detail. Essentially the only solutions of r‘Sr = 2 (mod 4) are 5, = 
(1, 1, 0, 0) and 6, = (1, 1, 1, 1), while essentially the only primitive solution of 
r’'Sr = 0 (mod 4) is h, = (0,0, 1, 1). The corresponding forms are equivalent to 


w, = i + 22 + 2x5 + 6x1, 
w, = Qari + 2a, + 2x3 + 2x, — 22,22, 
ws = 2x? + 2x3 + 2x5 + Bri — Qr,a, — Brox, — Prax, . 
Hence, by (12), 
(35) A,(G, 2t) = Ai(B, 2)Ao(W, , t-) + [AU(B, 0) — 1}Ao(Wz , t) 
+ A,(W; , t) — 6A,(2S, 2). 


It is to be noted that, since, by Theorem 7, all the forms are in genera of one 
class, the subscript of A may be omitted. Furthermore, from (16), A{(%, 2) = 3 
and, from the discussion after (12), we have 


1 (mod 2), 


Mil 


(35’) A(G, 2t) = 3A(B,, t) + ACB; , 0), if ¢ 
0 (mod 2). 


Ill 


(35”) A(G, 20) = 3A(W,,t) — 2A(S, #0), sift 


A(®, , t) and A(, , ¢) for ¢ = 1 (mod 2) may be found by similar methods 
to that used for A(G, t). It remains to consider A (Q, , ¢) for ¢ = 0 (mod 2). In 
w, the 8 of our theory is 22] — 2z,2, + 22; . The primitive solutions of 
r’Sr = 0 (mod 2) are (0, 1), (1, 0) and (1, 1), where automorphs of 8 take each 
of the first two into the last. Hence, if w, is taken as our new ao, the related w 
(call it w,) is ${2(2x, + ae)? —2(Qx, + x2)r. + 2x + 2x3 + 2xi}. That is, 
wo, = 4a? + 232 + Qxyz, + 23 + 24 ~o. The form 6 for w, is 6, = 42} — 42,2, 
+474+e+2%. A(R, ,t) = 3A(G, #t) — 2A(D,, $4). Hence (35’’) becomes 


(35’”’) A(S, 2) = 7A(G, 4) — 6A(D, , 44), for ¢ even. 


If ¢ is even, the process continues. 
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A PROPERTY OF PSEUDO-CONFORMAL TRANSFORMATIONS IN THE 
NEIGHBORHOOD OF BOUNDARY POINTS 


By STEFAN BERGMAN AND D. C. SPENCER 


1. There are roughly two kinds ef theorems in the theory of functions of two 
complex variables: (i) theorems concerning the behavior of a single function of 
two variables; (ii) theorems involving the simultaneous behavior of a pair of 
functions whose Jacobian does not vanish identically. Such pairs w, = f,(z, , 22), 
k = 1, 2, define mappings w of four-dimensional domains of the (z, , 22)-space 
into domains of the (w, , w.)-space; we call these mappings PT’s (pseudo- 
conformal transformations). 

In some cases the investigation of PT’s may be reduced to the study of a 
single function of two variables (see, for example, [1]; also [8] where, by using 
the theory of distinguished boundary surfaces, a generalization of Lindeléf’s 
convergence theorem is obtained); but in others reduction to one function is 
impossible. The problem considered here is of the latter type, and concerns 
geometrical properties of the boundary sets. 


2. We denote manifolds by German letters, the superscript denoting the 
dimension of the manifold. However, we sometimes omit the superscript if the 
manifold is four-dimensional or if it is a point. In operations involving sets we 
use the customary symbols. For example, €7 (\ &; denotes the intersection of 
7 and & , a” e &" means that a” is an element of &", and the symbol $ denotes 
logical summation over a set. We write E[ ] for the set of points whose co- 
ordinates satisfy the conditions indicated in the bracket. 


3. The theorem in one variable which we generalize may be formulated as 
follows. (See [7; 434]. The form of statement below conforms to that chosen 
in two variables.) To avoid repetition we suppose throughout that k assumes 
the values 1 and 2. 

Let 8'(r), 0 <r < ro, be an open arc of the circle E[ | z| = r]. We denote the 
end-points of 8'(r) by 6?(r), 62(r), and write 

2 1 
3.1) wee 
Suppose that the function f(z) is regular in N’; let [,(r) be the set of limit values 
of f as z approaches 6,°’(r) through 8'(r), and let &, be the aggregate of limit 
points of [,(r) asr > 0. If 


3.2) [P97 P odode < @ (2 = pe”), 
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then 
(3.3) &, 1) & #0. 


This result is intuitive when f is schlicht and bounded. For, if €, ™ €, = 0, 
the boundary of the domain Q’ would have a “gap”’ in it of width equal to the 
distance between €, and ©, . In the general case the alternative is that the 
values of the function “‘spill’’ through the gap, so to say, and create infinite area. 
We now state an analogous result for PT’s. 


4. Let B* be a bounded domain of E[r, > 0] for which 


| dr,dr. 2 


(4.1) = 


9° 
Then ” has at least one boundary point p on one of the lines r, = 0, and we 
suppose for simplicity that p is the only such boundary point. For each (r; , r2) 
e B’, let M’(r, , r2) be a simply-connected (open) sub-domain of the square 
E|O < y < 2x], and write 


(4.2) Si(r; »'2) = Elz, = re", 22 = 12 (vi, ve) © M?(r, ’ r'2)]. 


We suppose that the boundary 6}(r, , r2) of Si(r; , r2) is a Jordan curve defined 
by z = 7.(0) = r.(r,,72;0,0<t < 1, 7,(0) = 7,(1), and write 


(4.3) bi(r; 9 T2) = § b(n; 12); 


. 
where 


b:., (7; ’ re) - E (2, = r.(t), ty 1 < t < t,], 
(4.4) 

Q = 0,t, = 1,t,-, <t,,t, = t,(r , re). 
That is to say, we make (for each (r, , r2) e 8’) an arbitrary dissection of bi(r, , rs) 
into four parts. We suppose that the functions f,(z, , 22), 2, = me'** are regular 
in the domain 
(4.5) N= $s Sil , 1), 

»+ra) 2 B? 

and that they define a PT w which is one-one and continuous (topological) in 
the closure of S?(r, , r2), (7, , m2) e B’. Finally, writing 


2 2 


: 7 * 
, Ba, w= (ee 


jk=1 O2, Ozt 


Afi, f2) 
A(z, , 22) 











(4.6) J(z, , 22) = 











= 0, 
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(* denotes the conjugate), we suppose that 
(4.7) [[[[ r+ maw < «, 
RN 


where dw denotes an element of volume of %. ; 

Let 6:,,(7; , 72) be the portion of the boundary of w(Si(r, , r2)] corresponding 
to b}.,(r; , r2), and let €, be the set of limit points of 6) ,(r,; , r2) as the point 
(r; , T2) tends to p in all possible ways through §’. 


THEOREM. One of the two intersections ©, (\ ©, , ©, (\ &, is non-null. 


The condition that w is schlicht and continuous in the closure of Si(r; , r2) is 
not essential, and could be removed at the expense of a certain amount of topo- 
logical complication. Since such complication here would only obscure the main 
idea, we have decided to omit it. ; 

A similar remark applies to the statement of the theorem, and the following 
stronger assertion is true: Of the four possible combinations €, (\ ©, (\ &, for 
distinct X, wu, v, at most two are empty. h. 

We remark finally that there are three possibilities for the boundary point p 


of $7: (i) p = (0, 0); (ii) p = (0, r2), re > 0; and (iii) p = (r, , 0), 7, > 0. In t 
case (i) the surface Si(r, , r.) converges to the point z, = z, = 0, in cases (ii) and i 
(iii) to a segment (or a point) of the are E[z, = 0, | z3-, | = r3-,]. There are thus 


essentially two cases: convergence of Si(r, , 72) to a point or to a curve. 


5. The proof of the theorem is based on a lemma which we formulate in ? 
slightly more general form than we actually require. 

Suppose that b' is a (closed) Jordan curve in n-dimensional Euclidean space " 
defined by xz, = x,(t),0 < t < 1, » = 1, 2, --- , n; and make an arbitrary dis- 
section of 6’ into four parts 6} such that 


(5.1) b= 8 bl, b, = Elz, = x), tr S t < 4] 

go (t,-1 < t,, & = 0, t = 1). 
We suppose that 
(5.2) D(b; , 63) >a, >0, Db, bi) > a>O, 


where D[b; , 6j.2] is the distance between 6; and bj, (that is to say, the minimum 
distance between any two points p, and p, , p; © bi , Po © bi.2). Let S* be any 
continuous surface in %" with boundary 6’. 


Lemma. If the area A(S’) of S? exists, then 


(5.3) A (S’) > a),QAe . ; 
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By a well-known theorem [5], [6], there exists a surface 
(5.4) S> = Elz, = x,(u; , uz), 0 < um < a] 


of least area having 6' for boundary for which, furthermore, writing 


—~ Fx % 
(5.5) w= p> du; du,’ 


we have 
(5.6) Jiri = G22, fi2 = gu = 0. 


That is to say, S> is mapped conformally onto the rectangle 0 < u, < a . 
We write 
(5.7) ¢, = BC) B}.: (u = 1, 2, 3, 4; bs = 5)). 


By mapping conformally the rectangle E[0 < u, < a,] into itself, we may 
suppose that ¢, , ¢. , ¢; correspond to (0, 0), (0, a), (a; , a.) respectively. There 
are now three possibilities: c, corresponds to the corner (0, a,), to a point of the 


line u, = 0, or to a point of the line u, = a,. We may suppose without loss of 
generality that c, corresponds to a point of u, = 0 (which may be (0, a,)). By 
(5.6) 
(5.8) AS) =f [oun dus dus, 

0 0 


and L{x({,)], the length of the transform by x = [z, = x,(u; , u2)] of the line- 
segment [!, = Elu, = const., 0 < wu. < a], is given by 


(5.9) Lix(t,)] = I ren 


Since x({i,) connects 6, to 6} , we plainly have L[{x({i,)] > a. Hence, by the 
inequality of Schwarz, 


Oia < if | / gi au, | du, \ 
m 10) 0 0 ) 


(5. 
< [ / Ji du, du,- [ / du, du, = aa. - A(S5) < a,a,- A(S’). 












6. Suppose that the statement of the theorem is false. Then 





(6.1) GEOG =0, &, () &, = 0. 





By (6.1) there exist two positive numbers ¢ and r, = r(e) such that in 8’ = 
E{(r,; — p:)’ + (rz — p2)* < 15], where (see end of §4) p = (p, , p2), we have 









(6.2) D[b2.4(7: 72), b2.es2(Ms , 72)) > « 


ine- 


the 


ve 
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where 62,,(7, , 72) = w[b6t.,(7, , 72)]. Writing now 
(6.3) Sir; »T) =W [Si(r, , T2)], 
we obtain from the lemma that 
(6.4) A{Si(r, , m2)} => € 
for all (7, , ) «& BOB’. 
We write 
fi =v, + ir, So = vg + tr,, v, = v,(r, e'**, ree**") 
(vy = I, 2, 3, 4) 





and 

(6.5) Jn = > iz a 

Then 

6.6) A(SHri rd} = ff Gugee — 98d)! a be. 
®* (rs .ra) 


Hence, by (6.4) and the inequality of Schwarz, we have, for (r, , 7.) ¢ BY O &’, 


é< { I (911922 — giz)’ dy, as} 
Mri ra) 


I dy, dy.- I (9iiG22 — Giz) dp, dp, 


Mr(rs ra MF(ri era) 


lA 


(6.7) 


lA 


4x” [| (911922 — Giz) dp dp, 


MF(ri.ra) 


since A[M°(r, , r2)] < 42°. But [3; 476] 


A(z: , 22) Gey + [is ite azt (rir) 





JisJ22 — Gi2 = 








(6.8) 
< (rirs)[J (2 » 22) + H(z, , 22)] 


(* denotes the conjugate) and so by (6.7) 


(6.9) ll (J + H)r, dlr, dy, > ——- ok ((r7, , 72) & BPO B’). 
Js , 4a” 


rT 
mM? ( 
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Finally, integrating (6.9) with respect to r, , r. over B’ (\ B’, we find 


[fa +m a 


HR 


> i I (+H) a debe drs re dre > | oth 


ge? Og 


(6.10) 


79g MFirs.ra) 
by (4.1), a result which contradicts (4.7). This completes the proof of the 


theorem. 


7. We observe that the kernel of the method lies in the inequalities (5.10) and 
(6.7). For conformal mapping there is the relation (5.10), and for quasi-con- 
formal mapping a similar inequality. For pseudo-conformal mapping in the 
space of two complex variables, there exist two analogous inequalities: one 
connects ‘‘B-area’’ of surfaces and 4-dimensional volume, and the other area of 
surfaces in the ordinary sense and the functional (4.7). (See [4; 147-149] and 
[2], [3].) The problem arises to characterize more general classes of mappings 


with this property. 
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CONTINUED FRACTIONS WITH COMPLEX ELEMENTS 
By WALTER LEIGHTON AND W. J. THRON 


Introduction. In this paper are obtained new conditions which are sufficient 
for the convergence of a continued fraction of the form (1.1). In particular, we 
determine a new set of convergence regions for (1.1), that is, regions R of the 
complex plane with the following property: a sufficient condition for the con- 
vergence of (1.1) is that the set a, , a, , --- belong to R. The results established 
here are improvements on certain earlier results reported to the American 
Mathematical Society May 9, 1941 (ef. Bulletin of that Society, vol. 47(1941), 
p. 557). The methods of the paper include what is believed to be the first 
application of the theory of normal families to the study of convergence of 
complex continued fractions. 

In §1 and §2 certain preliminary basic results are obtained. The main results 
of the paper appear in Theorems 3.1 and 3.2 in §3. Theorem 3.1 provides 
conditions on the numbers a, and the variable z which insure the convergence 
of K(a,z/1) to an analytic function of z. As an immediate consequence of this 
there appears in Theorem 3.2 a new family of parabolic convergence regions. 
In §4 the question of “bestness” is discussed. In §5 results on value regions for 
continued fractions are presented. 


1. A fundamental lemma. If the complex numbers a, , a, , --~ lie in a region 
E in the complex plane, E will be said to be an element region associated with 
the continued fraction 


S.. So 
(1.1) dk «Eh 


If V is a region in which the values of all the approximants 


lie, V will. be said to be a value region corresponding to the element region E. 
It is not assumed that the region V contains only values taken on by the approx- 
imants A,/B, . Further, no assumption is made concerning the convergence 
of the continued fraction (1.1). 

A sufficient condition that a set V be the value region corresponding to an 
element region is given in the following lemma, due to Scott and Wall [3). 
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Lemma 1.1. Jf two sets of complex numbers E and V are given, such that 
(i) l+aeV,ifack, 
(ii) l+a/veV,ifaeEandve V, 

then V is a value region corresponding to the element region E 


A brief proof may be given by induction. It follows from (i) that every 
number 1 + a,/1 belongs to V. Assume now that all numbers 1 + a,/1 + a2/1 + 


+ a,/1 belong to V for any choice of the k numbers a, , a2 , --- , & 
(k = 1,2,---,m)from £. It then follows from (ii) that all numbers 1 + a,/1 + 
a,/1 + --- +,,.;/1 belong to V for any choice of the m + 1 numbers a, , --- , 


Gas « 
The following corollary is immediate. 


Corouiary 1.1. Jf two sets E and V are given, such that 
(i)’ le V, 
(ii) 1+a/veV,ifaeEandveV, 


then V is a value region corresponding to the element region E. 


2. Construction of element regions corresponding to a given value region. 
The problem of constructing a precise value region corresponding to a given 
element region does not appear in general to be simple. In this section we shall 
describe, however, a general method for determining an element region corre- 
sponding to a given value region. 

Let V be a set of complex numbers whose elements we shall denote by v. Let 
b be an arbitrary complex number. The set V + b, we shall understand, con- 
sists of all numbers v + b, where v belongs to V. Similarly, the set b-V shall 
consist of all numbers b-v, where v is any member of V. Finally, let B be a set 
of complex numbers whose elements are denoted by b. The set D[b- V] denotes 
the point-set intersection of all sets b- V, where b is an element of B. 

Using this notation, we have the following theorem. 


THEOREM 2.1. Let V be a region in the complex plane, such that1eV. If the 
set E = D{v(V — 1)] is not empty, V is a value region corresponding to the element 
region E. 

This theorem is an immediate consequence of Corollary 1.1. Since 1 « V, (i)’ 
is satisfied. From the definition of the set Z it follows that for any given ae E 
and ve V an element v’ e V can be found such that a = v’(v — 1). Then v’ = 1 + 
a/v, and v’ e V for any choice of a and v; hence (ii) is satisfied and the proof is 
complete. 

We shall now be concerned with the actual construction of regions F arising 
from certain simple V regions. 
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Let V be the convex region bounded by two rays emanating from z = d, where 
d is a positive number satisfying } < d < 1. The angle @ between the two rays 
is to be < x. Further, it is assumed that the two rays do not lie both above or 
both below the real axis and that the points on the real axis with values which > 
d are contained in the region V. Denote the rays by a and b. By a’ and 0’, 
respectively, we denote the images of the rays a and b under the transformation 
w= 2z-— 1. For these regions the following lemmas hold. 


Lemma 2.1. The region D[v(V — 1)], where v ranges over the whole set V, is equal 
to the region D{v’(V — 1)], where v’ ranges over the boundary of V only. 


It suffices to show that for any set v(V — 1) a set v‘(V — 1) contained in 
v(V — 1) ean be found, where v’ is a point of the boundary of V. It is clear that 
such a number v’ is obtained by taking the number lying on the boundary and 
satisfying the condition arg (v’) = arg (v). These two numbers will satisfy the 
inequality | v’ | < |v}. 

The set (V — 1) is subjected to the same rotation by multiplication by v as by 
multiplication by v’. Further, as v = 0 is contained in the set (V — 1)e"*, the 
stretching effected by | v| > | v’ | insures that the set v(V — 1) contains the set 
v'(V — 1). 


LEMMA 2.2. If we denote by z = x + iy the points on a straight line 
xecos@+ ysin@— p= 0, 


¢ 


the points z-re'* = u + wv lie on the straight line 
u cos (0+ g) + vsin (6+ ¢) — rp = 0. 


It is well known that, under a rotation as well as under a stretching, a straight 
line is transformed into a straight line. Further, multiplication by a complex 
number gives rise to a rotation followed by a stretching, each with respect to 
the origin. The truth of the lemma is now evident. 


LEMMA 2.3. The boundary of the region D\v(V — 1)] is formed by the two families 
of straight lines: 


(1) line a’ multiplied by all points on ray b, 
(2) line b’ multiplied by all points on ray a. 


If a letter, originally assigned to a ray, is used for a line, it is assumed to mean 
the line of which the ray is a part. Further, let us denote by a” and b” the 
images, respectively, of the rays a and b under the transformation w = d(z — 1), 
where d is the number previously defined. Finally, denote by s a ray obtained 
by multiplying the ray a’ by a number representing a point on the ray a. With 
these preparations we are ready to prove the lemma. 

It will be shown that no ray s has a point in common with the interior of the 
set d-(V — 1). This set contains the set D[v(V — 1)]. In a similar way it can 
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be shown that no ray of the family obtained by multiplying ray b’ by numbers 
representing points on the ray b has any point in common with the interior of 
the set d-(V — 1). 





N\ 
m+ 








Ficure 1 


It is clear that the ray s issues from a point on the continuation of the ray 
a”. The boundary of d-(V — 1) consists of the two rays a” and b”. By the 
line a” the plane is divided into two halfplanes in one of which lies the region 
d(V — 1) while the ray s lies either on the line a” or in the other halfplane. The 
truth of this statement is apparent, if it is noted that in order to pass from the 
ray a” to the ray s one must move through an angle 6 (0 < 6 < x) while in order 
to pass from the ray a” to the ray b” one must move through an angle g (— 7 < 
g <0). The proof of the lemma is complete. 

Let the region V be bounded by the rays 


(a) x cos 8 + ysin 8 — dcos Bp = 0, y > 0, 
(2.1) 
(b) zcosy + ysiny — dcosy = 0, y < 0. 


Here —}4 < B < 3x, —}9 < y < 3x, 8B — y < O,d is real and } < d < 1. 
The lemmas just proved apply to this region. 











ers 
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To obtain the boundary of the region E = D[v(V — 1)] one has to consider 
the two families of lines obtained by multiplying the line 


x cos (x + 8) + ysin (x + 8) — (1 — d) cosB = 0 
by points 


d cos y ie 


ee ..e — 
os -y' * O>6d> -ir+¥7 


and the line 
x cos (x + y) + ysin (x + y) — (1 — d) cosy = 0 


by points 


d cos 8 ie 


cs e—-B°’ 0< 6< r+ 6. 


After a simple change in the parameter the resulting families are seen to be 
members of the family 


1 — d) cos B cos y 





(2.2) xreos@+st+rytsnet+e+ryt+4 





= 0, 
cos ¢ 
where —32 < o < $}z. 
Differentiation with respect to ¢ leads to 
—zsin(y+ 68+ y)+ ycos+ 8+ 7) 
(2.3) d(1 — d) cos B cos y sing 
+ . = 0. 
cos ¢ 
Relations (2.2) and (2.3) are equivalent to 
= —EL = 9 008 B O87 cos (2p + 6 +9), 





cos ¢ 


_d(l — d) cos B cos y 
cos’ 





y= sin (29 + 8 + 4). 


° . ié 
Now set x + iy = re’; then we have 


d(1 — d) cos B cos y 
cos’ ¢ 





’ 


r=(°+y)'= 


and 


cos 6 = — cos (20+ 8+ 7), 
sin 6 = — sin (20+ 8+); 
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hence 6+ 7 = 29+ 8+ yandg¢g = 3(6 — (8+ y)) + 4x. From this it follows 
that 


cos’g = sin® 3(@ — (8 + y)) = 3(1 — cos (6 — (8 + y))). 
It follows that E contains the interior of the parabola 


ia 2d(1 — d) cos B cos 
| — cos (6 — (+ y)) 
For a fixed angle 8 + y one obtains the largest possible parabola by setting 
d = 4,8 =. Then V is the halfplane containing the points v = Re'* satisfying 
R 





(2.4) 


> 4 cos B/cos(yg — 8). We can now state the following result. 


THEOREM 2.2. The value region V(8) corresponding to the parabolic element 
region E(8), where re‘* ¢ E(g) if 


4 cos’ B 


(2.5) rs 1 — cos (@ — 28)’ 





is the halfplane defined by the relation Re'* « V(B) if 








. cos 8B | _ : 
(2.6) 5 2 ime aa +B<o < gr + 8B. 
It is of interest to note that all the parabolas (2.5) have the point z = —} as 


a point on the boundary. 
The following lemma will be useful. 


LemMa 2.4. The value region V corresponding to the element region E, consisting 
of elements a satisfying a e« E(8),|a| < M, is that part of the previously defined 
halfplane V(8) for which |v| < 1 + 2M/cos B. 





' 2M . 
For the proof, note first that |1+a|<M+1< + 1. Further, as 
cos B 
v lies in the halfplane R > 3 cos 8 sec (g — B), we have |v| > 3 cos. For the 
second and higher approximants we then have | v, — 1 |-\v,-, | = | @|; hence 


v, —1| < 2M sec B and | v, | < 2M sec B + 1. 


3. Application of the theory of normal families. The foundations have now 
been laid for applying the theory of normal families to continued fractions. The 
functions to be considered are the approximants A,(z)/B,(z) of the continued 
fraction 
GF G2 Ge 
i+1+1+4---’ 
where the numbers a, lie in a closed bounded region in the interior of a parabola 
E(B) and z is a complex variable. 


(3.1) 1+ 
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Let | a, | < M (n > 1) and let k > 1 bea real number such that a,k e E(8) for 
all n. Such a number k evidently exists. One could set k = 1 + 6/M, where 6 
is the greatest lower bound of the distances of the numbers a, from the boundary 
of E(8). 

Since the parabola E(8) is convex and contains the point z = 0 in its interior, 
a,r ¢ E(@), if a, e E(8) and r is real, positive, and < k. 

Further, multiplication by 


cos” (8 + 38) ei 


cos’ B 


transforms the parabola E(8) into E(8 + 36). These remarks make it evident 
that if the variable z lies in the region D, where 


k cos’ (8 + $8) 


cos’ B 





z=re'eDifr< 


the elements a,z of the continued fraction (3.1) lie in a closed bounded region 
in the interior of one of the parabolas E(@). 

A consequence of Lemma 2.4 is that the functions A,(z)/B,(z) are finite for all 
values of z in D, and since the approximants are rational functions of z, it follows 
that they are analytic in D. 

The values on the real axis < } are not assumed by any function of the 
sequence A,(z)/B,(z) for any value ze D. This follows from Theorem 2.2. The 
sequence of approximants, therefore, is a normal family of analytic functions in D. 

Further, for | z| < 1/4M, all elements of the continued fraction (3.1) satisfy 
the condition | a,z | < } (m > 1), and hence according to a theorem due to 
Worpitzky [4] the continued fraction, that is, its sequence of approximants, con- 
verges to a finite value. 

The intersection of the circle | z| < 1/4M with the region D contains an open 
set. Montel’s [1] generalization of the Stieltjes-Vitali theorem can therefore be 
applied and leads to the conclusion that the sequence of approximants A,(z)/B,(z) 
converges uniformly (and hence to an analytic function) for the whole region D. 
We have now proved the following theorem. 


THEOREM 3.1. Jf the numbers a, = re“ lie in a closed bounded region in the 
interior of one of the parabolas E(B) (— 34 < B < 3m), 


$ cos’ B 


s 1 — cos (6 — 28)’ 


r 


then for the values of the variable z = Re'* that satisfy the relation 


k cos’ (8 + }y) 
cos’ B 


R< 
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the continued fraction 


GZ G22 
ete YS re 


converges uniformly to an analytic function. 
Recalling that z = 1 is in D, we have the following theorem which is an 


immediate consequence of the preceding. 


THEOREM 3.2. If-the elements a, = re‘ lie in a closed bounded region in the 
interior of the parabolic region E(B) (—}x < B < 4m), 


1 2 
< 3 cos B 
"= 1— cos (6 — 28)’ 





the continued fraction 


a, ad 


1414 «-- 





’> 
converges. 


4. Bestness. In this section we shall consider two closely related examples. 
The first will show that the halfplane V(8) is actually filled by values assumed 
by continued fractions (1.1) with elements in the parabola E(8). The second 
example shows that in a certain sense the parabolas E(8) are the best convergence 
regions obtainable. 

To this end consider the periodic continued fraction 











(4.1) t+PereTs ...* 
where 
a, = 4e'%**® [sin B + (1 + 2d)] + e'*(d + d’ + &), 
a, = }e°%"* [sin 8 — (1 + 2d)] + e'*(d + d? + k). 
It is easily verified that if d > — 4 and k > 0, a, and a, lie in the parabola. 


For k = 0 they lie on the boundary and the line passing from a, to a, makes an 
angle 4x + 6 with the axis of the parabola. 
From the periodic theory [2] it is known that the value of the continued 


fraction (4.1) is 
v = 4{1 +a, — a, + [(1 + a, — a)” + 4a,]'}. 
The substitution of the values of a, and a, leads to 


vy = (1 + (1 + Qdde“*"*” + Qk'e™). 
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The correct sign for the last term is the plus sign (v e V(@)). It is then easily 
seen that with the permissible range of values for k and d every value of the 
halfplane V(8) is assumed by a continued fraction (4.1). 
Let us now consider a similar continued fraction 
b b db 








where 
b, si gttoe™ [sin B + (1+ 2d + e)] + (d + d*)e'*, 
b, = fe" ** [sin 8 — (1 + 2d + ©] + (d + d’)e™. 


Here ¢ is supposed to be a complex number. For certain values of ¢ the continued 
fraction (4.2) may not converge. 

It is known [2; 276] that the continued fraction (4.2) diverges if the following 
two conditions are satisfied: 


(a) [(1 + b, — b.)? + 40]! ¥ 0, 
| 1 + b, + b, + [(1 + b, — by)? + 4b,]} | 


(b) 
= |1+b, +b, — [(1 +b, — b,)? + 4b,}' |. 


Condition (b) is satisfied if the number 1 + b, + b, regarded as a vector is 
perpendicular to the vector represented by [(1 + 6, — b.)? + 40,]'. 
We have 


1+ b, + b, = sin B (1 + 2d)’e"*"*? 4+ 1 + 2d + a¥; 
this expression does not involve «. Further, 


(1 + b, — b.)? + 4b, = e°'**” [2e(1 + 2d) + e’]. 


In every neighborhood of the number zero we can find an ¢ satisfying both 
conditions (a) and (b), and hence the continued fraction (4.2) diverges. 

It is therefore impossible to find a region different from E(8) containing a 
parabola £(@) in its interior and having with respect to convergence the same 
properties as £(8). It is further impossible to find a convergence region, con- 
taining in its interior neighborhoods of both the points b, and b, . 


5. Value regions. The work of the previous sections gives some immediate 
results concerning the values of the continued fraction (1.1). 

The value of a continued fraction is the limit of the value of its approximants 
if this limit exists. Let EF be an element region and V a corresponding value 
region. It is then clear that the value of a convergent continued fraction (1.1) 
with elements in E must lie in the closure of V. 
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«I 
~l 
to 


‘THeorem 5.1. Jf the elements a, = re'” of the continued fraction (1.1) lie in a 
closed bounded region in the interior of the parabolic region (2.5), the continued 
fraction converges to a value v = Re'* in the halfplane (2.6). Every value in this 
halfplane is taken by at least one continued fraction (1.1) with elements in the region 


(2.5). 


The first part of the theorem is a consequence of Theorem 2.2 and the last 
part follows from the first example in §4. 
A consequence of Lemma 2.4 is the following result. 


THEOREM 5.2. If the elements a,, of the continued fraction (1.1) satisfy in addition 
lo the conditions of Theorem 5.1 the condition | a, | < M (n > 1), then the continued 
fraction converges to a value v, satisfying the condition |v | < 1 + 2M/cos 8. 


Finally, it is of interest to consider the value region corresponding to the 
element region defined by 
k 


-< ; > 1 s* a. 
"= 1 — cos (0 — 2a)’ SS cere 





From the discussion in §2, it follows that the corresponding value region 
must be the part common to all regions V(8, d) defined by the two relations 
r > d/cos (8 — 6) andr > d/cos (2a — B — 80), where 6 and d, according to (2.4), 
must satisfy the relation 


2d(1 — d) cos B cos (2a — 8) = k. 
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EFFECTIVE PARAMETERS 
By Artuur B. Brown 


1. Introduction. Under the classical treatment of essential parameters [1], 


(3] for a set of functions f, (xz, , --- ,%n, 1, °** » &m),fo(x, a), --* , f-(a, a), the 
parameters a, , a, °°: , a, are called essential if there do not exist m — 1 func- 
tions of them, say A,(a@), --- , A,,-;:(@), and r functions F, , --- , F, such that 


(1.1) Siz cin * +9 Om) = F,{z; A,(a), org A,,-:(a)] (¢ - 1, te , 7). 


The treatment includes an algorithm for determining the number of essential 
parameters in terms of which the given functions can be expressed. If that 
number is m — 1, for example, then the final set of functions are the F, in (1.1). 

A weakness in this treatment is that the functions F; are in general unknown. 
(The fact that the A’s are in general unknown functions of the a’s seems of little 
consequence.) In this paper we show that the same algorithm leads to like 
results, where in place of identities of the form (1.1) we have similar identities 
in the z’s only. But in our case the F’s are known functions; in fact, F; = f; 
with a; = A, for a known set of subscripts j, with the remaining a’s constant 
(Theorem 8.1). All r-tuples f, , fz , --- , f, of functions of the z’s are obtained 
in this way which can be obtained by varying all the a’s, and, incidentally, 
without duplication. 

In all the work certain “singular” points must be avoided, both in the classical 
and in the present treatment. A discussion of the singular points is included. 

A second deficiency in the classical treatment is the failure to establish a 
minimum number of parameters in terms of which the given r-tuple of families 
of functions of (x, , --- , 2,,) can be expressed by means of differentiable functions; 
for this is done only under the restriction that the new parameters be functions 
of the old. In this paper we show without restriction, except as to the class of 
the given functions and the singularity of the points, that no smaller number 
of parameters can be sufficient (Theorem 10.5). 


2. Preliminaries. Let functions f(z, , --- , 2%, a , *** » Gm) = fi(z, a), 
folz, aw), --+ , f.(x, @) be given, real and of class C’**, in a neighborhood of 
(xi, -++,a2,at,--+, a2); N is to be specified later; n, m,r > 1. If the functions 
are analytic, no restriction to real functions is necessary. We consider the f’s 
as functions of (x, , --- , 2), With a, , --- , a, a8 parameters. Let us denote by 
(f(x, a)} the r-tuple f,(z, a), --- , f,(z, a) of functions. In the case of a set 
containing only one function, we omit the braces. 

Received March 31, 1942. Presented to the American Mathematical Society, October 26, 
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DerinitTion. The arguments a, , --- , a, , k < m (or any other subset of the 
a’s if they satisfy corresponding conditions) will be called an effective set of para- 
meters for {f(x, a)} at (z°, a’) if, for every (ai, --- , ar), (a? , --+ , af) in some 
neighborhood of (a , --- , a,), with (aj, --- , at) ¥ (ai, --- , aj), not all the 
identities 

0 


1 1 0 0 2 2 0 
SCX; oy, -** 5 Oey aan, °°* y Om) S(T; ay, °° +, Oey esr, °° * y Om) 
(2) 


are valid for (x) in any neighborhood of (z°). 

The arguments a, , --- , a, will be called a sufficient set of parameters for 
{ f(z, a} at (z°, a’) if, for (z) in some neighborhood of (x°), the r-tuples 
{ f(a; a, ++ , ae, ats, , -** , @)} of functions of (x) with (a, , --- , a,)in any 
given neighborhood of (a} , --- ; a) include all r-tuples { f(z; a, , «++ , @m)} of 
functions of (x) with (a; , --- , a») in a corresponding neighborhood of (ai , 

, Oy). 

A set of parameters will be called complete for { f(x, a)} at (x°, a°) if it is both 
effective and sufficient for { f(z, a)} at (x°, a’). 

Remark. It follows fairly easily from the first definition that, if all m para- 
meters form an effective set, then they are essential. We shall see later that the 
number of parameters in a complete set in general equals the minimum number 
of essential parameters in terms of which the given functions can be expressed. 
(Cf. the remarks just before Theorem 5.9.) 

The following theorems are obvious. 



















THEOREM 2.1. Jf a;, ,a@;,,-°+* , a@;, are effective for any one function f; of { f} 
at (x°, a’), then they are effective for { f} at (x°, a°). 






THEOREM 2.2. If a;, ,a@;,,-°-* , @;, are sufficient for { f} at (x°, a’), then they 
are sufficient for each individual function of { f} at (x°, a’). 











While throughout the paper the wording will be for the case of real functions 
and real variables, all the work goes through for the case of complex variables 
if the f’s are analytic, with no change in proof. 






3. The matrix (M). In this section we give an algorithm for the construction 
of a matrix (M), whose rank turns out to equal the number of parameters in a 
complete set. Later we show that this matrix can be replaced by the matrix of 
the classical theory. 

All derivatives of a set of r dependent variables, say z, , 22 , --- , 2, , with 
respect to the z’s, are first ordered, as follows. We use the symbol 6 to denote 
differentiations with respect to the z’s, and begin by ordering the 4’s. If 
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i, = ——, ae, 
Ox;' +++ Oz," Oa," -°* da,” 
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with 7, + --- +4, <j, + ++: + ,, then 6, precedes 6,. If i, + --- +4, = 
jit c++ +3, and 4; = J, , tp = Jo, *** » tr-1 = Ja-1 , DUET, < J, , again 4, 
precedes 6, . 

We denote by 4, the identity operator; in other words, 6,2, = z,. If now the 
operators in order are 6, , 6, , 6; , + , then the derivatives in order are 6,2, , 
5:22, °** » 5:2, 5 bez, , +++ , bg2, 3 B92, , +++ , 532,35 ---. If a derivative u precedes 
a derivative v in the ordering, then wu is said to be lower than v, and v to be higher 
than u. We use some of the notations and ideas of the Riquier theory for partial 
differential equations, but do not actually use the theory. Cf. [4]. 

If u denotes 6,z, , then du denotes 6(6,;z,). It is easily seen that if u is higher 
than v, then for any 4, du is higher than dv. 

Later, where convenient, we shall use the symbol D to denote differentiations 
with respect to the 2’s. 

The first “‘trial’’ row of (M) is 


Se Bee ae 


0a, Oats 80m 


If these derivatives are all identically zero in z, a in the neighborhood of (z°, a’), 
we remove the row, and say that z, is rejected (rejected derivative of z, of zeroth 
order). If the derivatives are not all identically zero in x, a in the neighborhood 
of (x°, a°), but all equal zero at (x°, a°), then we shall call (2°, a’) a singular 
point. We assume that (z°, a°) is not a singular point. As more rows are intro- 
duced, we shall have other ways in which (z°, a°) may be a singular point. In 
all cases we shall assume that the point is non-singular. (The locus of singular 


points in (2, a)-space will be discussed in §9.) If, finally, ah sees 4, a are not 
ae - 


1 
all zero at (x°, a°), the row is retained in the matrix, and we say that z, is accepted. 
Now 2, (undifferentiated) is the next higher derivative. We consider 


mo © ... 


da 1 da 2 0am 


as next trial row for the matrix. However, instead of discussing this row in 
detail, let us pass on to the general situation. Suppose that, after testing the 


rows of derivatives with respect to a, , --- , a, of the functions 6,f, = f, , i,f2, 
-++ , OS,; bof: , defo, +++ , dof, ; +++ , 6.f, , some of the derivatives 6,2, = 2, , 
5,2, +++, 8,2, 5 bez, , bez. , +++ , Sez, 3 «++ , 5,2, have been accepted, the rest 


rejected. We now test the row 


0 t) 0 
da, (6.f.) da, (6.f4) padi da, (6.fa), 


where c = sandd = 1+ lift#r;c=s+1landd = 1ifi=r. If at (2°, a’) 
this trial row increases the rank of the matrix, 6.2, is accepted and the row becomes 
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permanently part of the matrix. If the row increases the rank for some points 
in every neighborhood of (x°, a°), but not at (z°, a’), then (x°, a’) is a singular 
point, and, as above, we assume that that is not the case. If, finally, the row 
does not increase the rank at any point in a neighborhood of (z°, a’), we say that 
5.2, is rejected, and the row is removed from the matrix. Thus at each stage the 
rank of the matrix equals the number of its rows. 


(3.1) This process is continued until the set of all derivatives of the z’s which are not 
rejected derivatives or derivatives of rejected derivatives are precisely the accepted 
derivatives. 

We shall prove in §5 that this must happen at some stage; and that, when it 
does, the a’s involved in any minor of maximal rank at (x°, a’) are a complete 
set of parameters. The final matrix is denoted by (M). 

The classical method of ending the algorithm is given in Theorem 5.9. 

It is obvious that, if (3.1) is satisfied, any derivative of a rejected derivative 
cannot be an accepted derivative, and hence must itself be rejected if tested. 
(This simplification was surmised by 8. 8. Cairns.) For the present we cannot 
introduce this simplification. 

Remark. It follows that each row of (M) except those determined by 6,f; = 
Si, fe = feo,-++, ifn =f, consists of derivatives of the elements of at least 
one earlier row with respect to some 2; 


4. The system (S). If N is the order of the highest derivative tested (with 
which the algorithm will eventually end), we assume that each f; is of class C’** 
in (x, a) neighboring (x°, a’). 

Suppose 


a Ox;' +++ Ox," 


is a rejected derivative. We note that Df,(x, a) is of class C’**~“**"""*™, 

Let D,z;, , Doz;, , +++ , Dizi, (1 < je < 17) be the derivatives accepted up to 
the time Dz, is pane (Note that the D’s and j’s are in general not all 
distinct.) Then the matrix thus far constructed is 


0 rs] 
da, (D,f;,) wig Btn (Di fi.) 














0 0 
tq; (Pfu) + ge (Dafa) 


of rank h at (x, a’). The trial row corresponding to Dz, is 


0 0 0 
r¥a (Df.) - (Df.) vee og (Df). 
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Since Dz, is rejected, this row does not increase the rank of the matrix at or near 
(x°, a’). Hence, by the general theorem of functional dependence, where 2, , 

- , x, are considered as parameters and a, , --- , a, as the independent vari- 
ables, we infer that 


(4.1) Df, (2, a) = H{x, age =e eae D,f;,(2, a), “hr Di fi(x, a)], 


(z,a@) 


where Df,(x, a) and H as a function of its n + h arguments are known to be of 
class C***-“**"""*™ Tn other words, 2, = fi(z, a), «+: , 2, = f,(x, a) is a solu- 


tion of the equation 


(4.2) Da, = "> = Bila, , -** , % , Didi, , *** 5 ee 
62,° -°: dx 


Thus, whenever a derivative is rejected, there is a corresponding partial 
differential equation (ordinary if n = 1) similar to (4.2), satisfied by z, = f,(z, a), 

- , 2, = f,(x, a) in the neighborhood of (z°, a’). When the algorithm is com- 
plete, we have a system (SS) of differential equations, whose left members are 
precisely the rejected derivatives, and whose right members are functions of the 
z’s and accepted derivatives. 


5. Proof that the algorithm is finite. For the system of differential equations 
built up at any stage, any derivative of a left member (including a 0-th derivative 
or left member itself) is called a principal derivative. All derivatives of z, , «++ , 2, 
not principal derivatives of the system are called parametric derivatives of the 
system. 


Lema 5.1. Every accepted derivative is parametric for the system of differential 
equations built up at any stage of the algorithm. 


To prove this, let 6,z, be any accepted derivative, and (S,) the system of 
differential equations of type (4.2) built up at any stage. Now if the highest 
left member in (S,) is lower than 6,z, , and (S,) is the system of equations of 
type (4.2) having as left members all rejected derivatives lower than 6,z, , then 
(S.) includes all equations of (S,). It then follows from the definition of “para- 
metric” that 6,z, must be parametric for (S,) if it is parametric for (S,). Hence 
we may assume that the left members of (S,) include all rejected derivatives 
lower than 6,z,. All such are then principal derivatives of (S,). 

Suppose that 6,z, were principal for (S,). Now 6,z, cannot be a left member 
of (S,), for the left members of (S,) are rejected derivatives, whereas 6,z, is 
accepted, by hypothesis. Hence it must be a derivative of a left member, that 
is, there must be an equation 


(5.2) 6.2, = A{z, g <P? 9 Rey D,2;, el ae , D,2;,] 
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of (S,) such that 
6,2, = 5.(6,2,), 


where 6. , like 6, and 6, , indicates certain differentiations to the x’s. Now if 
5,z, is a derivative of order p, we know that 6,f, exists, of class C’**~-?-» Hence 
5.(,f,) exists and is of class C’**~”. The known class (in terms of its arguments) 
of the function on the right side of (5.2) is the same as the known class of 6,f, ; 
ef. (4.1). Since the differentiations 5, can be performed on 6,f, , they can there- 
fore be performed on the right side of (5.2). Since (5.2) is satisfied by z, = 
Sila, a), --+ , 2 = f(x, a), the equation (£) obtained by performing differen- 
tiations 5, on both sides of (5.2) is likewise satisfied by z, = f,(z, a), --- ,z, = 
f.(z, a). Equation (£) has 6,z, as left member, and the function on the right 
side of (EZ) is of known class equal to the known class of 6,f, , namely C”**~’. 

Now if H actually has arguments other than z, , --- , 2, , one or more new 
arguments will appear on the right in (Z), namely some derivatives (@) of 
D,z;, , «+: , D.z;, . Since the derivatives on the right in (5.2) are lower than 
5,z, , the derivatives (@) are lower (not necessarily of lower order) than 46,z, . 
The highest principal derivative in (@) can now be replaced by a function of 
x,,°**, 2, and derivatives lower than itself, by use of some equation of (S,), 
differentiated if necessary, just as 5,z, was equated to the right side of (Z) by 
use of (5.2); and the resulting equation is still satisfied by z, = f,(x, a), --- , 
z, = f,(x, a). In this way, step by step, all principal derivatives of (S,) can be 
eliminated, since there can be only a finite number of derivatives in any descend- 
ing sequence. Hence finally we have an equation 


6,2, = ¥(2, “etc 3 > Tn y 6,28 , ie 5,2,), 
where 6,2, , --- , 6,2, are parametric derivatives of (S,) lower than 6,z,, and 
(5.3) 5, f.(z, a) = v(x, 9 °** » any 5. fo(z, a), pat 5, f,(z, a)]. 
(z,@) 


If a derivative 6,z, is replaced, under the procedure described above, in any 
equation 


8,2, = Klz,,--°+ ,2%n,°** » Od, °°*); 


it is replaced by a function of known class at least as high as the known class 
of 5,f, , since 4,z, is lower than 6,z, . Hence the substitutions do not reduce 
the known class, and y must be of the same known class as that of the right 
member of (Z), namely, C***~”. 

Since any derivative lower than 4,z, has been either accepted or rejected 
before 5,z, is considered, and the rejected derivatives lower than 6,z, are principal 
derivatives of (S,), the (parametric) derivatives 6,2, , --- , 5,2, must be accepted 
derivatives. Hence 6,f;, --- , 5,f, are among the functions whose derivatives 
with respect to a, , --- , a, appear in the first w — 1 rows of the matrix, if we 
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suppose 4,z, to be the w-th accepted derivative. For fixed (x) near (x°) we then 
infer, from (5.3), by the general theorem of functional dependence, that the 
trial row 


a a a 
Bez, (Ooh) Ba, (Oss) eee Ba, (Ss) 


cannot increase the rank of the matrix for (a) near (a°®). Hence 5,z, must be a 
rejected derivative, contrary to hypothesis. We infer that Lemma 5.1 is true. 


Coro.uary 5.4. The derivatives on the right in any equation (4.2) are para- 
metric for the system of such equations built up at any stage of the algorithm. 


For, every derivative on the right in such an equation is an accepted derivative. 


Lemma 5.5. If, under the algorithm, all partial derivatives of a given order A 
are rejected, and the algorithm is incomplete before the last of them is considered, 
then its rejection completes the algorithm. 


We begin by rewriting condition (3.1) in the following obviously equivalent 
form: 


(5.6) The algorithm is continued till the parametric derivatives of the system of 
differential equations are precisely the accepted derivatives. 


Now, suppose the hypotheses of the lemma are satisfied. Denote by (S,) the 
system of differential equations which has been constructed when the last 
derivative of order A has been rejected. Since all the derivatives of order A 
become left members in (S,), we see that all derivatives of higher orders must 
be principal for (S,). Hence all parametric derivatives must be of lower orders. 
The rejected derivatives of lower orders are left members in (S,), hence not 
parametric. Therefore the parametric derivatives must be accepted derivatives. 
But, by Lemma 5.1, all accepted derivatives are parametric. Hence the accepted 
derivatives are precisely the parametric derivatives, so that (5.6) is satisfied, and 
the proof of Lemma 5.5 is complete. Note that (S,) is therefore the (S) of §4. 


THEOREM 5.7. The algorithm is finite. 


Since the rank of the matrix cannot exceed the number m of its columns, a 
stage must be reached after which all derivatives tested are rejected. Denote 
by T the order of the highest accepted derivative. Then, if the algorithm does 
not end before testing the last derivative of order A = T + 1, it must, by Lemma 
5.5, end when the last of them is tested (and rejected). Hence the theorem is true. 


Lemma 5.8. If the f’s are of class C*, E > N + 3, where N is the order of the 
final derivative tested under (3.1), and the algorithm is continued after condition 
(3.1) [or (5.6)] has been satisfied, but where no derivative of the f’s with respect to x’s of 
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order higher than E — 1 has been tested, all derivatives tested after (3.1) is satisfied 
will be rejected, so that (M) will not become larger. 


By hypothesis the highest derivative to be tested is of order EF — 1 > N + 2. 
Now, while in the proof of Lemma 5.1, p < N, the entire proof of Lemma 5.1 
goes through for the present case, where p < N + 2. (The functions in the 
proof of Lemma 5.1 of class C’**~” are now of class C’ at least. It is not until 
§7 is reached that higher class is needed.) Hence if another derivative, say w, 
were accepted, it would be parametric for the system of differential equations at 
any stage, in particular for (S). Since this would contradict the fact that the 
parametric derivatives for (S) are precisely the derivatives accepted up to the 
time (3.1) was satisfied and hence do not include w, we infer that Lemma 5.8 
is true. 

The following theorem establishes the equivalence of our test to the classical 
test, under which all rows remain in the matrix and the algorithm is continued 
until all derivatives of some order fail to increase the rank. Since in the classical 
vase the rank of the matrix equals the minimum number of essential parameters 
by means of which the given function can be expressed with identities in (x, a), 
we infer that that number equals the number of parameters in a complete set of 
effective parameters, at any non-singular point. (Cf. Theorem 8.1.) 


THEOREM 5.9. If instead of using conditions (3.1) or (5.6) we continue the 
algorithm until for the first time all derivatives of a given order A are rejected, then 
the matrix (M) will be complete. At the same time, in testing derivatives for (M), 
any derivative of a rejected derivative can be rejected without trial. 


The final sentence of this theorem was surmised by S. S. Cairns. 

Proof. From Lemma 5.5 we see that the highest accepted derivative must be 
of order at least N — 1, where N is the order of the highest derivative tested 
under (3.1) or (5.6). 

Applying Lemma 5.8 with E = N + 3, we see that the situation called for in 
the first part of Theorem 5.9 must occur, with A = N or N + 1 according as the 
highest accepted derivative is of order N — 1 or N. Lemma 5.5 shows that, the 
first time it does occur, (3.1) will be satisfied by the time the last derivative of 
order A has been rejected, if not before. Hence (M) must be complete. 

As for the final conclusion of the theorem, we see by (3.1) that a derivative of 
a rejected derivative cannot be an accepted derivative and hence must itself be 
rejected if tested. This completes the proof. 

Remark. From Theorem 5.9 we infer that if the algorithm is carried through 
in this way, the ordering of the derivatives is immaterial, except that a derivative 
of lower order should precede one of higher order. 


6. The system (7). In this section we obtain a system (7') of differential 
equations, determined by the system (S) and the matrix (M), which will enable 
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us to prove the existence of our complete set of effective parameters. As (T') is 
built up, we shall see that at each stage it is satisfied by z, = f,(z, a), --- ,2, = 
f.(a, a), when certain quantities p; are replaced by derivatives of the f’s which 
will correspond to them. 

Suppose the number of parametric derivatives (number of rows of (M)) is k, 
and let these derivatives be D,z,, , D.z,, , --- , D,z,, , in their order as defined 
in §3. (Here operators D,, and D, may be the same even if w # y, and s, may 
equal s, even if a # b.) We introduce the symbols p, , p. , --- , p, , and shall 
say that p, corresponds to D,z,, (i = 1, 2, --- , k). The derivative dp, will be 
said to correspond to the derivative of z,, given by 6(D,z,,). The dependent 
variables of our system (7') will be p, , po, +--+ , Mm - 

For any i < k andj < n, dp,/dx; corresponds to either a principal or a para- 
metric derivative of (S). If it corresponds to a parametric derivative, say 
D,z, , then the equation 


(6.1) ? Th 


is put into (7). If it corresponds to a principal derivative v which is a left 
member of (8), then the equation of (S) with v as left member is put into (T), 
but with v replaced by dp,/dx; , and all (parametric) derivatives on the right 
replaced by the corresponding p’s. To be sure, the equation of (S) having v as 
left member may be used more than once in this way. 

The remaining possibility is that dp,/d2,; corresponds to a principal derivative 
of (S) which is not a left member, but a derivative 6 of a left member v of (S). 
(To make v unique, let us take it as low as possible.) In this case we take the 
derivative 6 of both sides of the equation containing v, which may give rise to 
certain principal derivatives on the right side. But these principal derivatives 
are lower than 6v, since differentiation preserves relative order. Hence, by use 
of other equations of (S), differentiated or not, we can replace these principal 
derivatives by functions of 2, , --- , 2, , Dyz,, , «++ , Dyz,, , and possibly still 
other—but lower—principal derivatives. By a finite number of such steps all 
principal derivatives on the right side can be eliminated. The resulting equation, 
with the left member replaced by dp,/dz; , and all derivatives on the right re- 
placed by the corresponding p’s, is put into (7). 

Thus finally we obtain a system (7') of k-n differential equations: 


(6.2) CPs me Hilts, ++ 5 Buy Pry *** y Pa) G@=1,-+- ,kjj7 =1, +--+, mn). 


At each stage, as at the start (ef. (4.1)), the right side of an equation of (5S), 
or of a differentiated equation of (S), has class N + 3 minus the order of the 
derivative on the left. Furthermore, the substitutions mentioned above do not 
disturb this situation, since any replaced derivative is never of higher order than 
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the left member of any equation containing it. Hence a similar statement is 
true for (7). Since the highest derivative corresponding to a left member of 
(6.2) is of order at most N + 1, we see that all H;, in (6.2) are of class C***~“*”, 
or C’ (and possibly higher). 

If F;(x, a) = D,f,,(x, a) (i = 1, --- , k), every F; is of class C’. 


Lemma 6.3. For any (a) near (a), the equations 
(6.4) p; = F,(2x, a) (i= 1,---,k) 
yield a solution of (6.2) for (x) near (x°). 


For, since z,; = f,(x, a), --- , z, = f(x, a) is a solution of (S), and (7’) is 
derived from (S), z, = f, , --- , 2, =f, satisfies the system obtained from (7) 
by substituting for the p’s the corresponding derivatives of the z’s. Hence (6.4) 
satisfy (7), and the lemma is valid. 


7. Proof that (7') are integrable, and some consequences. Using the notation 
of §6, let 
(7.1) p; = F,(z°, a’) (¢ = 1,---,k). 


LemMa 7.2. The integrability conditions for (6.2) are identically satisfied, for 
(x, p) in a neighborhood of (x°, p’). 


While the writer has not seen a treatment of a system like (6.2) with the H,; 
non-analytic, the theory is similar to the case k = 1. Cf. [2]. That the H;; be 
of class C’ is sufficient for the existence and uniqueness of solutions, provided 
the integrability conditions are satisfied: 









oH ;; ~. 0H ;, _ OHi, *. 0H:, 
(3) a > . -H,, = = + } em H,; 


= 1, cake » Kk); l= l, > ny , n). 

Proof. Since the F’s are exactly the derivatives of the f’s to 2’s figuring in 

(M), which is of rank k at (z°, a’), some Jacobian of derivatives of the F’s with 
respect to k of the a’s is not zero at (z°, a’), say 


" D(F,, «++ 5 Fx) ® 0 
(7.3) 33) ae at (x, a). 


Hence, in some neighborhood of (x°, a’, p’), equations (6.4) are equivalent to a 


system of the form 





(7.4) Os = OZ, °° » Ley Pry °°* » Dey Masry °°* » Mm) (@ = 1,--- ,k), 


with the ¢,’s of class C* since the right members of (6.4) are of class . 
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If (x’, p') is given near (x°, p°), then aj , --- , a; are uniquely determined by 
the equations 
a; = O(t1, °° Tey Diy *** » Phy bers *** » Om) (i= 1,---,h). 
From the equivalence of (6.4) and (7.4) we see that 
(7.5) pe = Fila + ny Oy ts Ob, her, tt, Om) = (= 1, e+  h). 
Since (6.2) are satisfied by (6.4), they are satisfied by 
(7.6) ps = Fila, -++ Buy Qty ** Oy Aer, **, Om) «= = 1, ++ , ke). 


Hence (7.6) must satisfy the integrability conditions (9) of (6.2), equations in 
in (x, p). In particular, (7.6) satisfy (9) at the point on (7.6) where (x) = (z'), 
and comparing with (7.5) we see that (9) are satisfied at (x', p'). Since the latter 
was any point neighboring (2°, p’), we infer that (9) are identically satisfied, 
and the lemma is proved. 


LemMA 7.7. Suppose (M) is of rank k and (7.3) holds. The solution of (6.2) 
determined by 


(7.8) P= p; at (x) = (2°) (i =1,---,k) 
for any (p; , --* , px) tn a neighborhood & of (p} , --- , pi) is 
(7.9) pe = Pai, +++, %uy Bry *** Buy Geer, *** Om) (6 = 1,---, B), 
with 
(7.10) Be = (RL, ++ Tey Diy t+ Dey Geer, ++, Gm) =F = 1, +--+, B), 
where the ¢’s are the functions appearing tn (7.4). 

Proof. Since (6.4) are equivalent to (7.4), we infer from (7.10) that 
(7.11) pe = Fiat, +++ 28, Bi, +++ Bey Qasr, '** Gm) = (0 = 1+ , ke). 


By Lemma 6.3, (7.9) yields a solution of (6.2). From (7.11) we'see that this 
solution satisfies (7.8). Since (7.8) determines just one solution, (7.9) must be 
it, and the lemma is proved. 


LemMa 7.12. Suppose (M) is of rank k and (7.3) holds. Given any neighborhood 
K of (a$ , ++ , ay) in k-space, there corresponds a neighborhood M of (a°) in m-space 
such that the totality of k-tuples of functions of x, , «++ , 2, for (x) near (x°) obtained 
from F(x, a), ++* , Fy(x, a) with all (a) in M is included in the totality obtained 
by taking an; = Ob41, °** » Om = Oy 3 and (a, +++, a) ink. 
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Since (8) and (p') are in one-to-one continuous correspondence, in the neigh- 
borhood of (aj , --- , a,) and (p’), respectively, under (7.10), to the given 
neighborhood K of (a; , --- , a,) corresponds a neighborhood @ of (p°), such that 
if (p) is in @, then (8) will be in A. We choose @ sufficiently small to be used 
in Lemma 7.7. Now let 0 be a neighborhood of (a{ , --- , a.) in m-space such 
that if (a) is in MM, then [F,(z°, a), --- , F,(x°, a] will be in @. 

We take 9M sufficiently small to insure that if (a') is in 9M we can apply Lemma 
6.3, and infer that p, = F(z, a’), --+ , p, = F,(z, a’) is a solution of (6.2). For 
this solution, when (x) = (2°), p; = F,(z°, a'), which we denote by p; (i = 1, 
-+* , k). According to the last sentence of the preceding paragraph, (p’) is 
then in ®. By Lemma 7.7, the functions in this solution are the same k-tuple 


of functions of (2, , --- , x,) as the F, , --+ , F, given by (7.9) under conditions 
(7.10). Furthermore, the (8) of (7.10) is in K, by the first sentence of the 
preceding paragraph. Since in (7.9) the last m — k parameters are afy;,°** , 


a,, , the lemma is proved. 


LemMa 7.13. If (M) is of rank k and (7.3) holds, the set a, , «++ , a forms a 
sufficient set of parameters for { f(x, a)} at (x° , a’). 


Proof. Among the functions f, , --- , f, suppose f,, , --- , fa, are accepted 
(zeroth) derivatives, and the rest, say f,, , --- , fo,_, , are rejected. Then f,, , 
,J., are included among F, , --- , F, , and, as is shown in §4, f,, , --- ,fr.-. 

are functions of x, , --: ,a,,F,, ++: , Fy: 


fr,(x, a) m lt, ,°*- , 2a, Fi (e, a), -°* , FG, a)| 
(7.14) aes 


(@=1,---,r—h). 


Let A and 9M be as in Lemma 7.12, and let any (a) in MM be given. By Lemma 
7.12 the k-tuple F(x, a), --- , Fy (a, a) is the same k-tuple of functions of (x) 
as the k-tuple 






’ 0 7 P 0 0 
F (2; B, , ote » Bey Oeer, °° Om), *** y Filaz By, °° <i 5 Mes *** » ‘Glad 








for some (8, , --: , 8) in A. Hence 


Z 0 9 
pane wis **? - ey Gees *** , = f.,(z; a tide » Xm) 


— - (2) 





and, using (7.14), 


So(t3 Bi, -*° » Br» Maers °** » Bm) 








’ 0 0 
= C(x, iat 9 Tn y F (2; B, ’ maha » Bx » Ake ith » Sade 
(2.8) 
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(7.16) «++, Pi(zz By, °° » Bey Qasr, °** , @)] 
= f(x, g © ** ee F(a; © aati . ar a F,(2; a , a&,)] 
(xz) 
m fiz; a, ,°°* , ae) (@=1,---,r—A). 
(x) 


From (7.15) and (7.16) we infer that 


7H Bi.« *** » Ma Gesne *** , a) =filxj;a,,--- » &»] 


(2) 


Hence the first k parameters form a sufficient set, and the lemma is proved. 


8. The principal results. The principal theorem follows. 


THEOREM 8.1. Given f,(@1 , -+* ,%ny G1, °** 5 Om), *** SAB, + yy Bay My 

, @,) of class specified below in the neighborhood of (x°, a’), we suppose that 

(x°, a’) is not a singular point, and that the matrix (M) is constructed, the conclusion 

of the algorithm being determined either as in (3.1) or as in Theorem 5.9. If N is 

the order of the last derivative tested, we assume that the f’s are of class C’** in the 

variables (x, a). Let k be the number of rows in (M), and suppose a;, , +++ , a, 

are parameters figuring in a k-rowed determinant of (M) which is not zero at (x°, a’). 
Then a;, , +++ , a;, form a complete set of parameters for { f(x, a)} at (x°, a’). 


A third method for ending the algorithm is to continue till a sequence (W) of 
derivatives has been rejected such that all derivatives of the z’s higher than the 
derivatives in (W) are derivatives of derivatives in (W). 

Without loss of generality we may assume that (a;, , --- , @;,) i8 (a, , «++ , @&), 
so that (7.3) holds. Hence the equations 


u; = Fy(ao +++ ae, ay, ty Oey Ghar, *** » Am) (¢ = 1, --- ,&) 
place (a, , --- , a) in one-to-one correspondence with (u, , --+ , u), locally. 
Hence two non-identical k-tuples (a} , --- , a.) and (aj , --- , a;) determine 
two non-identical k-tuples (u} , --- , u,) and (ui, --- , uj), and two non-identical 
k-tuples of values for {F(2°; at , «++ , ab, Qui, °°* , @)} and {F(2°; aj, ---, 
a, @.,, °°: ,@2)}. Since the F’s are derivatives of some of the f’s with respect 
to the z’s, it follows that { f(x; al, --+ , at, at.,, °** , @&,)} cannot then be the 
same k-tuple of functions of (x) as { f(x; ai, -+* , at, @ts1, °°* , @%)}. Hence 
a@,,°**: , a are effective parameters for { f} at (2°, a’). By Lemma 7.13 they 


are also sufficient. Hence, they form a complete set of parameters, and the 
theorem is proved. 

Remark. We note that the proof that the parameters are effective does not require 
the f’s to be of class as high as is required in Theorem 8.1, but simply that the deriv- 


atives occurring in (7.3) be continuous. 


A Stee = 
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The writer has proved the following theorem, but will omit the proof, partly 
because of the similarity to Theorem 10.5. 


THEOREM 8.2. Under the hypotheses of Theorem 8.1, no smaller number than k 
of the given parameters can be sufficient, and no larger number of them can be effective. 


The hypotheses of this theorem do not rule out singular points in the case of 
the smaller or larger number of parameters. 


9. The singular points. The following theorem in the large shows that the 
restriction to non-singular points is not as serious as might be imagined. 


THEOREM 9.1. Let ® be an open set in (x, a)-space in which f,(x, , -** , %n, 
Oy, *** 5 Om), *** ySe(X1, +++ 5 Mn, Oy, *** 5 &,) are sufficiently differentiable so 
that each point of ® can be established as singular or as non-singular with the condi- 
tions of Theorem 8.1 satisfied. The locus of singular points in (x, «)-space is then 
a nowhere dense set, closed relative to ®. 


Proof. Since the rank of (M) cannot exceed m, a finite number of steps will 
suffice to determine whether a given point is singular or non-singular. From 
the definition it is then seen that, if (z°, a’) is a non-singular point, all points in 
a neighborhood of (z°, a’) are non-singular. Hence the locus of non-singular 
points is open, and its complement, the locus E of singular points, is closed 
relative to @. 

We infer that, if 2 were dense in any region, the region would consist of points 
of E. But consideration of the algorithm for the construction of (4) shows that 
in any neighborhood of a singular point a non-singular point can be found; hence 
there can be no region of singular points. This contradiction shows that EF is 
nowhere dense, and the theorem is proved. 

Remark 9.2. If the order of the x’s is changed (or what is equivalent, the ordering 
of the derivatives is changed to what it would be under a change of order in the x’s), 
a singular point may become non-singular, or vice versa. 

This is shown by the example f(z, y, a, 8) = ax + By, with (2°, y°) = (1, 0) 
and a’, 6° arbitrary, r = 1. We omit details. 

Remark 9.3. If the order of the f’s is changed, a singular point may become non- 
singular, or vice versa. 

To show this, consider the pair of functions a + x and az. If fj =a+z2 
and f, = ax, then the matrix (M) is || 1 ||, and there are no singular points. If 
f, = axand f, = a + 2, the first trial row of (M) consists of the element x, which 
is zero if x = 0. Hence in this case any point at which x = 0 is a singular point. 


THEOREM 9.4. The numbers of parameters in complete sets for different non- 
singular points neighboring a given singular point may be unequal. However, if 
the f’s are analytic in (x, a) they must be equal. 
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First, to show that the numbers may be unequal, consider 


( 0, z<0, 


f(x, «) 7 (r = 1). 
ax’, z>0 


The singular points are those at which z = 0. At any point where x < 0, the 
number of parameters in a complete set is zero. At any point where z > 0, the 
number is one. 

If every f;(z, a) is analytic, the singular points neighboring (z°, a’) in the 
space of the complex variables z, , --- , 2, , @ , *** , @» are easily seen to be 
confined to a finite number of loci obtained by equating to zero analytic functions 
which are not identically zero. Hence the locus of singular points cannot separate 
any two non-singular points in any neighborhood of (2°, a’) in the space of the 
complex variables. As the number of parameters in a complete set is constant 
in a neighborhood of any non-singular point, it is therefore the same for all non- 
singular points neighboring (2°, a’). 

We now give an example of an analytic function to show that a singularity 
may be a result not merely of the definition of singular point forced on us by the 
algorithm used but of our definitions of effective and sufficient. Let 


(9.5) I(x, a, 8B) = oB +2 (r = 1). 
The first trial row of the matrix (M) is then 


B a. 


Hence the point (z°, 0, 0) is a singular point for any z°. At (z°, 0, 0) neither a 
nor @ is sufficient, and the set (a, 8) is not effective, as is easily verified from (9.5). 
Hence there is no complete set of parameters for that point. 

In the case of this example, the classical treatment is clearly superior, since 
under it we would consider the family F(A, x) = A + x. It is in the (general) 
case that F is not obvious that the treatment of this paper will be advantageous. 


10. The number of parameters needed. In this section we show that no 
smaller number of parameters than that in a complete set will suffice. 


Lemma 10.1. Suppose we are given { f(a, °** , nu, 1,°** » &m)} and {g(z, , 

- an, Bi, °** , B)}, r-tuples of functions satisfying the hypotheses of Theorem 
8.1 neighboring (2°, a°) and (x°, 8°) respectively; suppose that the g’s are of class one 
greater than the N for {f}. If, for (x) in some neighborhood N of (x°) in (x)-space, 
the r-tuples {g(x, 8)} of functions of (x) for (8) in any given neighborhood § of (8°) 
include all r-tuples { f(x, a)} of functions of (x) for (a) in a corresponding neighbor- 
hood ¥ of (a°), the number of parameters in a complete set for {g(x, B)} at (x°, p°) 
equals or exceeds the number of parameters in a complete set for { f(x, a)} at (2°, a’). 
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It is to be noted that we do not assume that the parameters of either set can 
be expressed as functions of the parameters of the other set. 

It will be sufficient to show that every derivative that is accepted for { f} is 
likewise accepted for {g}. 

Suppose this is true up to a certain point; let 6z, be the next accepted derivative 
for | f}, if any. Now if 6z, were not accepted for {g} it must be either rejected 
or not tested for {|g}. According to the hypothesis on the class of the g’s, we 
could test 6z, for {|g} even if the (M) for {g} were complete, and, by Lemma 5.8, 
éz, would then be rejected for {g}. We may therefore assume that, if 6z, were 
not accepted for {g}, it would be rejected for {g}. 

Let D,z,, , Doz., , «++ , Diz, be the derivatives accepted for {g} up to the time 
of testing 6z, for {|g}. Let Fy(x, a) = Df.,(x, a), and G,(x, 8) = Dg.,(x, B) 
(@=1,---,hA). 

Since 6z, would be rejected for {g(z, 8)}, we would have 


(10.2) édy,(a, 8) = Kix, , --- , 2, , G,(a, B), «+> , Gi(a, B)], 


for (x, 8) neighboring (x", 8°), with K of class C' (at least) in its n + / arguments. 

Let S be a neighborhood of (6°) such that if (8) is in S and (x) is in a neighbor- 
hood N, of (x°), then (10.2) holds. We take N, C N. Let & correspond to G as 
in the hypotheses of the theorem. For any (a') in &, let (8') be a point in S such 
that 


Si(x, a') = g;(z, B') (j= 1,---,n), 
(2) 





for (x) in N, hence also in N,. Then 


F,(x, a') = D;f.,(2, a') = Dyg,,(x, B') = G,(2, B') (¢=1,---,hA). 


z (x) (2) 


Also, 
of,(x, a') = dg,(z, 6’). 


(zx) 


Substituting in (10.2) with (8) = (a'), we would have, for (x) in (N,), 
(10.3) df,(a, a') = K[x,, +--+ , 2, Fi(x, a), «++ , Fy(2, a')). 
Since (10.3) would hold for any (a') in ¥ we would thus have 


(10.4) of,(z, a) = Kix, ,-+-, 2, Fi(a, a), «+: , Fy(a, @)). 

Ly the supposition above, F, , --- , F, inelude all the functions figuring in the 
part of (/) thus far constructed for { f(z, a)}, as well as perhaps some which are 
functions of z, , --- , x, and those figuring in that part. Hence, for any fixed (x) 
in N, , (10.4) would show, by the general theorem of functional dependence, that, 
when we take the trial row consisting of the derivatives of 6f,(z, a) to a, , a, 
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, a, , in the matrix (M) for { f(x, a@)}, the rank would not be increased. 
Hence 6z, would be rejected for { f(x, a)}, contrary to hypothesis. We infer the 
truth of Lemma 10.1. 


THEOREM 10.5. Suppose the hypotheses of Theorem 8.1 are satisfied by { f(x, , 
++) Tn Oy *** 5 Am} and {g(a,, +++ , at, Bi, °** » Be} neighboring (2°, a° 
and (x°, 8°), respectively, and that the g’s are of class one greater than the N for { f}. 
If, for (x) in a neighborhood of (x”), the r-tuple {g(x;B, , --- , 8.) } of functions of (x) 
for (8) in any given neighborhood of (8°) include all r-tuples | f(x; a, , «++ , @m)} of 
functions of (x) for (a) in a corresponding neighborhood of (a’), then t > the number 

k of parameters in a complete set for { f}. 


Proof. According to Lemma 10.1, the number of parameters in a complete 
set for {g} > k. Since it necessarily < ¢, we infer that k < ¢, as was to be proved. 
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ASYMPTOTIC DEVELOPMENTS OF CERTAIN INTEGRAL FUNCTIONS 


By Cuieorta G. Fry anp H. K. HueHes 


I. Theorems of Ford and Newsom 


1. Introduction. In several papers extending over the years 1904-08, E. W. 
Barnes (see especially [1]) determined the asymptotic behavior in the neighbor- 
hood of the point at infinity of a number of analytic functions defined by their 
Maclaurin developments. Moreover, several investigations of a similar nature 
have been made very recently by E. M. Wright [5], [6], [7]. The work of Barnes 
and Wright, in each instance, consists largely of a detailed study of the particular 
function considered. On the other hand, W. B. Ford [2; 4-15, 30-37] and C. V. 
Newsom [4] have recently established certain theorems which are general in 
character and which may be applied to a variety of different functions. In 
fact, they may be used to obtain the asymptotic developments of several of the 
specific functions considered by Barnes and Wright. 

The present paper presents an application of the theorems of Ford and New- 
som. A certain extension of Newsom’s theorem is first stated, the proof being 
omitted. We then proceed to determine the asymptotic developments of the 
general integral function 


(1.1) F.(2) = p> mee (« > 0), 


where ¢ is any constant, real or complex, and where the function h(n) depends 
only on n and satisfies certain further conditions. This work constitutes Part II 
of the paper. In Part III, we apply the theorem obtained in Part II to the 
special function 


7 = z 
(1.2) E (2, 8, 8) »» (n + 0 Tan + 1) 





(a > 0), 


where @ and 8 are any constants, real or complex, except that 6 cannot equal zero 
or a negative integer. The asymptotic developments of both the functions given 
by (1.1) and (1.2) have been discussed by Ford for the special case in which 
a = 1. His results are, in fact, a special case of those obtained in Parts II and 
III of this paper. 

The most recent work on the function (1.1) appears to be that of Wright [5). 
We shall refer to it later. Barnes has investigated the function (1.2) under the 
condition that @ is not an integer. 


Received April 9, 1942. 
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2. Statement of theorems. The general results of Ford and Newsom cited 
in $1 may, for our present purpose, be put in the form of two fundamental 
theorems which we now state without proof. These theorems provide the start- 
ing point of our investigations. 


THEOREM |. Suppose that the coefficient g(n) of the power series 


(2.1) f(z) = - g(n) 2" 


n=0 
with infinite radius of convergence may be considered as a function g(w) of the 
complex variable w = x + ty and as such satisfies the following two conditions when 
considered throughout any arbitrary right half-plane x > x» : 
(a) it is single-valued and analytic; 
(b) for all values of | y | sufficiently large, we may write 


(2.2) g(x + iy) | < Ket"*?"™, 


where y is a number such thatO0 < y < 1, € is any positive number, and K is a 
constant dependent only on € and xp . 

Then the function f(z) defined by (2.1), when considered for values of z of large 
modulus lying within the fixed sector yx < arg z < (2 — y)m, is developable asymp- 
totically in the form 


(2.3) fli ~ -—> g(—n)z. 


Moreover, in case conditions (a) and (b) are satisfied except that g(w) has a 
singularity situated at the point w = w, , where w, is not a negative integer, then 
(2.3) continues to hold, provided the loop integral 


l fpece 
_ |§ Se dw 


(2.4) 2 sin rw 


is subtracted from the right number. The loop C surrounds the point w, and extends 
to infinity in any convenient direction. (For full description of the loop, see (2; 9).) 


THEeoreM II. Let condition (a) of Theorem I remain as stated, while condition 
(b) is replaced by a new condition (b’) wherein (2.2) is changed to read 


ean | g(x + ty) | < Ke*"*O"™", 


where k is a positive odd integer. Then the function f(z), when considered for values 
of z such that | arg z| < 2, may be expressed in the form 





2.6) fle) = [glee AT ae — D> g(-n)e™ + Hz, D, 


wee 6 
SM wr n=l 
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where lis any positive integer, and where the function £(z, l) satisfies 


(2.7) lim z'&z, J) = 0. 

We note that Theorem II does not furnish complete information on the 
asymptotic development of f(z), because of the presence of the integral in the 
right member of (2.6). We may also remark that if k is an even integer, then 
the expression z” occurring in (2.6) becomes (—z)”. In the applications which 
we make of Theorem II, k is always an odd integer. 


3. Extension of Theorem II. It can be shown that if conditions (a) and 
(b’) of Theorem II are satisfied except that g(w) has a singularity situated at the 
point w = w, , where w, is not a negative integer, then the theorem continues 
to hold provided one subtracts from the right member of (2.6) the loop integral 


1 f _gwz" 
2t Jc e***” sin ew 





dw, 


(3.1) 
where the loop C surrounds the point w, and extends to infinity in any convenient 
direction lying in either the third or the fourth quadrant. If k is an even integer, 
then the expression z” appearing in (3.1) is to be changed to (—z)”. Ford 
(2; 36] has proved this assertion for the special case in which k is unity. The proof 
of the general case, recently obtained by one of the present authors, is expected 
to appear in detail elsewhere and will not be given here. 


II. The Function F ,(z, ¢) 


4. Properties of the coefficient. As was stated in §1, Part II of this paper 
will be devoted to the determination of the asymptotic developments of the 
general function 

ae h(n), 
(4.1) F,(z, ) = >> Tan +)?” 


n=0 





where ¢ is any constant, real or complex, and a > 0. We shall now impose on 
the function h(n) such conditions as will make the two fundamental theorems 
stated in §2 applicable to the series appearing in (4.1). Let h(n) be considered 
as a function h(w) of w = x + iy, and let us suppose that, when considered 
throughout any arbitrary right half-plane x > x, , it satisfies the following two 
conditions: 
(A) the function g(w) = A(w) _ is single-valued and analytic; 
Taw + t) . 

(B) the function h(w), when considered for values of w of large modulus, can 

be expressed in the form 
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a Cc; i C, + See, 8) 
(4.2) hw) =o +o at + Ge + New +t+))- - (aw + t + 8)’ 








where cy) , ¢; , -** are independent of w, and where 6(aw, s) is such that lim 


s(aw, s) = 0,8 = 1, 2,3, ” 
It then follows that for all x > 2, and for all | y | sufficiently large we may 
write 
__h(w) _ (ax/2+ely! 
(4.3) Lh D < Ke ° 


where ¢ is any positive number chosen in advance, and K is a constant dependent 
only one and z,. For the property of the gamma function used here, see [2; 61]. 
Hence Theorem I of §2 is applicable to the series (4.1) whenever 0 < a < 2. 
Moreover, Theorem II is applicable when a has any positive value, k being 
suitably chosen as indicated in the next section. 


5. The improper integral. If k is selected as the smallest odd integer such 
that 2k > a, then, upon applying Theorem II of §2 to the function F,(z, t), we 
obtain the relation 





? * h(x)z2* sin krx h(—m)z"™ 
6.1) F(z, = - (ar + ¢) sin —L, - I(t — am Ti — am)* Cz, 0, 


where | and £(z, 1) are described in the statement of the theorem. We now 
undertake to determine the asymptotic behavior for large | z| of the integral 
appearing in the right member of (5.1). In what follows, the expression 2'’* 
x e’*'”* is prominently involved. We shall denote it by Z, ; thus e”* will mean 
exp (z'’“e’"'*’*), ete. For our present purpose, we shall establish the following 
lemma. 


Lemma. Let the function h(w) satisfy conditions (A) and (B) of §4. Then, if 
a > Oand I' is a sufficiently large positive number, we have 


- a (z)e Jers > a2"; | arg z| < 4n, 
ae 


ain Te +d 


where the c,; are those appearing in (4.2). 


The conclusion for | arg z| < 4 has already been established by Ford. In 
order to show that the integral vanishes for | arg z| > $7, when |z|— @, as 
indicated by the second conclusion, we first note that the function h(z/a) is 
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bounded along the path of integration. Consequently, the integral in question 
may, for the purpose, be compared with the expression 


1-t e _ &dz . nm i 
2 |..wee M“/=V+1 t. 


But if L is the greatest integer in the real part of l’’, we have 





i=é r ‘d l-tr 2 
' Ss te [e* + n(z, L)); |argz| <x, 


where lim z“n(z, L) = 0. For proof of this statement, see (2; 65, (10) et seq.]. 


lz|-@ 


Also for proof of the first conclusion of the lemma, see [2; 67, (19)]. The function 
h(x) there appearing is the same as that denoted by A(x/a) in (5.2) above. 
Since e* vanishes as | z | —> © whenever the real part of z is negative, the conclu- 
sion stated in the lemma for | arg z| > 42 clearly follows. 

Having established the preceding lemma, let us now, in (5.2), replace zx by 
az, l’ by 1 + 3, and z by Z,. Then we obtain the relation 


sea) DS olZ,)™, 


7 h(x) 2* 2ripz a 
(5.3) i ia+s5° * 
0, 


the first result holding when | arg z + 2xu| < }2a, and the second otherwise. 
We are now able to write the asymptotic development of the integral in ques- 
tion, namely, that appearing in the right member of (5.1). For, upon taking 
account of the identity 
coin . | 
s\n Toe 


sin rx ite 


and applying (5.3) to the separate terms, we have 


7 h(x)2* sin krx 1 fun \i-e al 
64) | Rs eer ee 





where the symbol }> denotes summation taken over those integral values of u 


for which | arg z + 2xu| < }ra. 
When 0 < a < 2, the value of k is unity, and the sum in (5.4) consists of a 
single term, that one in which » = 0. Thus when | arg z| < $a, we have 


_hia)z 1 (1-t)/a@ l/a 7 —n/a 
(5.5) ee Tar +) dx a? exp z p> C,2 }. 





6. Asymptotic developments of /',(z, t). The results in the previous section 
having been established, we shall now obtain the asymptotic developments of 
the function 
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— h(n)z 
6.1 Fie, 9 «2 o— 0), 
(6 ) (z, t) 2 Tan +) (a > ) 
where ¢ is any constant, real or complex, and where the function h(n) satisfies 
the conditions named in §4. We prove the following general theorem. 


TueoreM. Consider the function F ,(z, t) defined by (6.1). If the function h(n), 
when considered as a function h(w) of w = x + ty, satisfies conditions (A) and (B) 
described in §4, then F(z, t) has the following asymptotic developments: 


(i) Oo<ae< FZ tra < argz < (2 — $a)z. 
, — h(—n) 
6.2 F.(2.t)~ -)>. —— 
(6.2) “A, 9 2 Tt = an)” 
(ii) 0<a < 2; |argz| < $a. 
, l —t)/a /a — n/a 
(6.3) F(z, 0) ~- 2" exp (2'"") >> cz", 
Qa n=0 
where the cy , ¢; , «++ are those appearing in (4.2). 
(iii) 0 <a < 2; arg z| = $a. 
, l I—t)/a@ l/a - h(—n) 
6. ‘48, w= 6 xX z _ ~aanamets 
(6.4) F(z, b) ; exp (z yy ee LP = he 
(iv) a > 2; arg z| < m. 
(6.5) F(z, )~1E0 fe 29-9 S 6, (Z,)""} 
6 n=0 


the first summation being taken over those integral values of u for which 
larg z+ 2mu| < $ma. 


In order to establish (6.2), we note that the function 


(w) h(w) 
gw) = = 
9 Paw + t) 
satisfies conditions (a) and (b) of Theorem I, §2, where y = 37a. If we apply 
this theorem, (6.2) follows at once. 
To obtain (6.3) and (6.4), we first note that since 0 < a < 2 and k = 1, 


equation (5.1) takes the form 
— j h(ax)z* h(—m)z 2 
(6.6 F(z, = | le — z, l), 
— Jui-s T(ar + — > r'(t — am) + &2, 9 
where we have lim z't(z, 1) = 0, and | arg z| < x. If we replace the integral 


appearing in the right member of (6.6) by its asymptotic development as given 
by (5.5) and write the resulting relation in asymptotic notation, we have (6.4). 
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To obtain (6.3), we have only to factor the expression exp z'’* out of the right 
member of (6.4) and then confine arg z to the narrower range | arg z| < }7a. 
For since exp (—z’’“) approaches zero as | z | — ©, when arg z is so restricted, 
(6.4) immediately reduces to (6.3). A similar argument employing (5.4) will 
lead to the result given in (6.5). 


7. The function E,(z). It is worthy of note that, if in the theorem of the 
previous section we set h(w) = ¢ = 1, we obtain immediately the asymptotic 
developments of the special function 


cs) n 


, Som 
Bele) = 2: Tan + 1) 


These well-known results were first established by Mittag-Leffler [3]. 


8. Remarks and generalizations. It is desirable to add some supplementary 
observations relative to the general theorem which was proved in §6. 

We note that in order to secure simplicity of statement, condition (A) of $4, 
relative to the coefficient g(n), was made unnecessarily restrictive. In case 
condition (A) is not satisfied but, instead, the function 


__h(w) _ 
Taw + #)’ 


while still remaining single-valued throughout the halfplane x > 2, , has a 
singularity situated at the point w = w, , which is not a negative integer, then 
the theorem continues to hold provided one subtracts from the right member of 
(6.2), (6.3), (6.4), (6.5) the appropriate loop integral, as called for by Theorem I, 
§2, or by the extension of Theorem II obtained in §3. If the singular point w, 
is a negative integer, say —m, then in (5.1) the term —g(—m)z™ appearing in 
the right member is to be suppressed, and in its place is to be supplied the 
proper loop integral about the singular point. Finally, whenever the singular 
point w, is polar in character, the corresponding loop integral is equivalent to 
the residue of the function 


(8.1) g(w) = 


rg(w) 2” 
8.2) ro erage 
sin rw 
at w, , where in (8.2) & is to be assigned its proper value. The extension of the 
above remarks to the case in which more than one singular point is present is 
obvious. 

As a second restriction, we have kept a real and positive. The methods which 
we have employed are, however, still applicable in case a assumes complex values 
having positive real part. 

As was mentioned in §1, the function F(z, ) has been studied recently by 


Wright. The conditions which he has imposed on the function (8.1) are equiv- 
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alent to conditions (A) and (B) of §4 above. The asymptotic developments 
(6.1)-(6.5) are obtained, though they are expressed in a briefer form. The case 
in which the function (8.1) has a finite number of poles is included, but no men- 
tion is made of the case in which a singular point is non-polar. Thus the present 
paper, based on the theorems of Ford and Newsom, obtains all the results 
obtained by Wright, together with the additional point just mentioned. 


III. The Function F(z, 6, 8) 


9. Properties of the coefficient. As an application of the theorem obtained 
in Part II, together with the remarks made in the first paragraph of §8, we now 
find the asymptotic developments of the special function denoted by Barnes as 
E.,(z, 0, 8), namely, 


(9.1) E.(2, 0, 8) =D ng = oe 


where 8 and @ are any constants, real or complex, except that @ is not a negative 
integer. Evidently we may write 








(9.2) E,(z, 6, 8) _ > area 1)’ 
where 
(9.3) h(n) = T(an + 8 + 1) 





T(an + 1)(n + 0f 


The coefficient of z" in (9.2), when considered as a function of w = z + ty, is 
single-valued and analytic throughout the finite w plane except for the singularity 
at the point w = — @. Moreover, it can be shown that h(w), when considered 
for values of w of large modulus lying in the arbitrary right halfplane z > 2, , 
can be expressed in the form 








( 
et qi 2 soe 
Mw) = a" + ot e+ t @wth+ ew +h+2)* 
(9.4) . g. + s(an0, n) \ 
(aw + B + 1)(aw + B + 2) --- (w+ 8+n))’ 
where the quantities ¢,, g2, - - - are independent of w, and where lim 6(aw, n) = 0. 


|lwl-@ 
The proof of this fact follows with slight modifications (due to the presence of 
a) the proof of a similar statement appearing in the work of Ford [2; 69]. As 
for the values of the q’s, they may be calculated as follows: Let 


ae “i as its Qa+i 
Ra(w) = a hu) —1— Yet B+): wt P+ etl) 
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Then we have 


(9.5) Qnvi = lim [(aw)"**R,(w)]. 


lwl-@ 


10. The loop integral. Inasmuch as the function 


ret h(w) 
0) = Tew +8 +1) 
satisfies conditions (A) and (B) of §4, we may apply the general theorem of §6 


to the function F(z, 6, 8). Because of the singularity at w = — 6, there must 
be subtracted from the right members of (6.2)-(6.4) the loop integral 





2" dw 
¢ T(aw + 1)(w + 0)’ sin rw 





(10.1) I,(z, 8, 8) = 


In the case of (6.5), the integral to be subtracted has the additional factor e***” 
appearing in the denominator of the integrand. In order to determine the com- 
plete asymptotic development of E,(z, 6, 8), we must first find such a develop- 
ment for the above loop integral. 

Let us agree to take the loop C as extending to infinity in a direction of the 
third quadrant. Then, if we make the transformation w’ = — (w + 6) and then 
drop the primes, the two integrals under consideration take the forms 








2 (seh (—w) “dw 
02 1.0,00°"S> | are: oem, 
ad (- z)° ox (— w)"e (k-1) ri(w+8) 
(10.3) Ta(2, 6, 8) = 2 »r(l- — a6) sin r(w + 9) (@ 2 2). 


The new loop y now extends to infinity in a direction of the first quadrant. 
Now if @ is not an integer, or if both @ and a@@ are integers, then the following 
series developments exist and are convergent in the neighborhood of w = 0: 





1 = * R 
ties Td — aw — alsin see @ 7 alia 
(10.5) git Dettere) > b.(—w)" (a > 2). 





T(l — aw —ad)sinzwt+ 6) 


Under these conditions, the asymptotic development of J,(z, 8, 8) is given by a 
theorem due to Barnes, and included, together with numerous applications, in 
the work of Ford. For the statement and proof of the theorem, see [2; 16-22, IT]. 
According to this theorem, we have 


A, 





(10.6) 1.s,0,0~-(-9">S 


<= [log (— 2)]"-*** T(@ — n)’ 
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where A,, is equal to a, or b, according as a < 2 or a > 2, and where log(—z) = 
log |z| + 7i(@ — r);}0 < @ < 2x. For the definitions of a, and b, see (10.4) and 
(10.5). Thus, (10.6) furnishes the required development under the conditions 
stated concerning @ and aé. 

If @ is an integer and a@ is not, then developments (10.4) and (10.5)-are not 
possible, and (10.6) does not hold. However, when @ is an integer, sin r(w + @) 
reduces to (—1)*sin rw, and (10.2) may be rewritten in the special form 

ff foa)(ou)™ 


(10.7 I.(z, 0, 8) = — : aoe tS 

0” 2mi J, sin rw (1 — aw — 8) 

Moreover, (10.3) may be rewritten in a similar manner. Now there do exist 
power series, convergent in the neighborhood of w = 0, such that 


) 





rw 
10.8 ——_—_ 4" ______ = § d,(—w)" (a < 2), 
( rl — aw — aé) sin rw p> ; * ig 

(k-l) rw oe 

rwe 
(10.9 oo —w)" (a > 2). 
r(l — aw — a@) sin rw > en(— w) a2 4) 
Hence we may again apply the theorem of Barnes and write 
; - D, 

(10.10) I,(z, 0, B)~ —2° >> 


«=o [log (—z)]"* T(l + 8 — n)’ 


in which D,, is equal to d, or e, according as a < 2 or a > 2, and where log(—z) 
is to be interpreted as in (10.6). 

It is to be noted that, if 8 is an integer, then both (10.6) and (10.10) reduce 
to finite series, since the function 1/T'(8 — n) vanishes when n > 6. The loop 
integral I, (z, 6, 8), of course, reduces to a residue in such a case. 


11. Asymptotic developments of /,(z, @, 8). We shall now obtain the asymp- 
totic developments of the function F(z, 0, 8) defined by (9.1). The develop- 
ments will involve the constants q, (n = 1, 2, 3, ---) appearing in (9.4), as well 
as the constants A, and D, appearing in (10.6) and (10.10), respectively. More- 
over, the specific form of some of the terms depends on whether or not @ is an 
integer. We shall establish the following 


THreorem. [f 6 is not an integer, or if both 6 and a@ are integers, then, for values 
of z of large modulus, the function E,(z, 0, 8) defined by (9.1) has the following 
asymptotic developments: 

i) 0<a <2; Sam < argz < (2 — }a)z. 


E.,(2z, 0,8)~ > +___ 
—— ‘/ 5 a 8 
(11.1) rl an)(6 n) 
0 A, 
+ (—2)[log (-—2)]""' 2) ——_——+ ~. 
“0 [log (—z)]" T(8 — n) 





) = 
and 
ons 


not 
- @) 














ASYMPTOTIC DEVELOPMENTS SO] 
(ii) 0<a <2; arg z| < jam. 
(11.2) E,(z, 0, B) ~ of" 2°" exp 2'”" > oe. 
(iii) 0<a < 2; arg z| = jar. 
E.(z, 0, 8) ~ > rd = an\( ar 
(11.3) + a?" 2°** exp 2'’* > as" 


~ A 
+ (—2z)~° [log (—2z)]*"' , 
( 8 > flog (— z)]" T'(B — n) 


n 





(iv) a> 2; argz| <7. 
(11.4) E.(z, 8,8) ~ a" DY fe” Z,* 2 gn Z,"}, 
al n=0 


where the first summation is taken over those integral values of u which satisfy the 
inequality | arg z + 2mu| < jan. 
Moreover, if 0 is an integer while a8 is not an integer, then (11.1) becomes 


at 


E..(z, 0, B) ~ ¥ = 
2d rl — an)(@ — n)° 





(11.5) 

. D 
+ 2° [log (—2)]° ae ae 
, 2 jog (ar rl + 6 —n) 





while (11.3) becomes 


> 


Ez, 0, B)~ >’ - ‘ 
> r'(1 — an)(@ — n)’ 





. 8 B/a ‘ n/« 
(11.6) +a°'q exp 2" >> q,z°”" 


| ee 
x llog (—2z))" TU + 8B - n)’ 


)? 





+z [log (—z 


| ~ 


where >.’ means that the term n = @ is deleted from the sum. Developments (11.2) 
and (11.3) remain unaltered. In all the determinations, if z = re’®, then log(—z) = 
log r + 7(@ — mw), where 0 < @ < 2z. 


In fact, the above asymptotic developments are obtained from (6.1)—(6.5) upon 

. . 8 . . 
replacing ¢ appearing there by 6 + 1, c, by a’g, , and then subtracting from the 
right-hand members the appropriate development of the loop integral /,.(z, @, 8) 


eo ge —- ial 
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as obtained in §10. In the case of (11.2), (11.3) and (11.5), the final form is 
obtained by factoring the expression exp(z’’“) out of the algebraic and logarithmic 
terms, and noting that exp(—z'’“) approaches zero as z > @. 

Developments (11.1)-(11.4) were first obtained by Barnes, and appear in 
[1]. However, developments (11.5) and (11.6) do not appear. They could 
doubtlessly be obtained by a proper extension of Barnes’ analysis. 
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THE ABSOLUTE CONVERGENCE OF FOURIER SERIES 
By Min-Ten CHENG 


1. Introduction. In this note we suppose throughout that the functions f, , 
f, and f are integrable and periodic with period 27. f(x) is said to be a Young’s 
continuous function [9], if there exist two functions f, and f, of the Lebesgue 
class L?(—-, 2), satisfying 


ge) = 1 [peepee + 2) ae 


The necessary and sufficient condition for the absolute convergence of a trigono- 
metric series in the whole interval is that the series be a Fourier series of a 
Young’s continuous function [3], [4]. One object of this paper is to obtain 
Young’s functions with conditions imposing more on f, and less on f,. Indeed, 
we shall prove 


TueoreM 1. /ff, e Lip (a, p), ap > 3,2 > p> 1, aa < landf, e Lip (1/2p, 
q) for q > 1, then the Fourier series 


sta) => [plane + 2) at 


converges absolutely in the whole interval. 


The notation ¢ e Lip (a, p) means that 


® l/p 
(1.1) (| | bp rae) = O(h*) 
as h — + 0 and Ag denotes one of the three differences [5] 
¢(0) — o(6 — h), (6 + h) — ¢(8), o(6 + h) — o(@ — h). 


If f(@) « Lip (a, p) and 
(1.2) f0)~ X ene’, 
then the series 


(1.3) ee 


is convergent fork > p/(p + ap — 1), if 
0<a<l, l<p< 2. 
Received April 15, 1942. 
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This is known as the theorem of Titchmarsh [8] and is a generalization of a 
theorem of Szdsz [7]. The original result in this direction is due to Bernstein [1]; 
this result shows that the Fourier series of a function of Lip a (> 4) is absolutely 
convergent. Various extensions are known [2], [6]. 

Ifap > 1, then p/(p + ap — 1) < 1. Therefore, Titchmarsh’s result involves 
absolute convergence in this case. We can, however, establish 


THreorEM 2. Jf 1 < p < 2,€> 0, and, ash — + 0, 


(1.4) / | Af | dé = Ofh(log h"')”“‘}, 
then the Fourier series of f(@) is absolutely convergent. Moreover, the positive 
number € in (1.4) cannot be replaced by 0. 

The first part of this proposition is contained in 

THeoreM 3. Ifa > 0,1 < p < 2, and, ash — + 0, 

[ | Af |’ dé 
(1.5) [¥s 
= O(h(log, h~')~’(log, h~')~” --- (log,_, h~')~"(log, h>')~"**”), 

then, for T < at p' — |, the series 
(1.6) >>” | en | (log, | m |)" 


m 
is convergent. 


The notation log, x means log (log,_,; 2) and log, x = log x. >>” denotes the 
summation for m, where the terms containing 


log,-, |m| > 0 (n = 1,2, --- ,k) 
are omitted. If k = 1, we have 


TuHeorEeM 4. Jfa> 0,1 < p < 2, and, ash — + 0, 


(1.7) [ Af |” dé = O(h(log h-')"'~“”), 
then, forT <at+p ' — |, the series 
(1.8) >’ | cn | (log | m |)" 


converges. fy denotes summation for m, with the term corresponding to m = 0 


omitted.) Further, the series 


i) 


2X” | em | (log | m |)” 


-—@ 


with T, = a+ p'' — 1 may be divergent. 





ee = & 
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The following theorem is an immediate consequence of Theorem 2. 


THeoreM 5. If f(x) e Lip (a, p), p < 2, ap = 1, and 
(1.9) Af = O((log h™')~’) (0 < x < 2m), 
where b > 2/(2 — p), then the Fourier series f(x) converges absolutely. 


In fact, let p. > 2 > p; then Hélder’s inequality give: 


p2e 


: ( pile (pa—2)/(pa—p) ( 2r ) (2-9) /(na—p) 
(1.10) | Af dx < \| | Af |” dx\ \/ | Af |" dx? ; 
0 (0 ] 0 } 


Setting p. = ©, we have 


(1.11) [ | Af ? dx = O(h(log h"')’°~”). 
The required conclusion follows from Theorem 2, since b(2 — p) > 2. 
The functions of the class Lip (1, 1) are of bounded variation. Zygmund [10] 
proves that “if f(2) is of bounded variation and satisfies 
| Af| < clog?" h™" (7 > 0,0 < x < 2m), 


then the Fourier series f(z) converges absolutely’. This is obtained by putting 
a = p = 1in Theorem 5. The example f(x) = te (sin nx)/(n log n) shows that 
the theorem fails if 7 = —1. But the question whether the theorem is valid for 
the case 0 > » > —1 remains open. 

The arguments of the present paper are based on the inequalities of Hausdorff, 
by means of which we obtain incidentally a simple proof of Titchmarsh’s theorem. 


2. A simple proof of Titchmarsh’s theorem. Let 1 < p < 2,1/p+1/p’ = 1. 
The theorem of Hausdorff states that, if the series } c, |” is convergent, f(@) 
belongs to L”’, and that, if f(@) belongs to L”, the series } c, |” is convergent. 
The corresponding theorem for the functions of Lip (a, p) is required for our 
proof of Titchmarsh’s theorem, and may be stated as follows. 


Lemma l. Letl <p<2,p'+p"'=1,0<a< 1. If the series 


> | cnm® |? 
| m | 


is convergent, then f ¢ Lip (a, p’). If f e Lip (a, p), then > | c,,m*' |”' (a’ < a) 
converges, but the series 


De | cam |" 
may be divergent. 
The last clause of Lemma 1 can be verified by the function [5; 632] 


(0) = | 0°’, (a+ 1)p> 1. 
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This function belongs to Lip (a, p) with a = 1/p — a, but the Fourier constants 
a-l 


are of the exact order | m |*"’. Accordingly, the series 


> | e.m"* |?’ > A > (| m|*'**)" = A > | m|- 


diverges. 
The convergence of >> | c,,m* |” implies 


(2.1) % = > | c,m |” = O(n? °’). 
From 
Af(@) = f(@+ h) — f(@— h) ~ 2 = c,, e”"" sin mh, 


it follows, by (2.1), that 


® p/p’ 2 
~ | | af |?” ae) < 2°(>> | c, sin mh |”) 


<2 tr do leam|?+ D | cn!" 


him|<1 1<him 


< A[WPypn- + » Yn(m~? — (m + 1)°”) = O(h*”); 


hence f(@) belongs to Lip (a, p’). 
To prove the second part of the lemma, write 


1 2r ¥* 
= <a |? = 
(2.2) &(h) cé3 laflde) ; 
then &(h) = O(h*” ), by hypothesis. Hence the integral 
2r 
(2.3) / dh 


exists fore > 0. Put 


y,(h) = ar > | cn |?’ | sin mh |’; 
} —n 

then the inequality 

PF « < ’ 

#(h) = (2 / | af |? ae)” ?>2 > | c,, sin mh |” 

2r 0 —@ 

implies the existence of the limit 
wd 


= -- 2° lh ot 
lim J ¥4() dh = tim 3 | cy |” a ah, 
0 ‘ ' 


no no —n 





C 
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since (2.3) is finite. There is a positive constant A satisfying 


[" | sin mh |” 
0 


ae ne 


dh > A|m|{*~* (| m| > 1). 
Hence the series 
(2.4) Bia }el> 


is convergent. This completes the proof of the lemma. 
To demonstrate the theorem of Titchmarsh, we may obviously suppose that 


, 
P =-—P_ecik< 
pt+ap—1 1+ap’ es 


then letting (ak — «)p’/(p’ — k) > 1, € > 0,8 = ak — «, we have 





@o ao 


De em = 20 Cl em | | me [DC om |) 


(2.5) oo @ 
$QZial (arrears, 


The last series of (2.5) is convergent, since 





Further, observing 
sp’k' = (ak — ©)p'k™’ = ap’ — ¢ (¢ = p’k"'e > 0), 


the convergence of > | c,, |* follows from the second part of Lemma 1. 


3. Proof of Theorem 1. We require the following lemmas. 


Lemma 2. If f(x) « Lip (a, p),O << a<sl,g>p>il,a— 1/p+1/q>0, 
then 


f(x) « Lip (a — p''+ qq", 9). 
Lema 3. If f e Lip (a, p), thenf e L’. 


Lemma 4. If fe Lip (a, p), p> 1,1 > a> 0,f(0) ~ > ce", thence, = 
O(| m |~“). 


These three lemmas are given in [5]. 
The existence of the integral 


[scape + 2) a8 
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can be seen by Hélder’s inequality. In fact, from Lemma 2, we have 
fieLip(a—p'+r",r), free Lip (2"'p' —q'+s",s), 
where p < r < 2pands < 2p/(2p — 1). By Lemma 3 we have 
Rei”, i : 


Let 
f aia - an fr ai 9 é7. 
Then 
f(x) ~ > c,d,e"". 

Then 

N N : , N 

} | cada | S {> | c,m* |? }'”” {> FO ee oo 

-N -N -N 


If we choose a’ such that a > a’ > 1/2p, then the right side of the above inequal- 
ity is bounded, as N — ~, by Lemma 1 and Lemma 4. Theorem 1 is thus 


proved. 


4. Proof of Theorem 4. To prove Theorem 4, we appeal to the function 
(hk) of (2.2). First, we prove two lemmas. 


Lemma 5. The existence of the integral 
~s sas p’\-1 | —1 (a+R)p'’-e 
(4.1) j= @(h)(h” ) log h dh 
(>0,R=p'—(@’)'>0) 


implies the convergence of the series 


(4.2) >” | en |?” | m |?’~*(log | m |)°**”?’~*. 


In fact, from Hausdorff’s inequality, the existence of the integral (4.1) implies 
that of 
n , 2s ; : : 
(4.3) lim >> | cn |? / | sin mh |? (h?’)~* | log h™* |“**"? ~* dh. 
Now the integral in (4.3) for | m| > 0 is greater than 
r/4m 
[ sin mh |” (h”)~*(log h™")'**””'~* dh 


x/4\m| 
> (2e7')’ | m |?’ / (log h7')“**™”’~* dh 
0 


(R+a)p’-e 


> A| m|” "(log | m |) 





al- 


on 


ies 
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Therefore, (4.2) is convergent, since (4.3) exists. 


LemMA 6. If f(@) satisfies (1.7), then the integral (4.1) exists. 


Let 0 < 6 < 2z, and write 


pb 


— 
I 


Evidently, J, = O(1). And 


C) 
o( | or" wes so in) 


o( | h~‘(log ny an) = O(1) 


since ®(h) = O(h” “(log h™')-? ’”-*” ), by (1.7). 
To prove the first part of Theorem 4, we write 


= 
| 


I 


>’ | ec, | og | m |)” = >>’ | c, | | m|°'~?”" (log | m |)**7| m |7'/?(log | m |)~*. 
By Hélder’s inequality, the right member is not greater than 
[D> | em |?” | m |?’~*(log | m |S*™?")}?’[>— | m |~*(log | m |)~ “7”. 


If? <R+a-— 1/porR + a-— T > 1/p, then we can choose a positive 
number ¢ such that S = R + a — T — € > 1/p, so that 


(S+ T)p’ = (R+a-— ep’ < (R+a)p’. 
Therefore, _ |e» | (log | m |)” converges for T < R + a — 1/p, by Lemma 5 
and Lemma 6. 
The following example suffices to prove the second part of Theorem 4. Let 


1<p<2,b>0,ap> 1, (6 —a)p> —1, and 


f(0) = (log | @|"')-*C1 — | @})’. 


Then we have 


® 


/ | Af |" do = [ | f(@ + h) — f(@ — h) |” d0 = O(h(log kh"). 
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Put ap = 1 + ap; thena = a — 1/p > 0,sinceap > 1. Letc,, be the Fourier 
coefficient of f. We have 


anc, = [ (1 — | 6 [)*(log | 8 |-)"e™* do 


m~ / (1 — | @m™ |)’(log | @m=" |)~*e"* do 


mr 


(1 — | @m™ |)°(1 — log | @ |/log | m |)~*e"** dé. 


I 


m™*(log | m |)~* | 


Hence there is a positive constant A such that 
| @m | > A | m|~*(log | m |)~*, 
so that 
| em | (log | m |)***-'”? > A | m|~*(log | m|)***"'?-* = A(| m| log | m|)~’. 


This completes the proof of Theorem 4. 
If we put a = 1 in the foregoing example, the second part of Theorem 2 
is proved. Theorem 3 can be proved with similar arguments. 
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THE CALCULUS OF VARIATIONS IN ABSTRACT SPACES 
By H. H. Goupsttne 


The classical non-parametric problem of the calculus of variations deals with 
ares defined by functions y,(x) (p = 1,2, --- ,n). In the present paper we allow 
the parameter p to range over a quite arbitrary set 8, and seek conditions that 
an are y,(z) render an integral of the form 


1= [ fle, we), y'@)) dx 


a minimum in a class of admissible ares. It is shown that this more general 
problem has a theory as complete as that of the classical problem. In a sub- 
sequent paper the author will take up the problem of Bolza in this general 
environment. In the first six sections, analogues of the familiar four necessary 
conditions are obtained. In §7 the sufficiency proofs are made, and in §8 the 
relation beteen conjugate points and the positiveness of the second variation is 
discussed. 


1. Formulation of the problem. We shall use the notation ® to represent 
the set of real numbers, $ an arbitrary class of elements p, and &%, an arbitrary 
Banach space of functions v on 8 to R. It will be supposed that (R, VB, BV), isa 
region of the composite space (R, B, B) of sets (r, v, w) and that f on (R, B, B)o 
to ® is a function of class C'’ uniformly on (R, B, B)o . See [4], [5], [8]. An 
admissible arc y(x) is a continuous function y on (x, , x.) to B which consists of 
a finite number of pieces on each of which y’(x) = 6,y(2; 1) exists and is con- 
tinuous [5; 164] and such that each set (x, y(x), y’(x)) is in the fundamental 
region (MR, B, B), . An admissible variation is a function on an interval (2, , x2) 
having the continuity and differentiability properties of an admissible arc. 

Our problem may then be formulated as that of finding in the class of admissible 
ares joining two fixed points (x, , y,) and (x, , y2) one which minimizes the 
integral 


(1.1) 10) = f° Sle, wa), v'@) ar. 


To carry through our analysis we shall suppose that there exists a mapping 
(v, | pe B) of $ onto a bounded subset B, of B such that the linear extension of 
¥, is dense in B, the limits being taken in the Moore-Smith sense; i.e., to each 
vin B there corresponds a set of real numbers a,, , where r is a finite subset of 
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$B, such that v = lim >> a,», , it being understood that a, = (a,,| pe). It 
T qer 
is also assumed that f(x, y + av,, y’ + byv,) is in B for a, b sufficiently small. 
Calculating the first and second differentials of the functional (1.1) along the 


minimizing are F we find that the relations 


I,(n) | {df lx, y(x), y’(x); n(x)] 
(1.2) a 
+ 6,-f[x, y(x), y’(x); n/(x)]} dx = 0, 


Lon) = [ (82S le, vle), v'@); mle), n(2) 


ites + 28,2, y(x), ye); a2), 9'(a)] 
+ 8, Slr, yx), ya); 9a), a(a))} de > 0 


hold for all admissible variations 7 which are such that n(z,) = .(x) = 0, , the 
zero element in &. 


2. First necessary conditions. If in the equation (1.2) one replaces n(x) by 
the special variation »,¢(«), where v, is an arbitrary member of the family de- 
scribed directly below (1.1) and ¢(x) is a real-valued function vanishing at z;, 
and x, , the well-known fundamental lemma of the calculus of variations shows 
that there must exist ac = (c,) on $ to ®R such that the equation 


(2.1) 8, fern) = | a,f(s;r,) ds + ¢ 


holds at each point of a minimizing arc, where the symbol 6, f(z; v,) is an abbre- 
viation for 6, f(x, y(x), y’(x); v,) and 6,-f(z; v,) has a similar meaning. It is 
evident that c, = 6,-f(z, ; v,) and hence that c¢, is in &. 


THEOREM 2.1. A necessary and sufficient condition that the first variation I ,(n) 
vanish for all admissible variations which vanish at x, and x, is that there exist a 
c in B such that equation (2.1) holds. 

From what has been shown above it is necessary only to prove that this 
condition is sufficient for 7,(4) = 0. Let us observe first that there is a set of 
functions a,(x) = a,,(x), where p ranges over $ and 7 ranges over all finite sub- 
sets of B, such that 

n(x) = lim > a,v, 


T per 


because of the density property of the set [v,]. If we multiply both sides of (2.1) 
by a,(x), sum ‘and pass to the limit, we find that the equation 


(2.2) 6, f(x; n’(x)) = [ 5, f(s; n’(x)) ds + 6, f(x. ; n’(x)) 





It 


the 
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must hold. An analogue of the usual integration by parts shows that 


z 


r. dx [ 5, f(s; n'(x)) ds = in 5, f(s; n(x2)) ds — / 5, f(x; n(x)) dx, 


as may be seen by interchanging the order of integration in the left side. It 
follows therefore that ri 


er 


0= 19) — | 6S 5 9'@)) dx = Ln) 


for all » such that n(z,) = n(x.) = 0, , since 


[a Feer 5 9@) de = 8,fle, 5 ale). 


Coro.uary 2.1. Lf 1,(n) is computed along an arc without corners, then I,() 
vanishes for all admissible variations such that n(x,) = (x2) = 0, if and only if 
the equation 


(2.3) £8, fltsr) = 6,flas») 


holds. 


If the are along which J, is computed has no corners, then clearly equations 
(2.1) and (2.3) are equivalent. 

It is of some interest to calculate J,() along an are E satisfying (2.3) for a 
variation 7 that does not necessarily vanish at z, and z,. To do this we note 
with the help of formula (2.2) and those following it that 


I,(n) = 6, f(x, ; n(x)) 





“+ [ 8,f(; nla) ae. 


It follows at once from equation (2.3) and the property of the set v, that d/dz 
5, f(x; n(x2)) = 6, f(x; n(x2)), and hence that 


(2.4) I,(n) = 46,f(x; n(x)) 





Za 
71 
CorROLLARY 2.2. At each point of a minimizing arc the corner condition 


lim 6,-f[z, y(x), y’(&); »,] = lim 6,,f[x, y(x), y(n); »] 
t<z <9 


must hold for each p in $. 


With the aid of the differentiability hypothesis we see that for each ¢ in B the 
function 6)-,- f(z, y, y’; »» , ¢) isin B; and hence that (83.,. f(a, y, y’/3»,¢)| pe) 
is, for fixed 2, y, y’, a mapping of ¥ onto itself. If at a point (z, y, y’) this map- 
ping has a reciprocal [8; 145], the point (x, y, y’) is said to be non-singular. An 
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are E is non-singular if it is non-singular at each of its points. Using this defini- 
tion we can state an analogue of Hilbert’s differentiability condition. 


CorOLLARY 2.3. Near each non-singular point of a minimizing arc E, which is 
not a corner, the function y(x) defining E is of class C'’. 


To prove this condition we observe that the equation 


Sle, ue),v,%] — [aS ls, u(s), v'(9;m] ds — ¢ = 0, 


has an initial solution (2, v) = (x, y’(x)) at which the differential with respect to 
v has a reciprocal. It follows at once from known implicit-function theorems 
[8; 150] that the unique solution v(x) = y’(x) of this equation is of class C’”’. 


3. The extremals. An are which is of class C” and satisfies the equation 
(2.3) is called an extremal and evidently satisfies the equation 
bey f(x, Y; y’; l, Vy) + dS (2, y, y’; y’, Vy) + bw S (a, Y, y’; y”, Vy) 
ray 6, f(z, y; y’; Vy) > 0, . 


It is clear that every non-singular sub-are without corners in a minimizing are 
isanextremal. We have then the following imbedding theorem. 


(3.1) 


THEOREM 3.1. Every non-singular extremal arc E is imbedded for values x, < 
x < x, (a, b) = (ay , bo) in a family of extremals y = y(a, a, b) with (a, b) in 
(BW, B) such that y, y, are of class C’”’ uniformly on a neighborhood of the values 
(x, do , bo) belonging to E. At some point x, the identities 


(3.2) y(%» , a,b) =a, y.(% , a,b) = b 
are valid. 


To prove the theorem let 9) be the class of all ares continuous on (zx, , 22), let 
3 be the Cartesian product (9), 9), and let ¥ = (VB, ¥B). The spaces 9) and 3 are 
both Banach spaces of the type A, of Graves, and we may use one of his im- 
bedding theorems [4; 540]. Let F(y’’, z) with z = (y, y’) denote the left member 


of (3.1) and let H(z, y’’) denote the pair z = (a + b(r — ro) + / / y’’(s)ds dt, 


b+ / y’’(s)ds), where x = (a, b) and r, is a fixed constant. It is not diffi- 


cult to show that the hypotheses of Graves’ theorem are satisfied and hence 
that there is a solution y’’ (r, a, b) of the equation Fly”, H(a, b, y’’)] = 0, , which 
is defined on a neighborhood of (a, , bo) = [y(7), y’ (ro)] and with values in a 
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neighborhood of those belonging to y’’(r). This solution is of class C’” uniformly 
on its domain and hence 


y(xz, a, b) =a + We — %) + / / y’’(s, a, b) ds dt 


is effective in the theorem. 
It will be shown later that the linear operator 


(3.3) A(a, a, B) = (dy(zx, ao ’ bo ; Qa, B), by,(x, Qo ’ bo ; a, 8)), 


where 6 indicates differentiation with respect to (a, b), has a reciprocal at each 
value x on (2, , 2). 


4. The Jacobi condition. Hereafter we shall designate by 2w(z, n, ’) the 
integrand of the integral (1.3). As usual we consider the problem of minimizing 
the functional J, of equation (1.3) in the class of all admissible variations van- 
ishing at x, and x, , and we remark that 7 = 0, is a minimizing are. It will be 
assumed that J, has been computed along a non-singular extremal without 
corners. The extremals for our new problem must then satisfy the equation 


(4.1) © sya; n(x), 0° (@); 9) = Sy, n(x), 9°(2)s ¥) 


and be non-singular. Known existence theorems [4; 547] tell us that this equation 
has a unique solution through each set (xo , 70 , 9). An extremal for the accessory 
problem formulated above must also satisfy the corner condition of Corollary 
2.2, which implies that 

lim Sv S(a; n’(&) ai n’(g), Vy) = 0, bd 

t<r<t 
Since, however, the original arc is non-singular, it follows that every accessory 
extremal is without corners. 

A value z, is said to be conjugate to x, if there is an accessory extremal, i.e., 

an extremal for the accessory problem, vanishing at x, and x, but not identically 
zero on (2; , %). We then have 


THEOREM 4.1. For a non-singular minimizing arc E,, without corners there can 
be no value x, between x, and x, conjugate to x, . 


Let n(x) be an accessory extremal defining a conjugate value zx, and let u(x) = 
n(x) on (2, , %) and = 0, on (xs, 22). This are minimizes the functional J,(); 
hence it satisfies the corner condition at x, , whence it follows that n(x.) = 
n(x.) = 0,. It then follows that n(x) = 0, . 


THEOREM 4.2. For a family of extremal arcs y = y(x, a, b) of the sort described 
in Theorem 3.1 the linear and continuous operator A in (3.3) has a reciprocal at 
every value of x on the interval (x, , X2). 
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To prove this result, we substitute the given family into the equation and 
differentiate with respect to (a, b). It follows at once that dy(x, ao , bo; a, 8) is 
a solution of the accessory equation (4.1), and with the help of equations (3.2) 
that A(a, , a, 8) has a reciprocal. Consider an arbitrary pair v, w of elements 
in ¥ and an arbitrary value z, of x. It is known that the accessory equation 
(4.1) has a unique solution n(x) such that n(x.) = v, n/(a.) = w. The equations 


by (Xo » Ao; bo > a, B) - n(2o), by. (Xo » WM; bo , a, B) = n' (20) 


have a solution (a, 8) = (a , Bo) and hence the function n(x) — dy(2x, ao , do ; 
@ , Bo) is a solution of the accessory equation, which vanishes at x, along with 
its derivative. Accordingly, n(x) = dy(z, a , bo ; a , Bo), and it follows that at 
the arbitrary value z, , A(z, a, 8) assumes at least once every value in the com- 
posite space (V, B). If for some value zx, the equation A(z, , a, 8) = 0,, had a 
solution (a, 8) # (0, , 0,), then an argument like the one above shows that 
A(z , a, 8) = 0,,, which is a contradiction. It has now been shown that A(z, 
a, 8) has an inverse on (%, B) to (B, B) and it remains only to show that it is 
bounded. This follows at once from a well-known result [1]. 


Coro.uary 4.1. For every solution n(x) of the accessory equation there exists an 
element (a, B) in (B, B) such that n(x) = dy(x, do , bo ; a, 8). 


To develop a theory of fields, we find it desirable to introduce the notion of a 
complete arc. An are E,, is complete if every pair of points (2, , y:), (% , Ys) in 
xry-space, with z, not conjugate to z, , can be joined by at least one accessory 
extremal. The purpose of this condition is to insure that the linear operator 


(4.2) D(x, » &, a, B) = (dy(2, » Ao; bo > a, 8), by (2, Ao ; bo > a, B)) 


takes on, at least once, every value (p, a) in (¥, B) when z is not conjugate to 
z,. It is assumed throughout the next two sections that F,, is a complete, non- 
singular extremal arc. 


THeoreM 4.3. The values conjugate to x, are determined by the values of x for 
which the linear, continuous operator D(x, , x, a, B) defined above in (4.2) fails to 
have a reciprocal. 


To establish the theorem we find it convenient first to show that the conjugate 
values are determined by the values of x for which D has no inverse; i.e., the 
values of x for which the equation D(x, , z, a, 8) = (0, , 0,) has a solution 
(a, B) ¥ (0, , 0,). 

If n(x) is the accessory extremal defining a value x, conjugate to x, , we can 
determine values (a, 8) ¥ (0, , 0,) so that n(x) = dy(z, do , bo ; a, B). Since 
n(x,) = n(x.) = 0, , it is clear that D(z, , 2, , a, 8) cannot have an inverse. 
Conversely, if D(z, , x, , a, 8) does not have an inverse, constants (a, 8) # 
(0, , 0.) ean be so determined that n(x) = éy(x, ao , by ; a, 8) vanishes at x, and 
z, , but is not identically zero on (x, , 2). If it were identically zero, then 

















an 








CALCULUS OF VARIATIONS 817 


A(x, a, 8) in (3.3) could not have a reciprocal, which is a contradiction of 
Theorem 4.2. 

It remains only to show that D has an inverse if and only if it has a reciprocal. 
If D has an inverse for a value z, then z is not conjugate to x, , as we have just 
seen. With the help of a theorem of Banach [1], it follows that D has a reciprocal. 
The converse is obvious. 


Lemma 4.1 Jn a sufficiently small neighborhood of x, there is no value x conjugate 
to 2. 


The operator D(x, , x, a, 8) has a reciprocal for x # 2, if and only if the 
operator 
| 3) A (x, » U, a, B) = { dy (2, » A, bo > &, 8), [dy(z, Ao , bo ; &, 8) 
(4.3) 
— dy(x, , ao , bo ; a, B)\/(x — 2,)} 


has one. Using Taylor’s theorem [5; 173] we may express A in the form 
1 
(4.4) (dy(x, » Ay , bo , a, 8), [ by.(2, + r(z — x), ay 5 bo ; a, 8) dr), 
0 
and hence A(z, , 2, , a, 8) = A(x, , 2, , a, 8) has a reciprocal. It follows easily 
from this fact that A(x, , x, a, 8) has a reciprocal for x near 2, . 


THEOREM 4.4. Jf there is no value conjugate to x, on the interval x, <x < xX, 
then there is an x) < 2x, such that there is no value conjugate to x» on (2, , £2). 


The operator A(é, x, a, 8) defined in (4.3) has a reciprocal for § = 2, , x, < 
x < 2, as shown above. It will therefore have a reciprocal in a neighborhood 
of each value (x, , x), and by the Borel theorem there is then a uniform neighbor- 


- hood of the sets (x, , xz) with x, < x < 2, in which A has a reciprocal. The 


theorem follows from this fact since D(a , x, a, 8) has a reciprocal for x, < x < 2, 
if and only if A(a» , x, a, 8) does. 


THEOREM 4.5. Let y = y(a, a) (a e &) be a family of extremals of class C” 
uniformly on its domain, containing Ey. for a = a, and such that all the extremals 
pass through the point 1. Then the values conjugate to x, are determined by the 
values of x for which the function by(x, ay ; a) fails to have a reciprocal, provided 
by.(%, , Ao ; a) has a reciprocal. 

We first show that every accessory extremal n(x) vanishing at 2, is expressible 
as éy(x, d) ; a). We can determine an a@ in % such that dy(z, , a) ; a) = 0,, 
by.(%, , ao } @) = 9’ (x). The are n(x) — dy(x, ao ; a) is then identically zero. 
The remainder of the proof is quite like that of Theorem 4.3. 


5. Simply covered regions. We consider in this section a family 


(5.1) y = y(x, a) (a, -e<xr<awte,iial) <e) 
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of extremals containing E,, for x, < x < x, , a = ay, and defined by a function 
of class C’”’ uniformly on its domain. This family simply covers a region § of 
ry-space if there is a unique extremal through each point (z, y) of §. If § is 
simply covered, we can solve equation (5.1) for a and get a single-valued solution 
A(x, y). The function 


(5.2) p(x, y) = y.(2, A (a, y)) 


is called the slope-function of the family. 


LemMa 5.1. If the linear operator b5y(x, ay ; a) has a reciprocal at each value x 
on (x; , 2), then there is a region § of xy-space that is simply covered by the family 
(5.1) and that contains E,,. In this region the slope-function p is of class C’. 


To prove the lemma we apply an extended implicit-function theorem of Graves 
[4; 532] to the equation 


(5.3) y — y(x,a) = 0,. 


This equation has as an initial solution the set 3° of all (x, y,a) such that x, < x < 22, 
y = y(x, a), a = ay , which is self-compact. If we designate the ry-projection 
of this initial solution by U°, then there are positive constants c, d and a solution 
A on (U°), to @—the notation (U°), means the sum of all neighborhoods (u), of 
radius d of points u in U°—such that, for every (z, y) in B°, A(z, y) is the unique 
solution (x, y, a) of (5.3) for which (x, y, a) is in a uniform neighborhood (3°). 
of 3°, and it is of class C’” on (U°),.. We may now choose the region § to be the 


neighborhood (1°), . 


THeoreM 5.1. Jf a non-singular extremal arc E,, has no value conjugate to 
x, On x, < & SX, then there is a value x < x, such that the extremals through 
(to , y(%o)) form a family (5.1) which simply covers a neighborhood & of Ey. in xy- 
space. 


If in Theorem 3.1 we set a = y(2,), we get a new family y(z, b) of extremals 
all of which pass through (2, , y(2))) and for which éy(z, by ; 8) has a reciprocal. 
The theorem then follows from the lemma above. 

Before proceeding further it is desirable to establish the following lemma. 














Lemma 5.2. If a neighborhood § of the arc E,,. is simply covered by a family of 
extremals all of which pass through some fixed point (x9 , Yo), then for an arbitrary 
arc C,, in ® joining the ends of E,, it is true that 






ME.) = [ (fe, v, le, w)) + ble, w wee, w); ¥’ — ple, w))) de, 





where (y, Y’) are the elements belonging to C,, at the value x. 
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(29 , Yo) and the point [z(?), y(t)] on C,,. Calculating the derivative of 


To establish the lemma let y = y(z, t) (t; < t < t) be the extremal through 


z(t) 


I(t) = S lz, y(x, 0), y.(x, 0) dx 


we find, with the help of (2.4), that 
I(t) = fix, yO, p(z@, y@)]2’(O 


(5.4) 
+46, fiz, y@, p(z, y);  (O — p(x, y(O)z’(b). 


If x, = x(t,), v2 = x(t.), we see that y(z, t,) defines E,, and that y(z, t.) defines 
Eo. and hence that 7(£,.) = I(t.) — I(t,). The lemma then follows from (5.4) 
by means of an integration. 


6. The conditions of Weierstrass and Legendre. To establish an analogue 
of the Weierstrass condition we use the method developed by Graves [6] for 
proving this condition. Let us consider a value 2* inside the interval (zx, , x2) 
and a value Y’ such that (2*, y(x*), Y’) is admissible. We define a comparison 
are C,,, by the relations 


y(x*) + (x2 — 2*)Y’ (c* <2 < be + 2%), 
y(xz* + b) + > [y(z* + b) — y(x*) — beY’) 

(be + x* < x < b+ 2*), 
| y(x) (elsewhere). 


o(z, b,e) = 


For sufficiently small positive values of b, e this arc is admissible and we have 


0<; UG.) - 1) 


= ; ]  Lflar, ole, b, ©), gale, b, &)) — fle, y(x), ye) dex 


+3 (pte, oe, b,¢, ale, b, 0) — fle, vis), yD) es, 


b z*+be 


if it is assumed that Z is a minimizing are. Using the law of the mean for in- 
tegrals and letting b approach zero, we find that 


0 < ef f(a*, y(x*), ¥’) — f(x*, y(x*), y’@*))) 


+(1- axa], yiz*), —— (y'(e*) — ev) | ~ ste, vie"), yer). 
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If both members of this inequality are divided by e and if e is made to approach 
zero, we find that 


(6.1) E@yy,Y) =fayY) -fayy) — 6S@,yy;Y’—y) 20. 
THEeoreM 6.1. If E is a minimizing arc, then the condition E(x, y, y’, Y') > 0 
must hold for each (x, y, y’) belonging to E and to each Y’ # y’ such that (zx, y, Y’) 
ts admissible. 
This condition was proved above for z interior to (x, , z2). At x, and x, the 
condition follows by simple continuity considerations. 


THEOREM 6.2. At each point (x, y, y’) of a minimizing arc the condition 
(6.2) by S (2, Y; y’; n; n) 2 0 
must hold for every n e B such that || n || = 1. 


To prove this we expand the £-function of (6.1) by means of Taylor’s theorem 
and get 


0 < E(z,y, y’, Y’) 

(6.3) , 

= [ (l — r)d,S lz, y, y’ + (Y’ — y’r; Y’ — yy’, Y’ — y') ar. 
0 


If we set Y’ = y’ + en in (6.3) and let e approach zero, we get condition (6.2). 


7. Sufficiency theorems. As is customary we shall use the notations I, II, 
III, IV for the necessary conditions expressed in Theorems 2.1, 6.1, 6.2, 4.1. 
The condition Il, is the condition II extended to hold for all (zx, y, y’) in a neigh- 
borhood N of those belonging to E,, . The condition IV’ is the condition IV 
strengthened to exclude the possibility of x. being conjugate to z, . Finally 
II, , III’ are the conditions ITy , III strengthened to exclude the equality signs. 


Lemma 7.1. Jf a non-singular arc E satisfies condition I1y , then it also satisfies 
condition Il, if N is small enough [7]. 
If II, did not hold, there would be a set (x , yo , ys, Y6) such that yf + Y% 


and E(x, , yo, ys, Y$) = 0, ie., the function g(y’) = E(x , yo , y’, Ys) would 
attain its minimum at y’ = yj. At this value then we would have [3] 


0 = bg (ys > n) — = 83. f (xo > Yo; Yo > 2 Y% = Yo) 
for all ne B. This is impossible since the neighborhood N may be taken so small 
that in it 6:-,-f(xo , yo , yo; v» , ¢) has a reciprocal. 
TuHeoreM 7.1. Let E,, be a complete, non-singular arc without corners satisfying 
conditions 1, III, IV’. It then furnishes the integral I with a proper, weak relative 


minimum. If E,,. satisfies the condition I1y instead of III, then the minimum is a 


strong relative one. 
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It is clear that a non-singular arc satisfying III also satisfies III’ and the proof 
for a weak minimum is entirely analogous to the one for the classical case. The 
same remark applies to the proof of the strong minimum when one observes, 
with the help of Lemma 7.1, that II} is satisfied. 


8. The second variation. It is assumed in this section that E,, is a complete, 
non-singular extremal arc. On the basis of what has preceded we shall develop 
an analogue of the Bliss-Clebsch [2] transformation of the second variation. To 
this end we study the accessory minimum problem, formulated in §4. The are 
n = 0, is evidently a complete, non-singular accessory extremal. If the are E,, 
has no value conjugate to xz, on the interval (2, , z2), then 7 = 0, also has this 
property. If y = y(z, b) is the family of extremals of Theorem 5.1, then the 
family 7 = dy(z, bo ; 8) simply covers the region of xn-space between the hyper- 
planes x = x, , x = x, and all the ares of the family pass through (x, ,0,). The 
slope-functions of this family will be denoted by x(z, 7). 

If n(x) is an arbitrary admissible variation vanishing at x, and x, , then Lemma 
5.2 assures us that 


8.1) Ian) = Lala) — 1.0.) = | Eule, n(x), w(e, n(@)), 9'@)] dr, 


where E, is the E-function computed for the integrand 2w(z, 7, 7’) and has the 
value 


(8.2) E. — by Sz; n’ (x) oe r(x, n(z)), n’ (x) iid (z, n(x))]. 


THeoreM 8.1. Let E,,. be a complete, non-singular extremal arc which satisfies 
condition III. Then the second variation I,(n) is positive for all admissible varia- 
tions n(x) ¥ 0, vanishing at x, and x, if and only if E,, satisfies condition IV’. 


If IV’ is satisfied, then J,(n) > 0 follows from (8.1) and (8.2). To establish 
the converse, we see, with the help of Theorem 4.1, that J,(n) > 0 implies that 
E,, satisfies condition IV. If x, is conjugate to x, , then there is an accessory 
extremal n(x) vanishing at z, and z, and not identically zero. By means of a 
formula analogous to (2.4) for 2w, we see that J,(y) = 0. Hence J,(n) > 0 
implies that IV’ is satisfied. 


THeoreM 8.2. Let E,, be a complete, non-singular extremal arc satisfying II. 
The second variation I,() is non-negative for all admissible variations n(x) vanishing 
at x, and x, if and only if E,,. satisfies condition IV. 


It suffices to show that IV is sufficient since the converse was proved above. 
Let (x) be an arbitrary admissible variation vanishing at x, and x, and let H,(z) 
be defined to be 9o(x) — (x — 21) m0(%2 — 1/n)/(a2 — 2, — 1/n) ona, S&L Xwy,— 
1/n and 0, on x, — 1/n < x < 2,. The variation H, is admissible, vanishes at 
xz, and x, , and converges both in position and direction to m on (x; , 22). 


oh oe ere 
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On the interval (x, , x. — 1/n) there is no value conjugate to zx, and hence 
by Theorem 8.1 the integral 


tq-l/n 
Ian) = [ Yola, 2, 9) de 


is positive for all » # 0, vanishing at z, and xz, — 1/n. It is clear that /,.,(H,) 
converges to J,(q) and that H, vanishes at x, and x, — 1/n; hence J,(n)) > 0. 
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THE POINT OF INFLEXION OF A PLANE CURVE 
By Su-CHENG CHANG 


1: In attempting to generalize Bompiani’s investigation for an inflexion of a 
plane curve [1] to the singularity of high order [3], the quartics of two cusps and 
an inflexion with concurrent cusp tangents and inflexion tangent are utilized 
here to represent several orders of the neighborhoods of the curve at its inflexion, 
as Bompiani has done by using cusped cubics. According as the inflexion is of 
the first or the second class, two types of canonical expansions are given, namely, 


y= 2457 + ae + ©) 


the former coincides with that given by Bompiani [1], while the latter is new. 
A similar improvement for the cusp of a plane curve has been established by the 
author [2]. 


2. There are quarties each of which has a point of inflexion at O(0, 0, 1) and 
two cusps at P,(z, , y, , 2,) and P,(z. , y2 , Z2). In the following lines we utilize 
a special kind of them whose cusp tangents and inflexion tangent are concurrent. 
If the inflexion tangent is taken for y = 0, then the equation of one of these 
quartics is 





(« DY — Wx , wie + way + out)’ 
Yr YiYo 





2 2 
x (fy — 2c ew bey 9% we tew tes) 
T tT 1 T YiYeo 


(1) + sat (2 _ ne)? (a2 + W2Y + **) 
Y YiYo 


46 a u(« Diy — Yr + wt + wey + st) (“2 + wey + out) 
T VY YiYeo YiY2 














4 ot (20 - ) =| a(1 My “?) a (2 + wy + st)’ erty 
Yi a T Yio / 
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where we have placed 


DO = Yirt2 — Yo%, We = 2,12 — 22%, , Ws = GWY2 — Ley ; 


(2) YY 
co (y:y2 # 0). 


The cusp tangent at P, of the quartic is given by 


(3) a( 2 a ue) + Wr + Wey a @32Z a 0 
Yi YiY2 : 








Suppose that a curve C has a point of inflexion at O so that its expansion at O 
takes the form 


(4) y = ax’ + br* + cx’ + dx® + ex’ + fr® + (9). 


If a quartic C, of the equation (1) has a contact of order 4 with C at O, then 


" b 
(5) ayiYs + 8(yiz2 — Y22%i) + 4 a (t11Y2 — tey:) = 0. 


For a given value a the locus of one of the cusps of C, is therefore a line when 
the other is fixed. Thus, taking a as a parameter, we obtain a pencil of lines 


b 
(6) ayy + 8(yiz — zy) +4 . (xy — yx) = 0, 


whose center is (1, 0, b/2a), namely, the covariant point O, of Bompiani [1]. 
Suppose that the cuspidal tangent (3) of C, passes through a given point 
T (xo P 0, Zo) so that 


—ALYiY2 + 1% + Wat = 0. 
For a given cusp P,(2, , y; , z,) of C, with given cuspidal tangent P,T 
(7) — Yi Zor —_ (2, — L20)Y te ToYiz = 0. 


The locus of the other cusp P, is a line 
(8) Wy, Z2. — 2) +4(2+ 2) oe — x.y,) = 0 
AY Z2 Yor a 4x, Ye 2 ’ 
provided C and C, have a contact of the order 4 at O. The lines (7) and (8) 


coincide if and only if 7’ becomes O, . 
The point of intersection T’ of the line (8) and y = 0 is 


4b ts) 
(9) (, 0, 9a ~ 92 








tO 


1en 


int 


(8) 
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and therefore the correspondence between T and T” is projective with double 
points at O and O,. Hence we have the following 


THEOREM. Given a point P(x, y:, 2:) outside the inflexional tangent of a curve 
at O, there is an involution of lines of center P, determined by the neighborhood of 
order 4 of the curve at O, and the double lines pass through O and O, , respectively. 


3. In order that the curves C and C, have a contact of the fifth order we have, 
besides (5), a further condition, namely, 


rigs” = b c 2 
(10) 3aw3(X1Yo + Lyi) + Goiyiye + 6 gq iY2@iws + 20 YiYow; = 0. 


If one cusp P, of C is fixed, the locus of the other cusp is a nodal cubic having a 


node at P, : 


3a(xyy — yx) (ny + yx) + 6Gyy(mz — zy)’ 
(11) 


b 2c 3 
+ 6 6 yiyyiz — zy(ay — yx) + Yi = 0. 


The two nodal tangents are evidently 


(ig) =2— wr . : —— [—3by, + (9b’y? — 12acyi — 36a*x,y,)'). 
Yiz— ZY 2cy, + bax, 





It follows that the curve (11) becomes a cuspidal cubic if and only if P, lies on 
the line y = O or 


b? 
(13) (u-+ y—-x=0. 


The latter is the Bompiani line 1, (see [1}). 
It should be noted that the harmonic conjugate line of OP, , namely, 


(14) ry, — yx, = 0 


with respect to the lines (12) is 
2a 
(15) ny — yxrt " (yiz — zy) = 0, 


and passes through O,. Hence we arrive at the 


THEOREM. Given a point P,(x, , y; , 2:) outside of 1; and the inflexional tangent 
of a curve at its point of inflexion O, we can, by means of the neighborhood of the 
fifth order of the curve at O, determine a nodal cubic such that P, is a node and the 
harmonic conjugate line of OP, with respect to the two nodal tangents passes through 
the Bompiani osculant O, . 
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On the contrary, if P, lies on /; , then the cubic (11) is a euspidal cubie with 
cuspidal tangent: 

' b° c 2a 
(16) da? 7” =) uu — 9.2 + i} (y,z — zy) = 0, 
which constitutes a pencil of lines with center O,. Thus we have the 


THeoreM. If one cusp of C, is fixed on 1; and if C, has a contact of the fifth 
order with a curve C at its point of inflexion, then the locus of the other cusp of C, 
is a cuspidal cubic whose cuspidal tangent passes through O, . 


The line joining P,(z, , y; , z,) and (a, 0, 8) 


oy B (=: ez: ) 
1 ony an eo om 
( ”) ’ : + Yi ay, y 


meets the nodal cubic (11) at P,(2, , y; , 2,) and another point 


3ax, + (2) _ ("8 8) y + 7 
a 
8 6b8 2c ) 


—3ay, , > 


(18) 


For a fixed value of 8/a the point (18) describes the line 


Cus elle aes ) r 
(19) Saye + (Sar + 6% y ee ae y = 0. 


Hence there is a projectivity determined between the line (19) and the line 
(20) ny — yx = 0. 


The double elements are found to be y = 0 and the line 


a sr + (0(2)'— 08 422)y=0 


Thus we obtain a correspondence F’, between the point (a, 0, 8) and the line (21), 
under which O, corresponds to /,. In other words, we have the 


THeorem. The neighborhood of the fifth order of a curve at its point of inflexion 
determines a correspondence F, . 
Take the coérdinate system such that /, is 2 = 0 and O,, (1,0,0). Then 
(22) b=0, c=0. 


If C, and C have a contact of the sixth order at O, we find, besides (5) and (10), 


a further condition 
c 











h 
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2 4 
(23) a®x? + (—8dy? + 16a°y,z,) “ + 18a°z,y, («) + siay;(**) = 0. 
W3 W3 W3 


From (10) and (23) it follows that for a given point P,(z, , y; , z,) with y, # 0 
there are four related points each of which can be coupled with P, as the two 
cusps of C, in order that C, and C have a contact of the sixth order at O. If the 
joins of P, with the four related points are harmonic, then the locus of P, is 
easily found to be a cuspidal cubic 


(24) 5 u(—dy + 2a’z)’ — a’x*® = 0, 


whose cusp being (0, 2a’, d) is the Bompiani osculant O, (see [1]). On the con- 
trary, the Bompiani cuspidal cubic [1] is given by the equation 


(25) y(—dy + 2a’z)’ — 4a°x* = 0. 
Therefore, the Segre invariant of (24) with respect to (25) is 3/8. 


Now take the triangle 00,0, for the triangle of reference so that the relations 


between the new and the old coérdinates become 
2 
war-(4-4)p y* =y, 
(26) 
1 2bc , D 


z* = 1 | aate - abe - (a- 24H v|; 
the expansion of the curve (4) then takes the form 
(27) y = ax® + px’ + qx’ + (9), 
where 


ae > 160 3a 
be bd «639 b’c , 1450° , 19 be? 
8) g=f—-3%4+67S- S784 er yee 
(28) sd ae 4 a 32 a° 3 a’ 
4 3 
-344 2 9h 45°. 
a 8a’ 2a a 


In the new codrdinate system every line of the pencil with center (a, 0, 8), 
where a-8 # 0, in general, possesses a pair of points which can be taken for 
the two cusps of C, having at O a contact of the sixth order with C. When 
the line varies in the pencil, the locus of the point is, after (23), a conic: 


(29) a*x” — 16a’ (2) yz + 180°(2) zy + siay‘(2) = 0, 
a Qa a 
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which touches y = 0 at (0, 0, 1). Let P* be the pole of 1; with respect to the 
conic (29); then 


(30) (00, , P*P) = ;. 


If we take 8/a as a parameter, the conic (29) envelopes a cuspidal cubic 
(31) —32*y + azx® = 0. 


The latter has at O the Segre invariant 1/3 with the Bompiani cubic. 
Similarly, the polar line of O, 


(32) ~16ar + 1802 x + 10e(2)'s at 
a Qa 
also envelopes a cubic 
er ee 
(33) 4yz + 12 az* = 0, 


the Segre invariant in this case being 1/48. 

In general, for a point P,(z, , y¥: , 2:) (vy, # 0) we can determine four related 
points by the neighborhood of the sixth order at the point of inflexion, and 
accordingly obtain a conic through P, and its four related points, namely, 


63. 3., Mezmn 196 ..2,. 26 
= @'z.yiz? 4 ——— i cy + (- aye — a aya) 
(34) 9 81 81 81 


y +% i ‘yiziy2 — 4e*yiz” = 0. 


This conie passes through P(x, , y,; , z,) and cuts y = 0 in the two harmonic 


points of O and O, 
(1,0, (: fu.) ). 
(ax, 


Since the polar line of O, with respect to the conie (34) is 
or “ 2 
(35) yt + ony = 0, 


we have that the cross-ratio of the four lines (35), OP, , 1; , and the inflexional 
tangent is —2/63. As to the polar line of O(0, 0, 1) with respect to the conic 
(34), namely, 


130 


81 zy —-yz=0, 


(36) 


we have that the cross-ratio of the four lines (36), O,P, , the inflexional tangent 
at O of C, and the cuspidal tangent of the Bompiani cubic is 81/130. 
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In virtue of (29) and (34) a correspondence between points and conics is 
obtained. Denoting it by F, , we have the 


THEOREM. The neighborhood of the sixth order at a point of inflexion of a curve 
determines a covariant point O, and a correspondence F, . 


It should be noted that if the conic (34) degenerates into lines, the locus of 
P, is 


(37) 1792y2” — 36765azx* = 0, 


whose Segre invariant with the Bompiani cubic is 36765/1792. 


5. If C, has at O a contact of the seventh order with C a further condition is 
required, namely, 


23 ¢ 2 
(38) 7a’ xe, + "e yw; — Way,2ww;, — 36ax,yw;, = 0. 


The locus of the cusps of C, in consideration can be found by eliminating w,/w; 
from (23) and (38). Putting 


we know that the locus is given by 
2,2 P 2 > = 
jax +9 — = 5Oayzr — 36axyr~ = 0, 


a’x”’ + 16a°yzr + 18a°xyr* + 8lay’z* = 0, 


namely, it is of the parametric equations 


(39) 


yar 


For a fixed value of + (+ 0) there are two corresponding points (39). This pair 
of points can be taken for the two cusps of C, such that C, at O has a contact 
of seventh order with C. On the same tangent y = 0 there are, however, four 
points, other than O, through each of which no line can be drawn such that a 
suitable pair of points on it becomes the cusps of the quartic C, in consideration. 
They are, in fact, of the coérdinates 


(1, 0, 7;) (¢ = 1, 2, 3, 4), 
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where 7; are the roots of 


- S 
(40) r+ 27a 7 0. 


For these 7; (¢ = 1, 2, 3, 4) the corresponding points (39) are 














path Se hs Re =. i 
.  s (cos(s ao ‘)s + isin (1 oo ‘)x) Wal’ 
(41) 
w —1 (cos (H+), +4 sin (E+ 3 +38), ) [=p 
Rema Sing. 27a 
(k = 1, 2, 3, 4), 


where « = 0 or | according as —p/a > 0 or < 0. In the pencil of conics deter- 
mined by the four points (41) there is a particular one not only passing through 
O, and O, but also tangent to y = 0 and x = 0 at O, and O, , respectively. This 
conic is 


1 
(42) 2 = ~w: ry. 


If e + 0 we take a point of intersection of the conic (42) and the Bompiani 
cubic 


(43) zy — ax* =0 
for the unit point such that 

27 
(44) = l, Pp - 16’ 


and, in consequence, the canonical expansion of the curve C at O becomes 

(45) y=r+7, at a + ga" + (9). 

As the line through the two points (39) is 

(46) ret (r-2)y + 12 =0, 

it takes the limiting position 

(47) tet (at - P)\ytrz=0 (= 1,2,3,4) 
when r — 1, (i = 1, 2, 3, 4), where 7, are the roots of (30). There is a pencil of 


conics determined by the four lines (47). If we take (44) for unit point, the 
equation of this pencil is 


(48) v + 25u? + «(16uv + 5w’) = 0, 
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where « is a parameter. If the conic (48) touches the line 
(49) r+y+2z=0, 
it must be of the equation 
(50) v + 25u? — “ (16 + 5w*) = 0, 
provided 00,0, is, as before, the triangle of reference and (44) the unit point. 
A point of inflexion of a plane curve is said to be of the first class when in (27) 
(51) ap ~ 0, 
the second class when 
(52) ap = 0, aq ¥ 0 
and the third class when 
p=q=0. 


Of course, the canonical expansion (45) is not valid for the points of inflexion of 
the second or the third class. 


6. If C, has at O a contact of the eighth order with C there is one more required 
condition 


(53) 12axryr® + 2ayzr* + 5a°x*r + 3 : yr + iy = 0. 


Substituting (39) in (53) we have 


ft ee 
(54) 1327° + es. 0. 
By (54) we can find 7; (¢ = 1, --- , 5) and then obtain five pairs of points (39) 


such that each pair of them can be taken for the cusps of C, in consideration. If 
the point of inflexion is of the second class, that is, p = 0 and q ¥ 0, the five 
roots of (54) are 


k 


as 
132a 


In this case the five lines determined by each pair of points (39) 


, ¢ = am (=!) (e~ +1;k =1,--- , 5). 








(55) T, = € 


(56) e+ y+ 2 =0 (k= 1, +++, 5) 


are tangent to the conic 


(57) x. —-*/=9 
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that is, 
(58) 3qy’ — 88a*xz = 0. 


Now we can take a point of intersection of the Bompiani cubic (43) and the 
conic (58) for the unit point such that 


and the canonical expansion of the curve at its point of inflexion of the second 


class is 
3 , 88 5 
y=2 + 3° + (9). 
If p * 0, that is, the point of inflexion is of the first class, we have from (39) five 
pairs of roots of 


4 € 
(59) 1327° + ? r—q=0. 


The line determined by every pair of points (59) is 





' 2 7 3 , 
(60) re+u(2 t- 3) +7r;z=0 @=1,---, 5), 
and the five lines thus obtained further determine a conic, namely, 
2 49¢ 7-97 » 11-3° 11-3° ts 
61) & —- —w + —— 8 = SO > sD OO. 
528 32-22 7-2'q 7’ -2°¢ 77.2"*.¢? 
The pole of the inflexional tangent of C at O, namely, u = w = 0, with respect 


to the curve (61) is 


(62) pe(- tLe = ). 
7:2 °q¢ 7-2°q 


Since the determination of the unit point is geometrical, we may express in terms 
of the double ratio D of z = 0, y = 0,z — y = O and P*0, : 
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THE SINGULARITY Sy OF A PLANE CURVE 
By Su-CHENG CHANG 


1. By a singularity Sf of a plane curve we mean the point at which the 
tangent to the curve has a contact of order m with the curve. If this point is 
taken for the origin O(0, 0, 1) and the tangent for y = 0, then the expansions of 
the curve in the neighborhood of O become 


(1) x=s8) 4,8’, y = s" > d,s’, z=1+)> ¢,8, aoby ¥ 0. 
0 0 0 


In particular, when m = 3, the singularity which is a point of inflexion has been 
studied by E. Bompiani [1] and the author [2]. It is B. Su [4], [5] who generalizes 
Bompiani’s osculants to a curve with a representable singularity of high order. 
In a recent paper [3] we have studied the singularity S} in detail and obtain the 
canonical expansions of two species of S} that had been classified projectively. 

It is natural to extend our method of representing the neighborhood of various 
orders of an Sj to the study of an ST (m > 4). Here we investigate only the 
representable singularity considered by Su, namely, the singularity for which 
the invariant point O,,, exists, and give a geometrical interpretation of the 
conditions for a representable Sy’, as these have been derived analytically by Su. 

There are other covariant figures, besides O,,., , /2,-, and O2,, , determined by 
the neighborhoods of high orders of a representable ST. A formulation of these 
elements as well as a supplement to the canonical expansion of Su for two 
species of a representable ST forms the main object of this note. 


2. Suppose that a curve C has a singular point Sy at O(0, 0, 1), so that the 
expansion can be written in the form (1). In what follows we shall utilize an 
algebraic curve C,, of order m having a node, a singular point S}, and an (m — 2)- 
ple point with coincident tangent. Let P,(x, , y, , z,) and P.(x2 , yz , 22) be the 
(m — 2)-ple point and the node of C,, , respectively, and let 


LY — Yt, wit + wey + ws2 


= 
ea YrYe 


be the equation of the common tangent of C,, at P, ; the equation of C,, , which 
has a contact of order m with C at O, can be written as 


r (He= yt poet ow + ont) _ gilt y (20 — uz) as 
Yi YiYeo W3 Yi 


Received April 22, 1942. 
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+ (2) (ez) 











(2) 
+ y 5 > { (zu —_~ me)" (8 a Wey + sat) 
1 ane Yi YiYe 
+ ( —j)r** & Ay” = (ua) ‘(#2 + wey + *!) ae af 
YiYe . 
where 
@, = Yil2 — Yot1, Wo = 2;%2 — 22%,, W3 = MiYo2 — Toi ; 
—] 
= A 
em — 2 — ; 
and A; (t = 1, --- , m — 2) are arbitrary constants. In order that C,, have at 


O a contact of order m + 1 with C it is necessary and sufficient that 


—byteAn-s(--)"” + (- Fait + (-aret (tute) 
pen: (m_ — 1)wws' ] oa 
x (2) alas (2. 2) bees rere ; "ab - 


The quantity A,,_, thus determined is called the (m + 1)-th parameter [3]. For 
given point P, and fixed A,,_, the locus of P, is 








— AgbpAn-2(tiy — yt)" + ( —1)™"*(m — Las * (y.y)"(mz — zy) 


(4) + (- rn = " a, (yy)"(riy — yx) + (m — I)does(yiy)"(tiy — yr) 


ido m 
—m nig (yiy)"(aiy — va) = 0 


As A,,-, varies the curves (4) always pass through P, and constitute a pencil, 
called the pencil of the (m + 1)-th curves with center P,. The tangents of these 
curves at their center coincide in the line 


abo 





(5) (0, +m — lbc, — m ie Gay — yx) + (m — l)aob(yi:z — zy) = 0, 


which clearly passes through the point 


(6) ((m — 1)aobo, 0, b: + (m — 1)boc, — mule) 


0 


which is independent of P,. Denoting, after Su [4], [5], this point by O,,,, , we 
have the 











P at 


For 


we 
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THEOREM. Given a point P, outside of the tangent of a plane curve at its ST, 
there is determined a pencil of the (m + 1)-th curves with center P, . The curves of 
this pencil have at P, a common tangent which passes through the invariant point 
O 


m+il- 


3. Put 
2” a s'(>. a, 8”) ~ 3” ) 2 A, 8", 
0 0 
2” = (1+ D0 ¢,8)’ = > C,,,8, 
1 0 
k 
Ui, ” b> Be Miw~o~tie ’ 
¥.a,7=0 
v+pt+reHk 
so that 


If O,,,, is taken for (1, 0, 0), then 





.+ie- ha - ewe 
and 
a+ ° (yiYo)"@, 
7 A.-2 = (—1)"*"(m — 1) 
(7) (—1) >, (wo,)™ 


In order that C,, have a contact of order m + 2 with C another condition is 
required, namely, 


ei ats Ge os wat 
A,,-sboaiws : + (-—1) ‘ > U 10,2(YrYo) Ws 
0 


(8) 


m+1 — | a 2 * r m-1 2 
— (—1) One Un = 2) ~ 12,0(Yi Yo) @) 


+ (—1)"A,..o(yiy2)” ‘ws = 0. 


By means of (8) we can choose A,,_, for prescribed P, and P, in order to obtain 
the C,, under consideration. We call A,,_; determined by (8) the (m + 2)-th 
parameter of P, and P, . 
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When P, and A,,_; are fixed, the locus of P, is 


m 1 Ao 


Choaaiy — y:x)"*' + (-1) p, Ur0.2(yy)” ‘(ay — yxy 


( ant 
(9) 4 (| ™ 9 Vaz") ‘(yz — zy)’ 


+ (-)"(yy)” 


where C is an arbitrary constant. We call the curves (9) the (m + 2)-th curves 
with center P, . Since P, is the node of these curves, the two nodal tangents at 
P, which are independent of the (m + 2)-th parameter are given by 


(10) (= Uio.2 — 1.2) cow — yz)" — ¢ Voz"*cne — zy) = 0. 


These lines intersect the tangent y = 0 at two invariant points 


a= S? . sone  -_ ' 
(11) (| 2 ] "Ao , 0, + [e l 10,2 ~ Ans] ). 


(a:5 one O....6.0; 


‘An (ty — yt) = 0 


It is clear that these points, denoted by O,, coincide if and only if 


=> Uw.2 — Ans = 0, 


bo 


(12) 


which is nothing but the first of the conditions in order that the singularity S? 
be representable. (See [3], [4], [5]. We call these conditions the conditions of Su.) 


Hence we have the 

THEorEM. The neighborhood of order m + 2 of a curve C at tts singular point 
ST determines a three parameter system of the (m + 2)-th curves, whose nodal 
tangents at their center pass through two covariant points O,,,2,, and O,,.2,2 at the 
tangent of C at ST. These points coincide if and only if the first condition of Su is 


satisfied. 
If 
(13) = Uro.s nie, ; = 0 (k = 2, <wiek bikes I), 


for3 <r < m — 1, C,, has at O a contact of order m + r with C if and only if 


wF'A,1 — oa Nt (yiy.)” “or ' = 0 (= 2,---,7), 


(14) ww; A,-.-1 — (—1)” ha Ma |e (y:yo)” ""' 





t Ui-.0 


2 = pre ipheiat 7. 
(—1) w3(YiY2) (A paar by 


m 
Ao 


Uv.) = 0. 
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As before, we can similarly define the (m + r)-th parameter, the (m + r)-th curve 
with center P, and the r invariant points 


(tJ Ya[eo(u-Be)P) 
r by 


@=1,-:-,r,e€ =1,e# 1), 


(15) 


the latter being denoted by O,,.,.; (¢ = 1, --- , r). If two of them coincide, all 
of them necessarily coincide with O,,,, , since in this case 

m 
Qo 


= b, U 0.9 = 0, 


(16) i, 
which is one of the conditions of Su. 
Hence we have the 


THEOREM. Suppose the first r — 2 conditions of Su are satisfied at a singularity 
ST of a curve, namely, 
Qs 7; 
a Uion — Ane = 0 (kK =2,---,r-—-1;2<r<m-— 1). 
Io 


Then there exist the (m + r)-th curves determined by the neighborhood of order 
m + r of the curve at the singularity ST. The center of these curves is an r-ple 
point and each of the r tangents of the curve passes through an invariant point 


Ons.« ( = 1, +++, 7). If two of these points coincide, then all of them are co- 
incident with O,,., . The necessary and sufficient condition for this is that the 
(r — 1)-th condition among the conditions of Su be satisfied, namely, 

ay 


— Uw, — Aa, = 0. 


bo 


4. In what follows we consider only the case where O is a representable singu- 
larity Sy’, namely, 
ay 


(17) b, 0. — An, = O (r 


II 
$9 


, m — 2). 


Such a singularity is denoted by S7.,,-,. If C,, has at O a contact of order 
2m — 1 with C, then we have 


; m+1 l “| m-j+2 j-1 
at*'A.-. — (—1) e 1s (yys)""' ‘wi’ = 0 


(18) 
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and a further condition 


m a-1 
2b,a"~" _ % De Yio + (—1)?"a YiY2 
bo W3 w, 


(19) 
+ Vide ror Tn m™ bar | — 0. 


W3 1 


When P, is fixed outside y = 0 the locus of P.(z, , yz , 22) (y2 ¥ 0) is a curve 


a » “in a 
2boas ‘(ay vai Y:2) sys b U0, m—1Yiy(“iy —- yi2) : 
0 


(20) + (—1)""'a5"""yry(yiz — zy)" 
+ yiylay — wayr| Ann a” _ a] = 0. 
1 
Obviously, P,; is an (m — 1)-ple point of (20). A necessary and sufficient 


condition in order that the tangents at P, be one and the same is that 


(21)  Ure.n-1 — An.a-1 + m— ad~"by = 0. 


bo Yi 


That is, P, must be a point on the line 


(22) (# Or0.0-1 — A...) + maz ‘box, = 0, 
0 


which is the line /,,,_, (see [4], [5]). Thus we arrive at the 


THeoreM. I[f an arbitrarily assigned point outside the tangent at an S¥.»—s ofa 
curve C is taken for P, of C,, and if C,, has at the S}.,,-, a contact of order 2m — 1 
with C, then the locus of P, is a curve of order m having P, for an (m — 1)-ple point. 
The (m — 1) tangents at P,, become one and the same if and only if P, lies on the line 


banat 


Taking now a point 7(A, 0, —1) on y = 0 we can obtain a line P,7 which 
intersects (20) at P, and another point Q on the following line 


2boas ‘(xy — yr) 
(23) (a> a 1 z ) 
—_ wy, U w.« ,; = (—1)"*" = _ , er +m “ boas’? = (0. 
When P, varies on a line through O, 


(24) y — wx = 0, 











nt 
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the locus of Q is found to be 


boas “(y — ux) 





(25) as eg? 

ae’ E Ur0. n-1t = (—1)"* ee eee ae + mbar | y = 0. 
For a fixed \ the correspondence between (24) and (25) is a projectivity whose 
double elements are y = 0 and 


2m-1 


ve Uy0,m-1 + (-1- = Raant + mb,a; : = 0. 


(26) . 


Denoting the correspondence between the point T and the line (26) by F;,,-, and 
remarking that the corresponding line of O,,,, is precisely /,,,_, , we obtain the 


THEOREM. A correspondence F,,,_, is determined by the neighborhood of order 
2m — 1 of a curve at its ST.,,-3 such that the range of points on the tangent at S}. »-3 
of the curve corresponds to the pencil of lines with center S},-3. In particular, 
On+1 corresponds to l,,,_, under F>,,- . 


5. Now take the line /.,,_, for z = 0, so that 


e U0, m-1 a Aeon ” 0, 
‘0 


and (19) becomes 


(27) 2bo(xiY2 - yi)” + (—1)"**a3(yr22 = Yor)” 'YrYo 
d 
—mbor,y2(t1yY2 — ty)" = 0. 
If C,, has at St,,-, a contact of order 2m with C, then the points P, and P, 
are related by (27) and a further condition 


nae m-—2 ° 
(™ = t) w,(2w; — mayo)" * + (4... - z Cron) wt 


m ap bo 








(28) 

— (m — 1)yws “(x + ywr) = 0. 
For a fixed P, , (27) and (28) represent two curves having P, and (m — 2)? 
points B;(j = 1, --- , m — 2°) outside y = 0 in common. Each of them may 
be taken for P, so that the corresponding C,, has at Sf.,,-; a contact of order 
2m with C. The curve given by the equation 


te = 2) we — ewl2 — mz — Qe] 





— (m — 1)ny(yiz — zay(ay — yx)" 


l aa ie 
+ (4... - = Uren) wile — y,x)"~* 
0 


an bo 





— (m — Iyy(ax — x1 2)(.y — yx)" * =0 
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passes through P, , O,,., , B; (j = 1, --- , (m — 2)*) and has O for an (m — 3)-ple 
point with coincident tangents. Since z,/y, and z,/y, can vary, the curves (29) 
constitute a two parameter system which represents the neighborhood of order 
2m of the curve at the Sj,,.;. The polar conic of O,,,, with respect to (29) is 


— 1 m-—2 ae 
(=1) 2""(y,2 — zyay — m2) 





belts ue 1 m—2 
(30) ~§ m(™ ant 1) ny(yiz — ay) 


+ [— (4... _ % Un.) + (m — Dx [yew — vt) = 0, 
ap bo bo 


which gives a correspondence F,,, between a point P, outside y = 0 and a conic 
(30). The latter degenerates if and only if P, lies on the lines x = 0 and 


(31) »( 4... — ~ Wied + (m Sane lag boz = 0 
which intersect at the point O,,, 
(32) (0, (m ve, 1)as'bo ’ c Ur0. = Ann): 

0 


Thus we have the 


THEOREM. A correspondence F,,, is determined by the neighborhood of order 2m 
of a curve at its ST,-3 , such that a point not lying on the tangent of the curve at 
ST n-3 corresponds to a conic. The point O,,, is obtained as the intersection of the 
two lines which stand for the locus of the points that correspond to degenerate conics 
under Fon, . 


6. If the point O,,, is taken for the remaining vertex of the triangle of reference, 
then 
ao 
bo 
In order that C,, have a contact of order 2m with C at Sf.,,-; it is necessary 
and sufficient that the equations (18), (27), 


Ur0." _ ; = 0. 





—1 rae — 
(33) (™ ws 1 w;(2Qw, — MZ1Y2) . + (m = 1)y2 2:3 ° = 0, 
and 


Un] (m - 2)’ Yatra _ a + (m — 1)(m — 2)(—1)" b, et aay | 


wr 
2 m 
p>(u*) bein pees = — = 0 
we ‘0 


(34) 


hold. 











nic 


- 2m 
ve at 
f the 


mics 


nce, 


sary 
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To classify the (m — 2)-ple points P, of all curves C,, which have at the 
ST.n-3 a contact of order 2m + 1 with C, let us take the point where P,P, meets 
the tangent y = 0. If this is fixed, then 


ory ee 
where p is an arbitrary constant. From (27), (33), and (34), it follows that any 


one of the m — 3 points of intersection R; (i = 1, --- , m — 3) outside y = 0 of 
the curves 


7(" =1)""( (m yFta 2)’ax** bop 
m—2 ySnsip + (m — 1)(m — 2)az**box 








(35) 
bo p” 
+(a- 03 *6 
ay y 
and 
Ay’ Sniip + (m — 1)(m — 2)boay*' zy) 
(36) am 
+ (—1)"(m — 2)"asbie( mre” + (—1)"5> ey) = 9, 
0 
where 
Biset = p gore ae U10,.m+1 ’ 


can be taken for the (m — 2)-ple point of the C,, in consideration. The co- 
érdinates of the node of this C,, may be determined by w;/w#, = p and (34), 
provided P, is given. In this case P,P, passes through the point (—p, 0, 1). 
The conic (36) passes through O, O,,,, and the m — 3 points R; (¢ = 1, --- , 
m — 3) and the tangent at O is the corresponding line 

m—1 m ao 
(37) mxp” (—1) Y= 0 

0 

of P,(p, 0, 1) under F,,,-; . Moreover, the polar line of O,,, with respect to this 
conic is 


(38) —- 2[2yS,410” + (m — 1)(m — 2)boagy**x] + (m — 2)*as**bopz = 0, 


which intersects y = 0 at the point P}((m — 2)p, 0, —2(m — 1)). The cross 
ratio of P, , P, , O and O,,,, always equals 2(m — 1)/(m — 2). Thus by means 
of the neighborhood of order 2m + 1 of the curve at its ST,.; we can define a 
correspondence F,,,,, between a point on y = 0 and a conic. Since p is a para- 
meter, the conics (36) constitute a system. It is easily seen that the line (38) 
envelopes a conic with the equation 
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i. (2) at*'byz? + 32S,...2y = 0, 


(39) —4 


that is, a conic determined by the neighborhood of order 2m + 1 of the curve 
at its ST.,.-3. The locus of the intersection of the lines (37) and (38) is given 
by the equations 


(40) 
22ySn+1p° + (m — 1)(m — 2)boas*'x] + (m — 2)as**bopz = 0. 


7. If non-homogeneous coérdinates are used, we have 
(41) a, = 1, c; = 0, a; = 0 (= 1,2,---), 
(42) y = box™ + bv" +--+ + da" 4+ --- 

Since OO,,.,O2,, is taken for the triangle of reference, we have 


1 
bo 


U0. —- Aw. = 0 (k sas 2, 3, eee m). 
From (41) it follows that 
b; = 0 (j = 1, +--+, m). 


If a point of intersection of (39) and (40) is taken for the unit point, then 


(m — 1)" owe TT 


bo _ ’ m+1 5? 
4”~"m(m a le 1 2°"** m?(m saci — 








provided the conic (39) is proper. Hence the canonical expansion of a curve in 
this case (m > 4) takes the form [3] 


(m — 1)""* “= (m — 1)/""* 


—— 7°"*! 4+ (2m + 2). 
4”~'m(m -. i? 2°"*'m?(m deal .. ( > ) 








(43) y= 


8. On the contrary, if the conic (39) is degenerate, the canonical expansion 
for the curve is quite different from (43). In this case C,, has at ST.,,-; a contact 


of order 2m + 2 with C if and only if (18), (27), (33), 


(44) (m — 2)zws"' + (—1)"(m — D> HYiyw: = 0, 
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and 


m— 2 ae ~ —_ Yo m— 2 bo 1 (=)"T 
(45) +[ 9 |e 1)(—1)"boag {san ee ee lary Nw 


+ (u "sier\ sin 0 


are satisfied. Elimination of y, from these equations gives 


46 .. _{s= i asyz"° 
(46) ( (m — 1)box"~* 











(47) 2° - 5 aszy + (—1)"e( mrs + (-—1)" - w) = 0, 


An.ne2 — SF Uns) -\"> |e (: +(ns)’ 
(48) (3) (4 bo y 3 bo ° pz 
m—1)ao 1 4 
+" 5 Bs (++4) - 


Eliminating p from two of (46), (47) and (48), we obtain two curves; each of their 
common points, except those on y = 0, can be taken for an (m — 2)-ple point of 


a C,, which has at ST ,,-, a contact of order 2m + 2 with C. From (46) and 
(48) we obtain 











1 | . y2""> 21 ; yr? 4) 
B(Ryz — z —- 2 +B. 
2‘(z + 2(—1)"x)* ( y ) —" —" 4) 


a9) -B¥ L( ( y _ 9 Rye — 2)By2"* — | 
oe Ne + is (2 + 2(—1)"z2)2""* 











—o| (vs — z)Byz2"* — =} we 
(2 + (—1)"2rz)x™"* J)” 


where 








m—1\""* ee. - 
B= -(2 _ t) (m — 1)by’ 


(m — 1)(m — 2)(m — 3)ay**by VO" by 





According as m = r (mod 4), r = 0, 1, 2, 3, there are four possible cases in 
eliminating p from (46) and (47). In fact, when m = 4k, 44 + 1, 44 + 2 or 4k 
+ 3, we have 











SU-CHENG 





CHANG 








k-1 k(m-—5)+1)4 m—5 
y 2 yz 
(50.1) (J { 3) {om me “2 ts 
f 2(m als 1)Az*“"~® y y2"* 
(50.2) = B _, 








\(m PS. 2)2(mB*y** 2k" + se he 7 
m — 1 9Az** B’y 2 gin 5) 
m— 2 k—1 k(m—5)+1 "4+ 2(m—4) 
my Zz # 
m-5 ( k(m-4)-1 k(m—4) 2 
yz } Ar m— 1 4Ax 
(50.3) —B —- ‘{ (- By k-1 ” ol =) - (2 ome 3) sp | 
m— 1 2Az7'*® 
al (™ = i) ¢ <a a | ~ 0 






































yz P| k(m—4) 2(m-4 
1 f m— 1 2r\? a, 
(50.4) —= pi (2 wTS 2 2 — 2- gt 4) 
ke k—1 _k(m—5) [2 
an of #8 mee | \ = 0, 
Zz j 
where A = (—1)"ag/bo . These curves are of order m(m — 4) with an 


[m(m — 5) + 4}-ple point at O,,, and an (m — 4)-ple point at O. The curve 
(49) is of order 4(m — 2) which has a 4(m — 4)-ple point at O,,, with coincident 
tangents z = 0 and a quadruple point at O with coincident tangents y = 0 too. 
The curve (49) intersects the curve (50.1) (¢ = 1, 2, 3, 4), in general, at 
4(m — 4)(83m — 5) + 1 points outside y = 0, and each of them can be taken 
for an (m — 2)-ple point of one curve of 4(m — 4)(3m — 4) + 1 C,,’s which 
have at ST,,,-; a contact of order 2m + 2 with C. Therefore, the behavior of 
the singularity under consideration is represented by the curve (49). The line 
l,.-; meets the curve (49) at O, O,,, and another point 0,,,,. : 


(51) (0, (m = 1)(m a 2)(m = 3)az**by ’ 2( 4... a 4 Bana 
0 


a point determined by the neighborhood of order 2m + 2 of the curve at S?’,.4s , 
provided the conic (39) is degenerate. 


9. Taking a point of intersection of the line O,,,,02,,.,. and the curve (49) for 
the unit point, we obtain the canonical expansion of the curve in the case in 
which the conic (39) degenerates but O,,,,. does not coincide with O,,, : 














r 





a W bo 


a) 
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(52) y = bor” — 3|™ 3 "Voge + (2m + 3), 


where 


m — wee f ‘ 
( +2 “aT is (Sj - yi ttG + i) 


ms 2 | i“ 2 , + 1 (™ ot _ i. 
1 + 2(-—1)” (1 + 2(—1)”) (m — 1) \m — 2 


According as the conic (39) is proper or not, the Sf,,-; is said to be of the 
first or the second species. It may be of interest to investigate the other cases 
of the singularity Sf ,,.-3, of a curve. 
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THE GROWTH OF SOLUTIONS OF A DIFFERENTIAL EQUATION 
By Mary L. Boas, R. P. Boas, Jr. AnD NorMAN LEVINSON 


It has been shown by D. Caligo [1] that if A(z) is continuous in 0 < z < @ 
and A(x) = O(x"*‘) asx— @, with e > 0, then for any solution y(z) of y’’(x) + 
A(x)y(x) = 0, lim y’(x) exists. It follows at once (e.g., by l’Hospital’s rule) 


that y(x)/zx has the same limit. 
Here we shall give a short proof of a somewhat more general result (Theorem 
1), and then prove a still more extensive result (Theorem 2). 


1. THEoREM 1. J[f A(x) and B(x) are continuous in0 < x < @, if 


(1.0) / «| A(z) | dz < @, 
0 
and if 
(1.1) i B(z) dx 
0 
exists, then for any solution y(a) of 
(1.2) y"’ (x) + A(x)y(x) = Ba), 
(1.3) lim y’(x) exists. 


In the proofs of Theorems | and 2 we require the following lemma. 


Lemma. [If f(x) is continuous in0 < x < @, if M(x) denotes the maximum of 
| f(t)| nO < t < 2, and if for some positive numbers a and Xo 


(1.4) lf (xz)| < a+ $M(z) (x > Ze), 
then f(x) is bounded inO < x < @, 


For the proof, we suppose f(z) unbounded, and let \ be a number larger than 
both 2a and M(x,). Let x, be the greatest lower bound of numbers x such that 
| f(x) | > A; such numbers exist because f(x) is unbounded. Since f(z) is con- 
tinuous, f(z,) = A; since | f(x) | < A for x < x, , M(x,) = A; since M(x) < A, 
x, > a. From (1.4) with x = zx, we now have | f(x) | < a + A < A, which 
is a contradiction. 
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We now prove Theorem 1. We choose, as we may because of (1.0), a positive 
Zo such that 


(1.5) '§ x! A(x) | dx < }. 
Clearly 
(1.6) via) = yim) + [yO ae 


From (1.2), we have 


—A(zx)y(x) + B(z). 


y"’ (x) 
Substituting for y(x) from (1.6), we obtain 
ya) = —ye)AG@) — A@ | yO at + Be); 
and, on integrating this relation, 


y'(2) = y'(eo) — yer) | ACO at 
(1.7) bis 


ed 


_ [ A(u) du [ y(t) dt + | Bit) dt. 


We define 





a= | ye) | +| we) | [| A [at max |f” (0 at, 


ze re<zr<@ 


M(z) = max | y“(Z) |. 


Ost<z 


From (1.7) we now obtain 


y(2)| Sat Me) [ A(u) | du [at 


“re 


lA 


a + M(x) [ u | A(u) | du. 


Using (1.5), we thus have 
ly’(z4)| < a+ 3M(z). 


From the lemma we conclude that y’(x) is bounded in 0 < x < @. But if y’(x) 
is bounded, it follows from (1.0) that the integrals involving A(x) on the right 
of (1.7) approach limits as x — @ ; the integral involving B(x) approaches a limit 
by (1.1); consequently lim y’(x) exists. This completes the proof of Theorem 1. 


2—@ 
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2. Here we consider the differential equation (1.2) under more general condi- 
tions. Let 


| A(z) | + A@) 
> ,? 





A,(z) = 


Ade) « | A(z) = A(z) 





Then clearly A,(x) and A,(z) are non-negative and A(x) = A,(x) — A(z). 


THEOREM 2. Suppose that A(x) and B(x) are continuous, that 


(2.0) lim sup x / A,(t) dt < 1, 
(2.1) / rA,(z) dx < ~, 
0 
and 
(2.2) [ B(x) dz exists. 
o 


(2.0) will, in particular, be true if lim sup 2°A,(x) <1. Then if y’(x) + A(z)y(z) 
= B(z), 


(2.3) lim y’(z) 


exists. Moreover, uf 


(2.4) [ rA,(x) dz = @, 
Jo 

then 

(2.5) lim y’(z) = 0. 


r@ 


3. Proof of (2.3) when y’(x) does not change sign for large x. Without loss 
of generality we assume that y’(x) > 0 for z > 2 (since replacing y(x) by — y(x) 
does not affect our hypotheses). Suppose that 2, is so large that 


(3.0) [ xA,(x) dx < }. 
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Using (1.7), we have 
yt) @ ed) — ed / A() dt — / A(u) du / y(t) at 
(3.1) ze ze ze 
+ / B(t) dt. 


Since y(t) > O fort > 2 , and —A(t) = A,(t) — A,(t) < A,(t), we then have 
for xz > 2p 


Ly'@) | < |v") | + | wes | [| Aw Lae 
(3.2) = 


oa / A,(u) du / y’(t) dt + B, 
where 


B= max 


ToSz<@ 





[ Btu) an 


the integral / | A(t) | dt converges by (2.0) and (2.1). We define 


a 


| yo) | + | wees) | [| A@ | at + B, 


M(x) = max | y(t) |. 


O<t<z 


Then, from (3.2) and (3.0), 


y'(x1)|<at M«) | A,(u) au [ dt 


lA 


a+ M(2x) / uA,(u) du 


lA 


a + $M(z). 


By the lemma, y’(x) is bounded in0 < z < @. In (3.1), write A(u) = A,(u) — 
A,(u). Then, since y’(x) is bounded, all the terms on the right of (3.1) approach 
limits as x — ©, with the possible exception of 


-| A,(u) du | y’(t) dt. 


But, since y/(t) > 0 for t > 2 , and A,(u) > O, this term is a non-increasing 
function of x; it is bounded below because all the other terms in (3.1) are bounded. 
Hence it also approaches a limit. 











have 


+ B, 


u) — 


‘oach 


ASiNg 
ded. 
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4. Proof of (2.3) when y’(x) changes sign an infinite number of times as 
x— ©. We consider two cases. 


Case 1. Here we prove (2.3) when y’(x) is bounded. If lim y’(x) does not 


rma 


exist, we can assume without loss of generality that 


(4.0) lim sup | y’(xz) | = lim sup y’(z) = M > 0. 


Choose a sequence of points z, , x, — ©, such that y’(z,) — M. By (2.0) there 
is a number c, 0 < c < 1, such that 


(4.1) P t A(t) dt < ¢ 


for large x. Let a, denote the first point to the left of x, at which y’(x) = 0. 
We may suppose that (4.1) holds for x > a, . 

We now write (3.1) with a, in place of x, and z, in place of x. Since y’(a,) = 0, 
we obtain 


fiat wae [ wy ee / ” A(u) du / y(t) dt + / ” Blu) du. 
Since y(t) > Oin a, < t < 2,, it follows that 


u(r) < | wa) | f Aslu) du + | way) | [ Aste) a 
(4.2) an an 








+ [ A,(u) du [ y(t) dt + # B(u) du 


Of the terms on the right of (4.2) the last approaches zero by (2.2); the third 
approaches zero by (2.1), since y’(t) is bounded. For the second, we have 





n—c0 a 


In | | tn 
lim sup | y(a,) | / A,(u) du < lim sup * ya.) | / uA,(u) du 


Rn7@ 


< lim sup | y’(z) | | uA,(u) du = 0. 


rI-@ z 


For the first, we have, by (4.1), 


lim sup | y(a,) | [ A,(u) du < lim sup | y(a,) | [ A,(u) du 


lA 


; 
c lim sup Heel 


n+ 


lA 


c lim sup | y’(x) | = cM. 


z~—@ 





852 M. L. BOAS, R. P. BOAS, JR. AND N. LEVINSON 


Consequently, (4.2) implies 


lim sup y’(z,) < cM < M, 


n— co 


contradicting the choice of the points z, . 
Case 2. Here we show that y’(x) cannot be unbounded. Assuming that y’ (2) 
is unbounded, we can choose a sequence of points z, , z, — ©, such that 


(4.3) |y’(a) | > | y’(z) |, 0<r<4,; 
y'(z,) has the same sign (which we may assume to be positive) for all n; and 


y'(t,) — ©. Let a, be the first point to the left of x, at which y’(z) = 0. We 
may suppose that (4.1) holds for z > a, . Now consider (4.2) again. By (4.3), 


(4.4) |ya)|< [vo at | wo 1 <a, | ye.) | + | yO) |. 


We use (4.1) and (4.4) in the first two terms on the right of (4.2), and (4.3) in 
the third. We obtain 


( Ze Zn Zn 
y(t.) < y'(a)\ / A,(u) du + a, / A,(u) du + | uA,(u) dus 











+ | y(0) | # [A,(u) + A,(u)] du + 7: B(u) dul. 
Using (4.1), we then have 
f 2 ! 
y(t.) < y"(ax)) € +2 / uA,(u) du? 
(4.5) _ , 
+ | y(O) | / [Ai(u) + A,(u)] du + k Blu) an} 


Since all the integrals on the right of (4.5) approach zeroasn— ~,and0 <c < 1, 
we reach a contradiction. Consequently, y’(x) cannot be unbounded. 


5. We now prove (2.5) when (2.4) holds. Suppose that (2.4) is true, but that 
y’(x) does not approach zero. Without loss of generality we suppose that 


(5.0) lim y’(x) = 2a > 0. 


7@ 


We now refer to (3.1) and let z—> @. Since y’(z) is bounded, all the terms on 
the right of (3.1) approach limits, with the possible exception of 


(5.1) = [Asa du [ y’(t) dt. 
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Since y’(x) approaches a limit, this term must approach a limit also. But, by 
(5.0), for large x) and x > 2» we have y’(x) > a, 


£ y’(t) dt > a(u — 2»), 


[ A,(u) du [ y'(jdt>a [ (u — 2)A,(u) du; 


by (2.4), the last integral becomes infinite as x — ©, so that (5.1) cannot ap- 
proach a limit. This contradiction establishes (2.5). 
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THE INFLUENCE OF GAPS ON DENSITY OF INTEGERS 
By R. SALEM AND D. C. SPENCER 


1. It is a well-known fact in the theory of sets of points that if a set E is such 
that the part of E contained in every interval (a, b) has a measure less than 
6(b — a) (0 < @ < 1), then £ is of measure zero. 

The analogous theorem obtained by replacing in the preceding statement “‘set 
of points” by “sequence of integers’’ and “measure” by “number of integers’’ is 
false (the length b — a being, for obvious reasons, not less than a certain lower 
bound J,), as is seen by the trivial example of the sequence of even integers. It 
is remarkable, however, that the picture changes completely if the missing 
integers in every interval are supposed to be consecutive—that is to say, if they 
form a gap. It has been found interesting to investigate this subject. 

We consider infinite sequences of increasing non-negative integers u, , U2, --* , 
u, , *** , and we suppose always that the first number of the sequence u, = 0. 
By v(m) we denote the number of terms of the sequence which are not greater 
than m. If lim »(m)/m > 0, we say that the sequence has a positive density. 
If »(m)/m tends to zero, we say that the density of the sequence is zero; if, in 
this case, v(m)/m = O(¢(m)), we say that the density is at most of order ¢(m); 
if g(m) = O(v(m)/m), we say that the density is at least of order g(m); and if 
the last two relations hold simultaneously, that the density is of order g(m). 

Let w(x) be a non-negative, non-decreasing function of the non-negative 
variable xz. We say that a sequence has the complete gap property with respect 
to w if in any closed interval (a, a + 1) (a > 0,1 > 1, > 0) there exists an open 
interval of length not less than w(/) which contains no point of the sequence. 
The open interval will be called a gap. That there exist sequences having a 
complete gap property with respect to some function w(x) is not difficult to see 
by considering simple sequences like u, = (n — 1)’. 

It should be observed that by imposing on the intervals (a, a — J) certain 
restrictions which may seem trivial prima facie, such as “‘the end points of the 
intervals must belong to the sequence’, the character of the problem may change 
substantially and the results may be quite different. We do not propose to 
investigate these alternatives here. 

The following theorems will be proved: 


THEOREM I. [f the integral 


[ @ ae 
z 


“1 
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is divergent, any sequence having the complete gap property with respect to w(x) has 
density zero. 


THeoreM II. Given any increasing function w(x) such that w(x)/x’ decreases 
and the integral 
* w(x 
[a 
, s 


converges, there exists a sequence of positive density having the complete gap property 
with respect to w(x). 


THeoreM III. Jf w(x) = 6x, where 0 < 6 < 4, any sequence having the complete 
gap property with respect to w(x) has a density of order m™* at most, where 


20 
= log (1= 28 20) /iog 2(1= 28). 


THEOREM IV. Jf w(x) = 62, where 0 < @ < }, there exists a sequence having 
the complete gap property with respect to w(x) and having a density of order m™* 
where a has the value stated in Theorem III. 


THeoreM V. If w(x) = Ox, where § < 0 < 4, any sequence having the complete 
gap property with respect to w(x) has a density at most of order log m/m. 


THeoreM VI. Jf w(x) = Ox, where 4 < @ < 4, there exists a sequence having 
the complete gap property with respect to w(x) and having a density of order log m/m. 


TuHeoreM VII. Jf w(x) > $2, there is no infinite sequence having the complete 
gap property with respect to w(x). 


We shall not attempt to give here a systematic treatment of the intermediate 
cases w(x) = ¢e(x), w(x) = 42 — e(x), w(x) = a — (x), e(x) being positive and 
of order o(x) as x — «. It would be interesting to investigate these cases in 
detail, and to determine to what extent the methods of this paper are effective 


in treating them. 


2. Proof of Theorem I. Let u, (=0), u.,---,u, ,°** be a sequence having 
the complete gap property with respect to w. In the closed interval (0, m) there 
is, ifm > 1,, a gap G, > w(m). Denoting the subsequence contained in (0, m) 
by U,, , we see that U,, is entirely included in two closed intervals. One of them 
has a length not less than 4$(m — G,) and so, if 3(m — G,) > 1, , contains a gap 
G, > w(im — 4G,). U,, is thus entirely included in three closed intervals, one 
of which has a length not less than 4(m — G, — G,). If this number is not less 
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than J, , we can continue. After k operations we obtain a sequence of gaps 
G,,G.,-+--- ,G,, such that 


a an Ga Ses 
a> o(" C “2 G ) (Gi = 1,2,--- ,k) 





provided 


m— G, — Gz — --- — Gees 


k 





(2.1) 


But each open interval of length G; > 1 contains G; — 1 lattice points represent- 
ing integers, and so 


da) si +1 + Fe, ~ 94 4841 SE, 


That is to say 


m — G, — G, — -+: ~Gi xm) _k+1 
k enh 





and hence if we choose k such that »(m)/k — 2 > I, , the inequality (2.1) will be 
satisfied. We take 

bw | | 

ly + 2 : 


|z| denoting as usual the integral part of z. Then (for m large enough) 


-~G+G@<.«-. “> _ 4") _, 5%) 
(2.2) m — G, G. G, > v(m) +2 1 > 2 


From this inequality we have 


G, > w(m) > o(@), 
2 
y m — G, v(m) 
@, > of 2 ) > «(2 
a 6, — ->> = GG, Xm) ) 
Gi, => o( i ) > o(  )° 


This gives immediately, w(x) being non-decreasing, 


G,+G.+-°>+G, 2 | o() dy > ;" o() dy. 
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Let y = v(m)/2z; then 


jv(m) 
Ot oe Ge > am) wl 
ba + rcs 2 §(1o+2) x 


dz, 


and so by (2.2) 





m>am[ie [" ae] 


2 “h(lo+2) x 


That is to say 


v(m) 2 
ie ofa) 


1+ 





, 


dx 


2 
}(lo+2) 2X 


a result which implies Theorem I. 

Theorem III will show that this inequality, sufficient to prove Theorem I, 
does not give any precise information as to the order of the density when the 
density is zero. 

Before proving Theorem II we shall investigate some of the properties of a 
particular type of sequence of integers. 


3. Study of a particular type of sequence of integers. We define a sequence U: 


u(1) = 0, u(2), u(3), hae u(n), 


by the series 


u(n + 1) = ngo + He + [Jo + ++: + [| is 


where the g, are integers satisfying 
921; g 20 (p = 1), 
and where |z] denotes the integral part of z. The series obviously breaks off and 


so contains only a finite number of terms. Since g, > 1, u(n) is plainly a strictly 
increasing function of n. 


If the series >> 9 converges, let « be its sum; we have u(n + 1) < no and so 
Pp 
0 
the sequence is of positive density. If this series diverges, it is easily seen that 


u(n)/n increases infinitely with n, and so the sequence has density zero. 
If n is written in the dyadic system 


n= 62" + 627 ''+ +--+ €, (e; = Oor 1), 
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we plainly have 
(3.1) u(n + 1) = eu(2™ + 1) + e,u(2™"' + 1) + --- + €,_,u(3) + €,u(2). 


That is to say, u(m + 1) is derived from n by the replacement, in the dyadic 
development of n, of 2” by u(2* + 1). 

An integer m being fixed, let us now consider the set S,, of the first 2" numbers 
of the sequence: u(1), u(2), --- , u(2"). We shall prove that the sequence U 
consists of an infinity of sets S,, , Si, , Si, --- each of them being the result of 
a mere translation of S,, , and two successive sets being separated by a gap. In 
fact, every natural number can be written uniquely in the form g2” + k, qg and k 
being integers, and k belonging to the sequence 1, 2, --- , 2”. Hence 


u(q2™ +k) = u(k) + T., 


where 7’, is equal to u(g2™ + 1) and so depends on g but not on k. Thus S¥ is 
the translation of S,, by T,. The sets S§ will be called sets of the type S,, . 

We observe that for every fixed m the sequence U can be split into a family 
of sets of type S,, , of 2” terms each, that S,,,, consists of S,, + S}, , and that 
between S,, and S}, there is a gap of length 


u(2™ + 1) — u(2") = 2% + 27g, + --- Hon 
— [(2* — 1)go + (2° — Dg +--+: + (2 — Dgn-sl 
=fJtgnt vs gh + Ga-1 + Gn = Ym+#15 


say. Furthermore between any two sets of the type S,, there is a gap at least 
equal to y,,.; , for it is easily seen that 


u(g2" + 1) — u(g2") > go t+ git -** +om- 


We have proved incidentally that every set S% has a center of symmetry and 
that there is a gap of length y,, which lies in the middle of the set. The distance 
between the first and last terms of the set S% is of course u(2”). 

We proceed now to study the complete gap property of the sequence U by 
proving two lemmas. Let an interval of length / be given and let us suppose that 


(3.2) u(2™) + 2y, <1 < u(2"*') + Qyass. 
We can then write 

l= u(2™) + 2y,.. + 2, 
where 


0 < & < Waser — 2rn + u(2"*"') — u(2"). 


We begin by proving the following result: 


oes 
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Lemma I. Jn every interval of length | satisfying (3.2) there is a gap which is at 
least equal to 


(3.3) Gl) = min (yn + 32, Ym+1)- 


Let a > Oand b = a + | be the end points of the given interval. We say that 
a point lies in a set S§, if it lies in the closed interval whose end points are the 
first and the last points of S$. We consider the following different cases: 

(1) Neither a nor b lies in a set of the type S,,. (i) If they lie in the same gap 
separating two sets of the family, there are no points of the sequence in (a, b) 
and so the gap is at least 2y,, + x > y, + 3x > G(l). (ii) If they lie in two 
different gaps separating sets of the type S,, and if there are at least two sets of 
the type S,, between a and b, then the interval (a, b) contains a gap not less than 
Yn+1 = G(l). (iii) If they lie in two different gaps separating sets of the type 
S,, and if there is only one set of the type S,, between a and b, let a be the distance 
between a and the first point of the set, and 8 the distance between b and the 
last point of the set. Then a + 8 = 1 — u(2”) = 2y,, + x and hence at least 
one of the gaps a, 8 is not less than y,, + 3a > G(l). 

(2) Both a and b lie in a set of the type S,,. The points a and b obviously can- 
not be in the same set, and thus there exists in (a, b) a gap not less than y,,., > 
Gil). 

(3) One of the points a, b lies in a set of the type S,,, the other in a gap separating 
two sets of the family. (i) If this gap is not contiguous to the set, there is in (a, b) 
a gap not less than ¥,,,, > G(l). (ii) If it is contiguous to the set, then the 
distance between the end point of (a, b) not lying in the set and the nearest point 
of the set is at least 1 — u(2”) = 2y,, + x > y, + $4 > Gil). This completes 
the proof. 

We add that the consideration of the hypothesis (1) (ii) in the case in which 
the center of the interval (a, b) is the center of a set of the type S,,,, and the 
consideration of the hypothesis (1) (iii) in the case in which the center of the 
interval (a, b) is the center of a set of the type S,, show that the result (3.3) is a 
best possible one when the length of the interval satisfies (3.2). 

From this result we deduce the following lemma: 


LemMa II. Suppose that w(x) is a non-negative, differentiable, non-decreasing 
function for x > 0, and that w(x) < 3 forx > x. Then a necessary and sufficient 
condition that the sequence U should have the complete gap property with respect to 


w(x) is that form > mo 
(3.4) Ym = wlu(2") + 2y,,]- 


The reason for the restriction w’(z) < 3 will appear below in the proof of 


Theorem VII. 
The necessity of the condition follows from (3.2), (3.3) and the remark at the 
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end of the proof of Lemma I. To prove that the condition is sufficient we have 
only to prove that it implies 

Ym + 3x > wlu(2™) + 27, + 2] 
for 0 
w'(y) 


<2 S 2nsi — 2y, , and this follows immediately from the hypothesis 
< } if y is large enough. 

4. Proof of Theorem II. We observe first that if the sequence U has positive 
density and if 


a0 I “" 
0 _ 


go, 


then 
u(2”™) + Ym - (2” + 1) go + ar + l)gqi + shies + 39 n-1 
<2 gy Hes + QW gn < 270. 


This shows immediately, without use of Lemma II, that if y,, > w(2"**e), the 
sequence will have the complete gap property with respect to w(x). For G(J) is 
at least y,, for 2"*'¢ <1 < 2"*%¢. 
Now let w(x) be a positive increasing function for x > 0 such that w(x) /2* 
decreases and such that 
| w(z) dx 


“3 x 


converges. Then the series 


converge. 
We define the sequence U by 


u(n + 1) = ngo + He oes +} [Jo ere, 
where 
g =1,g,=O0forl<spsh—1l], 
J» = [w(2”**)] + 1 for p > h, 


h being taken large enough to insure that 


“4. 


¥ a + | 


2 
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We then have 


c=) 2<2 
0 


RIS 


and 
Ym = Jm-1 > w(2”**) > w(2"*?e) 


form > h-+ 1. Hence the sequence has the complete gap property with respect 
to w(x) for 1 > 1, = 2°**. We note that by taking J, large enough we can have a 
density as near to 1 as we please. 


5. Proof of Theorem III. Let u,(= 0), u.,--- ,u,,--- be a sequence having 
the complete gap property with respect to 6x for 1 > |, , where 0 < 6 < }. 


Lemma III. Let u, v be two numbers of the sequence satisfying 


(5.1) v—-ur>l,, 


Ov 
9 —— 
(5.2) u> i a 


Then in the interval (u, v) there is a gap of length not less than 


6 
© -wWi— ss 35 


Suppose not, and let I be the length of the maximum gap in (u, v). The 
inequality u > 6v/(1 — @) is equivalent to u > @(v — u)/(1 — 26), and hence 
we have u > [. Consider now the interval (u — T,v + Tl). It must contain 
a gap of length not less than 0(v — u + 21). But this gap cannot be greater 
than I since u, v are points of the sequence, and so T > @(v — u + 27); that is, 
r > &(v — u)/(1 — 286), contrary to hypothesis, and the lemma is proved. 

It will be useful to observe in the applications of the lemma that if u > 
6v/(1 — 6), we have a fortiori u’ > @v’(1 — @) ifu <u’ <0’ < ». 

We shall henceforth write, for the sake of brevity, 


ae 
ri 2 





where p satisfies 0 < p < 1 since 0 < @ < }. 


Lemma IV. Let G(x) be a function equal to zero for0 < x < l, and to px for 
xr>,. Thenif a, ,a,, +++ , a are non-negative numbers such that 


(5.3) ot Fo FO >, 











+a 


ng 
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we have 


G(a,) + G(az) + --- + G(a,) > pla, + a, + --> $a, —k—14),). 


It is impossible by (5.3) that all numbers a; be less than J, . Suppose that we 
arrange them in order of magnitude, and that 


@4Sa@S5 °° Sa<h Sage SQ. 


Then 


y G(a,) = p(Qasi + -°* +a) > od a; — hl,) 


i=1 i=1 


= Mn —k—1|). 


i=1 


Lemma V. Let u, v be two numbers of the sequence satisfying the inequality (5.2), 
and writev — u =m. Let u(m) be the number of terms of the sequence in the closed 
interval (u,v). Then we have u(m) < Cm®, where 8 = log 2/log [2/(1 — p)] and 
C = C(6, l) is a number depending on 6 and |, only. 


In fact, let I’) be the gap of maximum length in (u, v), or one such gap; this is 
tacitly understood hereafter. By Lemma III we have, if m > 1, (G(x) being the 
function defined in Lemma IV), T, > G(m) = pm. Let Ij and IP} be the lengths 
of the maximum gaps in the two intervals of lengths m; and m; , contiguous to 
lr, . We have by Lemma III Tr} > G(mj), T} > G(m}) and by Lemma IV, if 

1 1 
m, + m; > 2l,, 


Ty + ¥ > p(m; + m3 — h) = p(m — Ty, — hh). 


We have now four intervals of lengths m? , m3} , m3 , mi, contiguous to T, , Tl, 
Ir’; (some of them may reduce to points), and arguing in the same way we have, 
if mi} + m; + ms + mi, > 2l,, 


Mi+T+Ts+ 0% > em — Tl — TM — 12 — 3h). 
In general, writing [f + T} + --- + Th = ™%, we have 
(5.4) r, > p(m—mM—-N- +e a then OF ae ee 
provided that 
(5.5) m — (ro+ 11 Hee + -) > Bh. 


Now each open interval of length T > 1 contains [ — 1 lattice points represent- 
ing integers. Hence 


um) <m+t+1— Ho, —- 2%) =—m+1—M—+--: $n) +2" -1, 


i=0 
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that is, 
(5.6) m— (rotr,tees +r) > v(m) — 2*' 
and the inequality (5.5) will thus be satisfied if we take 
(5.7) u(m) > 2*(ly + 2). 
We fix an integer k satisfying (5.7), and write 
& =frttite +h". 
We have then by (5.4) 


Sp — S-, 2 pm — pS, — pl,,2", 


or 
(5.8) 8 — (1 — p)&-1 > pm — l,2'; 
and in the same way 

S-, — (1 — p)&-2 > pm — pl,2°"', 


(5.9) 
s, — (1 — p)8 > pm — ol,2, 


So >pm. 


Multiplying the inequalities (5.9) by (1 — p), (1 — p)*,---, (1 - p)* respectively 


and adding to (5.8) we obtain 


: 
s, > pm >. (1 — p)’ — pl, [2° + 2°-"(1 — p) + +++ + 2A1-— p) ‘I, 


“y 


and so by (5.6) 


m — p(m) + 2°*' > om| md oe | — pl,2 bs ( 


~) 


that is to say, 


p(m) < m(1 — p)**' + (plo + 1)2°*'. 


We now fix k as the greatest integer for which 2‘*?(/, + 2) < u(m). Then the 
inequality (5.7) is satisfied a fortiori and we have 


(pl, + 1)2**' < (l, + 2)2**' < 4ulm). 
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Hence u(m) < 2m(1 — p)**", where (by definition of k) 2*** > w(m)/(ly + 2). 
The last two inequalities give us the order of u(m). We have 


log u(m) < log 2 + log m — (k + 1) log 7 : 
ek! 


log u(m) — log (lo + 2) _ 








k+1> log 2 2, 
and so 
log —*- 
~ vat a 
log u(m) < log m log u(m) log 2 
log (lo + 2) ) J ' 
+ log 2 + 2) log Pos + Jog 2. 
That is to say, 
log ——— 
aaa log u(m) < log m+ A 
log 2 Se B ea 


where 1 is a constant depending only on J, and p, i.e., only on |, and @. We thus 
have the result stated, namely u(m) < Cm*, where 8 = log 2/log [2/(1 — p)] and 
C depends on /, and @ only. 


Lemma VI. Leta = 16/(1 — @)(l>0). Then the number of terms of the sequence 
lying in the closed interval (a, 1) is less than C(l — a)*, where B and C have the same 
meaning as in the preceding lemma. 


For let u be the first term of the sequence greater than or equal to a, and v the 
last term of the sequence less than or equal to /. The number of terms m (a, 1) 
is u(v — u). By Lemma V 


uv — u) < Civ — u)® < Cl — a)’, 
since u > 6v/(1 — 86). 


We now prove Theorem III. We consider the interval (0, m), and denote by 
v(m) the number of terms of a sequence satisfying the hypothesis of Theorem III 


and lying in that interval. 
Let 7, be the interval (mé*(1 — 6)~*, me*""(1 — @)'~*), s = 1,2, ---. The 
sum of the lengths of these intervals is 


| — 20 6 6 P 
m= 2014 24 (4) teejem 
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On the other hand, by Lemma VI, 


oetaae ie (et) (r) ed 


P ae 
"aoe 


v(m) 


lA 


= C,m’, 
C, depending only on J, and 6. Hence the density of the sequence is at most of 


~* where (p being replaced by @/(1 — 26)) 
206 1 — 20 
22) / tog 2(1 - 20). 


6. Proof of Theorem IV. We consider a sequence U of the type 


order m 








= 1-8 = 1 — log 2/log 2 — = log 


By Lemma II this sequence has the complete gap property with respect to 6z 
(0 < @ < 4) if for m > m, the condition 


Ym 2 Ofu(2") + 27m] 
is satisfied. This inequality can be written: 
(go + 91 + -** + Gm-1) 
> O(2"go + 2™-"gi + -+* + BWm-1) + (Go +--+ + Gm-1))- 


That is to say 


9 gm My... 4 Yu 
(6.1) Jo + Pr + Ja-1 => 1 pain a2 lo +8 + +o], 


We suppose that a is a positive number greater than 2, and take 








Jo = I, gi. = [a*] (k = 1, 2, -+-). 
Then 
m—1 
Jo + + mi 21+ D@-)=* — (m — 2) 
(6.2) ‘—-i 








0). 


6x 
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so that 
“ B 7h Ses 6 a” 6 2” 
6.3) tor [m + +i] <5; , '-Ohcs 
2 2 
If we take 
Teoma 1 
a—-1l 1-—@6a 
ia 
that is to say 
2(1 — 26) 
‘iw >? 0 <6< >), 


we have from (6.2) and (6.3) that (6.1) is satisfied for m greater than some mp . 
Finally 
a” 
a — 





u(2") < 2 + 2 + ie pen +o] < 


Hence if 








a 
37 * al 


we have v(m) > 2", where »(m) is the number of terms of the sequence not 


exceeding m. But 
a 
log m + log (3 _ ) 
ae ts —, 


log a 





and so 





a 
log v(m) 41> log m + log (5 ¥ i) 
log 2 log a log a ; 


That is to say 
v(m) > Cm'* 8 * = Cm'~*, 


where 


and C' depends only on @. 
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As application of Theorems III and IV we notice that any sequence having 
the complete gap property with respect to the function 4x has a density of order 
m-* at most, and this order can actually be attained. 


7. Proof of Theorem V. We begin with two lemmas, in which we treat the 
cases 6 > 4 and 6 = } respectively. 


Lemma VII. Let u and v (u < v) be any two points of a sequence having the 
complete gap property with respect to 0x (4 < 0 < 4), and suppose thatv — u > |,. 
Then 


For suppose that vy < (1 — @)u/(1 — 20). Then 


te (i=4 - i) i 
ane. 2 i} 2 
(4 - = 28) 
(v—u) <u. 


Since @ > 4 we can find a number @’, } < & < @, such that 


(i= _— 2’) —u) <u. 


6 being fixed in this way, we consider the interval whose end points are u — 
(1 — 20’)(v — u)/@ > O and v + (v — u). This interval has a length greater 
than J, , and the largest gap contained in it cannot exceed v — wu, since 6’ > 3 
and so (1 — 26’)/@ <1. Hence 


that is 


v—-up> | 2 —u)t+ aie (v— |, 


that is, 





a result which contradicts 6 < @ and so proves the lemma. 
The lemma shows that the sequence u, = 0, uw, --- , 4, , °° + consists of terms 
M,.U,, +++, U,, +--+ U, = ue) satisfying 


1 — 0 
| 99 Ue 
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together with terms which are all included in the open intervals U, < x < 
U,+th. 


Lemma VIII. Let u,v, w (u < v < w) be any three points of a sequence having 
the complete gap property with respect to 42, and suppose thatw — u>l,. Then 
w > Qu. 


For suppose that w < 2u. Then w — u < u, and so a fortiori w — u — 
1 <u. We consider the interval whose end points are u — (w — u — 1) > 
0 and w + (w — u — 1). This interval has a length greater than J, , and the 
largest gap contained in it cannot exceed w — u — 1 since the interval (u, w) 
contains at least the point »v. Hence 
w—-u-—1> Y{(w— u) + Aw—-—u-— 1d) = wu — 3, 


a relation which is impossible. 


The lemma shows that in the case 6 = } the sequence u, = 0, v2, °°, M5 °*° 
consists of terms U, , U,,--- ,U,, +--+ (U, = ue) satisfying 
. > 1-0 ,,; 
U.2 W,., = —— Uz... , 
© Ee ieee 


together with (1) terms which, as in the preceding case, are included in the open 
intervals U', < 2 < U, + lL, ; (2) one additional term which may be elsewhere 
in the interval (U’, , U,.,). 

We now prove Theorem V. Collecting the results of our two last lemmas we 
see that if u, = 0,u.,---,u,,°+* isasequence having the complete gap property 
with respect to Ox (4 < @ < $) andif U, < m < U,,, , then the number v(m) 


of terms of the sequence not exceeding m is at most | + 2¢ + qi,. But 


that is to say, 








q-1< log U, <¢— log m 
lo (=4) log ( L +e £) 
ei — 20 E\i — 26 
and so 
v(m) < (ly + 2) — a o\ t +3) 
log (, =4) 
v(m) LW rR logm | B 


“a. (; a *) m m’ 
og = 
BA — 20 
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where the numbers A, B depend only on /, and not on @. These values for A, B 
are not the best possible. 


8. Proof of Theorem VI. We prove first two lemmas. 


Lemma IX. Let uw, , U2, +--+ , Un, *** be an increasing convex sequence of 
integers; that is, the gaps u,., — U, = ¢(n) are non-decreasing. Suppose that 
Un Sl < u., and writel = u, + x (0 < & < g(n)). Then in every inierval 
(a, a + 1) (a > O) there is a gap of length not less than 


G(l) = min{max (2, g(n — 1)), $(u, + 2)}. 


(1) If a, a + 1 lie in the same gap of the sequence, there is nothing to prove 
since / = u, + z > Gl). 

(2) If a, a + l are in two consecutive gaps of the sequence, there is in (a, 
a + l) a gap at least equal to 4/1 = 3(u, + xz) > Gil). 

(3) Suppose that (a, a + J) contains an interval (u, , u,,,). Ifa < us, 
(a, a + J) necessarily contains a gap of length not less than g(m — 1) and a gap 
not less than min (a + 1 — u, , g(n)) > min (1 — u, , e(n)) = min (2, g(n)) = x 
and therefore a gap of length not less than max (z, g(n — 1)) > G()). Ifa> 
u,-, , then s > n and so (a, a + 1) contains a gap of length not less than ¢(n) 
> max (z, g(n — 1)) > Gil). 

Consideration of the cases (2) and (3) (with a = 0) shows that the value of 
G(l) cannot be improved. 


LemMa X. Suppose that w(x) is a non-negative, differentiable, non-decreasing 
function for x > O and that w(x) < 42, w(x) < lforx > x. Then a necessary 
and sufficient condition that the convex sequence defined in the preceding lemma 
should have the complete gap property with respect to w(x) is that forn > no 


(8.1) g(n — 1) > w(u, + g(n — 1)). 


The reason for the restriction w(x) < 42 will appear below in the proof of 
Theorem VII. 

The condition is necessary by Lemma IX with z = g(n — 1). To prove that 
it is sufficient we have to show that $(u, + 2) > w(u, + x), a relation which 
results from our hypothesis; and alse that 


(8.2) x > w(u, + 2) 


when x > y(n — 1). But (8.2) is an immediate consequence of (8.1) and the 
hypothesis that w’(y) < 1 for y large. 
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sequence defined by 


U 


(1 — 6)/(1 — 28) 


Un+i — 2u,, + Un-1 





«= Ga) ] 


where [z] denotes the integral part of z. 


> 2 and so 


IV 


We suppose that 3 < @ 





eon n+1 
(, =f) + 


—n, n>2; u = 








- (i 
~ \1 = 20 


forn > 3. Similarly u; — 2u, > 0. 
Moreover, the sequence has the complete gap property with respect to @x. 
In fact, by Lemma X, it is sufficient to prove that 


that is 


Un, — Un» > O(2u, — U,-1), 


u,(1 — 20) > u,_,(1 — 8). 


But we have for n > 1 








871 


< 3, and take the 


0, 


The sequence is convex since 


8 bm =) 
(t= 3) -2-2(3=8 
n-l eo | 2 

S$ -1-2 





2 0, 


1— 0 \" i-e)"" 
Un > (, rae t) — ] — n, Un-1 < (, aid £) = (n 2-3 1), 


and so it is sufficient to prove that 





(io! 
1 — 26 


or 


)yi-1-n> (t= 
m-(4= 


1 — 20 








o) > nt, 





a relation which is true for n > 3 since (1 — @)/(1 — 20) > 2. 


It remains to find the order of the density of the sequence. Suppose that 
Then v(m) = n, and since 


) — (n+ 1), 


SS woe G,:. 


Un+1 < ( 


1 — 6 
1 — 20 
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we have 








1 — 0 
log u,.1 < (n + 1) log (j=% 
Hence 
v(m) > log = 5m 5 
- i=) 
e\i — 20 
l 


This completes the proof of Theorem VI. 


9. Proof of Theorem VII. This theorem is trivial and we give it only for 
completeness. 

Let u, v (u # 0), (u < v) be two points of the sequence, and consider the 
interval (wu — 1, 2v — u). The maximum gap in this interval is v — u, whereas 
the length of the interval is 2(v — u) + 1. Thus if w(x) > $2, we must have 
2(v — u) + 1 < l,, that is to say, the sequence is finite. 
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AFFINE GEOMETRY OF VECTOR SPACES OVER RINGS 
By C. J. EvEREttT 


1. Introduction. The intuitive ideas involved in the “geometry” of the 
points with integer coérdinates (lattice points) in the affine real plane and the 
subsets (lines) of such points which are in alignment are here abstracted to their 
essential content, in the spirit and with the methods of E. Artin’s investigation 
on affine geometry [1]. The unusual character of such a ‘‘plane’”’ geometry arises 
from the fact that parallel lines eannot be defined simply as lines which do not 
intersect. It is curious that parallelism may be introduced as an abstract 
equivalence relation with certain natural properties. 

In §2, a geometry of points and lines is defined in a 2-space over a general type 
of ring and is shown to have certain geometric properties I-VII. These properties 
are then adopted as axioms for an abstract geometry of undefined points and 
lines in §3 and are proved by introduction of coérdinates to completely char- 
acterize the 2-space geometry. 


2. Affine geometry in a 2-space over a ring. Let # = (0, 1, a, 8, ---) bea 
ring with unit (la = a =al) and no zero divisors (a8 = 0 implies a = 0 or 
8=0). Ifa = By wesay y divides a. There will be no occasion to consider left 
divisors. Suppose further that every two elements a, 8, not both zero, have a 
g.c.d., i.e., there is a 6 which divides a, 8, and which is divisible by every 6’ 
dividing a, 8. 

A number of properties of such a ring, embodied in the following lemmas, will 
be needed. 


Lemma |. Jf 6,6, = 1, then 6,6, = 1 and 6, , 5, are units. 
For 62( 6, 6. = 1) => (6.5, ) 5, ae 6. = bo = 5. = 0. Since bd» aad 0, 6, 5, = BE. 
Lema 2. If dis aq.c.d. of a, B, then dy is a g.c.d. of ay, By. 


Let 5’ be a g.c.d. of ay, By, and write a = a, 6, 8 = 8,4, ay = ad’, By = 8,8’. 
Since ay = a, dy, 8 = Boy, & divides 5’ and 8 = 6,éy. Thus ay = a6, %, 
By = B.6,4y, and therefore 6,4 divides a, 8. Hence 6 = 6,6,6, 5.6, = 1, and 
5’ = wéy, where w = 4, is a unit. Every common divisor of ay, By divides & 
and hence 6y. 


Lemma 3. Relations a,6 = a26’, 8,5 = B26’, where none of the pairs (a, , B,), 
(ay , Bz), (4, 8’) is the zero pair (0, 0), and where the former two pairs are relatively 
prime (g.c.d. = 1), imply a. = a w, By = B, w, where w is a unit of R. 
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Since 6’ divides a,6, 8,4, 6’ divides 6 (Lemma 2). Similarly 6 divides @’. 
Hence 6 = w, 4’, 8’ = wd. If (say) 6 ¥ 0, 6 = ww. d, 6(1 — ww.) = 0 and a; is 
aunit. Hence a,’ = a6 = awd’, a, = aw,. Similarly 8, = Bw, . 

For such a ring ® consider the vector space V(®) of all elements (a, 8), a, 
BeR. By AG(V(R)) is meant the geometry consisting of the elements as points, 
and of the sets of points (called lines) of type (a + ux, 8 + vx), where « is arbitrary 
in R, a, 8 fixed, and yz, v not both zero, fixed, and relatively prime. The lines 
(a + ux, B + vx) and (a’ + y’x, 8’ + v’x) are identical (consist of the same points) 
if and only if, for some x e R, and some unit w, a’ = a + ux, B’ = B + mm and 
u’ = ww, v = wo. This is an immediate consequence of Lemma 3. Hence, if 
(a’, 8’) belongs to the line (a + ux, 8 + vx), the latter may be written (a’ + ux, 
B’ + vx). 

It is natural to say a point is on a line in case it is in the point set of the line. 
Now define the relation (a, + yx, 8: + vx) || (a2 + pox, Bo + vox) on lines 
(parallelism) to mean there is a unit w e R such that wp. = ww, v. = vw. (I) This 
is determinative, reflexive, transitive. 

It is elementary to check that (II) every line (a + «, 8) cuts every line (a’, 
B’ + «); (III) (a, 8) and (a + yw, B + ») are distinct points on line (a + yx, 
8 + vx); (IV) every two distinct points (a, , 8,), (a2 , 8.) are on one, and only one, 
(Lemma 3) line: (a, + yx, 8, + vx), where a, — a, = wd, 8B, — B, = vb, 6 = g.c.d. 
a, — a, , By — B, ; (V) for every point (a, , 8,) and line (a + yx, 8 + x) there is 
exactly one line (a, + yx, 8, + vx) on the point and parallel to the line. 

A translation in this geometry is defined as a point-to-point mapping o(P) =P’ 
which is either the identity, or which (a) is one-one, (b) has no fixed point, 
(c) preserves parallel lines: P U Q || ¢(P) U o(Q), all P, Q(P U Q, the unique 
line on P, Q), (d) has parallel ‘traces’: P U o«(P) || QU o(Q). 

Obviously o(a, 8) = (a + wu, B + v), u, » fixed, is a translation. Conversely, 
every translation ¢ is of this type. For, let o(0,0) = (yu, v) # (0, 0), uw = 4, 
vy = v,6, 6 = g.c.d. pw, v, and let (a, 8) be any point not on the line (yx, »,«), with 
a = a,6,,8 = 6,4, , 6, = g.c.d.a,8. If o(a, 8B) = (a’, 8’), then by (c), a’ — w= 
a,b, , 8’ — v = B,4, , and by (d), a’ — a = yw, 6, , 8’ — B = »,6,. From the 
latter one has a,(6, — 6,) = u,(6 — 4,), B,(6, — 6.) = »,(6 — 6). By Lemma 
3,a° = a+y,8’ = 8+». Asimilar argument establishes the result for (a, 8) 
on line (y;«, »,«) using instead of (0, 0) a point not on (y,x, »,«). 

Thus (VI) for every two points P, Q there is a translation taking P into Q. 

Since the correspondence 7 — [a, 8] is one-one from the set T of all translations 
to a complete 2-space of pairs [a, 8] over R, where 7(0, 0) = (a, 8), and rr’ — 
la + a’, B + B’] when 7’(0, 0) = (a’, 6’), it follows that 7 is isomorphic to the 
2-space over R. 

Finally, we shall establish a fundamental property (VII) of the endomorphisms 
of T by means of the following lemma, which seems to have intrinsic interest. 

Two vectors [a, , 8,], [a, , 8.) over R are said to have the same slope in case 
a, = ajé,,B, = Bib, , a, = afd,, B, = B36,, 6; = g.e.d.a;, B; imply aj = aj, 
8: = Bw for some unit w e R. An endomorphism of T is any mapping @ of T 
into T such that ({a, 8] + fy, 5])@ = [a, BJ@ + [y, dé. 





ms 
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LemMMA 4. An endomorphism of T such that [a, 8])@ = [a’, 8’] has the same slope 
as [a, 8] whenever [a’, B’| # (0, 0] ts defined by [a, 8)@ = lay, By] for some fixed 
vy ¢ R, and conversely. 


Let [1, 0]@ = [y, , 0], (0, 1]@ = [0, y.]. Then [1, 1] = fy, y] = [1, 0]@ + [0, lje = 
[y: » ¥2], whence y, = y2 = y. Since [a, 1]@ = [a, O]@ + [0, 1]@ = [a’, 0] + 
(0, y] = [a’, y] and [a, 1]@ = [ap, uw], then uw = y and a’ = ay, [a, 0J0 = [ay, 0}. 
Finally [a, 8]@ = [a, 0]@ + (0, 8]@ = [ey, By]. 

For every set of parallel lines having the form (a + yx, 8 + vx) every transla- 
tion r # 0 with these lines as traces must have the form [x7, vy], since r(0, 0) = 
(uy, vy) for some y e R. Thus (VII) for every class of parallel lines, there is a 
translation [u, v] such that every translation with this class of lines as traces is 
of the form [u, v]@ for some slope preserving endomorphism 6 of 7’. 


3. Axioms for a lattice point geometry. In this section is developed a set of 
purely geometric axioms completely characterizing AG(V(®)), following Artin 
[1]. Consider two classes of objects: points P, Q, R, --- , and lines 1, m, n, --- , 
with two undefined relations: P ¢ 1 and / || m (P on l, | parallel to m), subject to 
the axioms: 


Axiom I. Parallelism is an equivalence relation throwing all lines into disjoint 
classes ¥: 1 || l; 1 || m implies m || 1; 1 || m and m || n implies | || n. 


Axiom II. There is a parallel class %, and a line |, e’ &, such that for every line 
1, e &, there is a point P onl, andl,. There is a line cutting every line of the class %, . 


Axiom III. There are at least two points on each line. 


Axiom IV. For every two distinct points P, Q there is a unique line P U Q with 
P, Q thereon. 


Axiom V. For every point P and line | there is exactly one line m || | with P on m. 


Derinition. A mapping ¢ of all the points P into a subset: ¢(P) = P’ is called 
a dilatation in case for every two distinct points P ~ Q there is a line 1 || PU Q 
with o(P) and o(Q) on l. 


THEOREM 1. A dilatation o is completely determined by images of any pair of 
distinct points. Either o(P) is constant: o(P) = Q forall P, or o is one-one: 
P # Q implies o(P) # o(Q). 


For the proof, see [1; Theorem 1]. 
Remark. One-one dilatations need not have inverses; e.g., ¢(a, 8) = (2a, 28) 
in AG(V(C)), where C is the ring of rational integers. 


Corouuary 1. A dilatation has either all points fixed (identity 1(P) = P, all P), 
or one point fixed, or no point fixed. 
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From this point, all dilatations are supposed one-one. 

Derinition. If ¢ is a dilatation, any line / with P and o(P) on 1 is called a 
a-trace of P. If P is not a fixed point, it has a unique trace. 

THEeoreEM 2. Jf Q is onl, a a-trace of P, then o(Q) is on l. 

Coroutiary 2. Jf o(P) = P,o # 1, every o-trace contains P. 

Coro.iary 3. A point Q on two distinct o-traces is fixed. 

Derinition. If ¢ = 1, or if o has all traces parallel (and hence no fixed point), 
¢ is called a translation. 


Remark. A dilatation ¢ ~ 1 with no fixed point need not have parallel traces; 
e.g., c(a, 8) = (1 — a, 1 — 8B) in AG(V(C)), where the C are rational integers. 


Axiom VI. For every pair of points P ¥ Q, there is a translation rpg such that 
teg(P) = (Q). 

Corouiary 4. A translation # 1 is completely determined by the image of one 
point. Hence the translation of the above axiom is unique. 


If r(A) = B, C e' AU B, then 7(C) is the unique point common to / on B 
|| AU CandmonC||AWUB. But then 7(D) for De A U B is uniquely deter- 
mined by the same argument since D e’ C U 7r(C). 


Corotiary 5. If Cel || AU Band Bem || A U C, then l and m have a 
common point. <A parallelogram with three vertices has a fourth. 


Since the translation r,¢ takes A into C, r4¢(B) is onl and m. 
THEOREM 3. The set T of all translations is an Abelian group. 


If r, and r, are translations, 7,7. is also. We may suppose that neither 7, nor 
t, = 1. If 7,7.(P) = P, then 7, and r, have the same class of traces. If Qe’ PU 
7,(P) and 7,7.(Q) ¥ Q, then Q U 7,7.(Q) || PU 7.(P). But P ¢ 7,7.(Q) U Q, 
whence Q LU 7,7.(Q) = P U 7.(P). The contradiction implies 7,7.(Q) = Q 
and r,r, = 1. Nowif 7, , 72 have the same traces, 7,7, must have parallel traces. 
If +, , t2 have different traces, then 7,72 = 727, [1; Theorem 5]. Suppose 7, , 7, 
have different traces. We prove that, for P  Q, PU 77.(P) || QU 7172(Q). 

Case l. Qe’ PU 7,(P), Qe’ PU 7.(P). Then PU Q &’ trace class of 7, , 
PU Qe’ trace class of r,. Hence if rpg is the P > Q translation, rpgr,72(P) = 
7, 72(Q), and P U 7,7,(P) || QU 7,72(Q). 

Case 2. Q = 7,(P) or Q = 7.,(P). Suppose the former. Then 7,(Q) = 
t.7,(P) = 7,7.(P), and 7,(7.Q) U Q || PU 77.(P). Also 7,(7.Q) U Q = 
7,(772P) U 27,(P) || 7:72(P) U P. 

Case 3. Qe PU 7,(P) or Qe PU 7,(P), but Q ¥ 7,(P) and Q # 7,(P). 
Let P’ = 7,7,(P). ThenQe’ P’U 7,P’ andQe’ P’U 7,P’. By case 1, PU 
7,7,(P) || P’ U 47.P’ |} QU 717.Q. This completes the proof that T is closed 
under multiplication; hence we have the “‘little’”’ Desargues theorem. 
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If + « T, then 7’ exists and is a translation. For, let Q’ 2° PU 7r(P). By 
Corollary 5, lines / on P || 7(P) U Q’ and m on Q’ || P U 7(P) intersect in a 
unique point Q, and clearly 7(Q) = Q’. Obviously 7" is a translation. The 
Abelian property now follows as in [1; Theorems 5, 6], since our Axioms II, III 
provide three non-collinear points. 

Derinition. Let T = {0, 1, a, 8, ---} be the ring of all endomorphisms of 
T, subject to the definitions: (7,7.)* = r%r; a = 8 means r* = 7° forall re 7, 
r7tF = th 8 = (7*) 7° = 1 for all re T, r' = r forall re T. Let R 
be the subset of all elements a such that the traces of + are among the traces 
of r* for each 7 e T. 


LEMMA 5. is a ring with unit 1. 
The proof is immediate from the definitions. 


THEOREM 4. Let P be any particular point, and letae R. Then o(Q) = rre(P) 
is a dilatation, and r“o = or (allreT). If cisconstant, r* = 1(reT) anda = 0. 


The proof is essentially due to Artin [1; Theorem 8]. One has, for all Q, R, 
tTortro(P) = tpr(P) and roee(Q) = o(R). Either 7G = 1, o(Q) = o(R), and 
there is a line on both || QU R, or rGe ¥ 1, o(Q) # o(R) and o(Q) U a(R) || 
QU R. Hence cis adilatation. Now o(P) = P. If «(Q) is constant, rOQ2(P) = 
P (all Q, R), ror = 1 (all Q, R) and 7* = 1 (7 eT). In general, rQ” o(Q) = 
oter(Q). Now roeo and org, are dilatations, with the same effect on Q and P. 
For, ror0(P) = ror(P). If S = rer(P), then orgr(P) = o(S) = rps(P) = 
tor(P), for tps = ter, since both have the same effect on P. 


LemMA 6. Jf for some re T, ae R, ro = 1, thena = Vor tr = 1. 


For this a e R, r°o = or (all re T). Hence roe = or, , and o(Q) = o7(Q) 
for allQ. If 7, ¥ 1, then Q ¥ 7,.(Q) = Q’, and «(Q) = o(Q’). Hence cis constant 
and a = 0. 

LemMaA 7. In the ring R, a8 = 0 implies a = 0 or B = 0. 

For, let 7, be any translation ~ 1, and suppose a8 = 0 with a ¥ 0, 6 # 0. 
Then 7% ¥ 1, (73) ¥ 1. But 73° = 1. 

Remark. Every line in &, cuts every line 1} of the parallel class , of 1, of Axiom 
II. For, l, euts 1, . Let P be any point onl}. Draw l{ || 1, through P. Then 
l, euts lf . 

Axiom VII. For each parallel class %, there is a unit translation rt. with traces 


in %, such that for every translation + with traces in %, r = to for some ae KR. 


Lemma 8. If 7, , 72 are the unit translations of %, and %, of Axiom II, then 
every translation r is uniquely expressible in the form r = r{75. 


Let Pel, e%.,Q = 7r(P) el, e%, , and R be the common point of /, , /,.. Then 
TroTpr = Tits = 7. Uniqueness follows from Lemma 6. 
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We now introduce coérdinates with origin O at any fixed point, and r, , r. the 
unit translations of 2, , &.. Let P be any point and write rop = rfrh. Assign 
to P coérdinates (a, 8). The correspondence P — (a, 8) is obviously one-one 
from all points onto all pairs over R. 

If / is any line, P = (a, 8) a fixed point of J, 7. the unit translation for the 
parallel class of 1, Q an arbitrary point of J, then tog = teetop = ToTor = 
(rirz)*rire , so Q = (a + ux, 8B + vk), with uw, vy not both 0. Clearly every «x e R 
is realized for some Q el. Let Q = 7(P). If u = 4,6, v = »,6, Fe R, then tr = 
rir; = (rt'r3')’. The trace class of (7) is that of r{'r'; hence the latter transla- 
tion has the form 7, pe R. Thus uw, = pw, dp, », = v, 5p, 69 = 1, and y, v are 
“relatively prime’. 

Finally, let , 7 be any pair of elements of R not both 0, and consider the line 
l = (ux, vx) through O = (0, 0) and P = (&, 7). Then — = yx, 7 = m, and x is 
a common right divisor of ~, 7. Moreover, if § = £8, 7 = 7,4, then the trace class 
of r§'r' is that of the unit translation 7, for the class of J, and the former transla- 
tion is 76, pe R. Thus &, = up, 9, = vp, & = £6 = upd = wx, n = 9,6 = vpb = 
vx, 6 divides x, and « is a g.c.d. of &, ». 


THEOREM 5. A geometry satisfying Axioms I—VII admits a codrdinate system 
in which P = (a, 8) with a, B ina ring R with unit, without zero-divisors, and with 
every pair of elements not both zero possessing a g.c.r.d. The points on a line have 
the form (a + ux, 8 + vx) where a, B are fixed, where pu, v are fixed and not both 0, 
and have g.c.d. 1, and where « is arbitrary in ®. 


4. Completely intersecting parallel classes. We have seen how, in AG(V(®)), 
every line of a class & is of the form (a + ux, 8 + vx) with yu, v fixed for 2 and 
g.c.d. u,v» = 1. Axioms II, VI provide classes of ‘‘completely intersecting” lines: 
every /, of %, cuts every /, of &%, . 

THeoreM 6. The classes of lines (a, + a; K, By + a2, k), (a2 + aia K, Bz + 2k) 
are completely intersecting if and only if the matrix A = (a;;) has a right inverse: 
AB = I. 


If AB = J, the arbitrary pair of lines above intersect, since B( +: “7 
eee 1 


° ° A ° 
provides a solution ( ) for the equations a, + aj ,k = a + aA, By + ak = 
B. + ad. Conversely, if the classes are completely intersecting, the inverse 
exists by intersection of (a,,«, a,x) with (1 + ayoxk, aox) and (a,x, —1 + ak) 
with (ajox, a@eox). 
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A THEOREM OF CARTWRIGHT 
By R. P. Boas, Jr. AND A. C. SCHAEFFER 


An important theorem of Cartwright [1], [2], [6], [7] states: 
Let f(z) be an entire function of exponential type, satisfying 
f(z) = O(e**') (|\z| > @;0<k<-#), 
|f(n)| < M (n = 0, + 1, + 2, ---). 
Then f(z) is bounded on the real azis, 


(1) | f(x) | < A(k)M (-o <2< @). 


/ 


The theorem becomes false if the condition k < x is omitted, as is shown by 
the example f(z) = z sin xz. It then appears plausible that if k approaches x the 
constant A(k) in (1) must become infinite. This is indeed the case; the purpose 
of this note is to show that the order of A(k) is precisely log {1/(# — k)}. Our 
result is: 


If A(k) is the least possible constant for which Cartwright’s theorem is true, then 


Tr 


r_|\ 
2 og (4 - = “|| < A(k) < 4 + 2 log ——~ 








The only previous upper estimates of A(k) seem to be due to Macintyre [6] 
and Boas [1]. They obtained the inequalities 
{ 


oe Se 
AQ) S ke — WP + 28 n+e4+53} 


and 


T 
A®) $ 2+ 5-H 
respectively. 

Cartwright’s theorem may be thought of as a generalization of a theorem of 
Landau [5], Gronwall [4] and Grandjot [3], which states that a polynomial of 
degree r — 1 (r > 2), bounded by M at the r-th roots of unity, is bounded in 
the unit circle by B(r)M, where B(r) depends only on r. In fact, an equivalent 
statement is that a trigonometric sum 


r-1 
T(6) = > ce", 


7=0 
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where 

| T(2mv/r)| < M (vy =0,1,---,r— 1), 
satisfies 
(2) | T(@)| < B@r)M 


for all real 6. If we set 

f(z) an eo £72-Y/"(Qe2/r), 
then f(z) is an entire function of exponential type r(r — 1)/r < 2, and | f(v) | < M 
(v = 0, +1, +2, ---). Gronwall and Grandjot showed by an example that 
the best possible B(r) in (2) is asymptotic to (2/7) log rasr— ©. Our example 
is different from theirs. 


1. Proof that 
(3) A(k) < 4 + 2e log {x/(x — k)}. 


Given a function f(z) which satisfies the conditions of Cartwright’s theorem 
with k < 2, let ow = (x — k)/x and let z be an arbitrary point in the z-plane. 
The function 
sin w(z — 2) 

w(z — 2) 


(4) g(z) = f(z) 


is an entire function of exponential type k + w < z and it satisfies 


o 


(5) jy 


—-@ 


< @ 








g(n) 
n 


An interpolation formula of Pélya and Szegé and Valiron states that, if g(z) 
is an entire function of exponential type less than x for which (5) is true, then 


(6) g(z) = — 


(This formula was proved independently and at about the same time by 
Valiron [11] and Pélya and Szegé [9]. Pdélya and Szegé give the formula under 
somewhat less general conditions than we need here. The formula in full gen- 
erality is a consequence of the following lemma: Jf an entire function g(z) satisfies 
an inequality of the form | g(z) | < | z|*e"'*' and vanishes at z = 0, +1, +2, ---, 
then g(z) = P(z) sin rz, where P(z) is a polynomial. This lemma was first stated 
by Pélya [8]. It was rediscovered by Valiron, and forms the basis of his proof 
of the interpolation formula. ) 

Thus (4) and (6) give 


fle sinw(z — z) sin rz = (—1)"f(n) sin w(2 — n) 
” we2— 2) ° °&4«&# S w(z — n)\(z% — n) 








), 


U 
it 
le 
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Keeping z fixed and letting z, approach z, we obtain 





(7) ; 


fiz) = sin rz > (—1)"f(n) sin w(z — n) 


w(z — n)° 


(This is an interpolation formula of Boas [1], here derived in a simpler way.) 
Since f(z) is bounded by M at the integers, (7) gives the inequality 


sin r(x — n) sin w(x — n) 











\f@)|<2M@+uM(D + D) 


—@ [z1+2 | mu(x — ny 


Now | @' sin @| < 1. Hence, if 0 < « < 1, 














lsin w(x — n)| _ |sin w(x — n)|'~* sin o(@ — n)|* - 1 
| w(x — n) wx—n) | | wo@ —2n) | wow |r—n 
Thus 
jgey| < 2a +L SL} < mf + + + 4h. 
™ 1 n ) \ Tw ew) 


Now ew‘ is a maximum when 1/¢ = log (1/w) since 0 < w < 1; with this value of ¢, 
| f(x) | < 2M{2 + e log (1/w)}. 


Substituting w = (x — k)/x, we obtain inequality (3). 
2. Proof that 


(8) A(k) 2 toe ({[ 25} 
T —k 


T T 


The function 


— sin n@ cot $6 
(9) 2n 


= “1 + cos 6+ cos 20+ --- + cos (n — 1)0 + § cos n6} 
t 


is a trigonometric polynomial of degree n; at the points @ = vr/n it is equal to | 
if y = Oor + 2n, and to 0 if v is any other integer between —2n and 2n. 
If a, , @, *** , @, are given numbers with —1 < a, < 1, let 


lic , 0 vr 
(10) p(@) = On > a, sin (nO — vx) cot (2 _ ), 
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(This is the interpolation formula of M. Riesz [10].) Then p(@) is a trigonometric 
polynomial of degree n or less, and 


p(vr/n) = a, (» = 1, 2, --- , Qn). 


To find the term of n-th degree of p(@) we use relation (9), and find that this 
term is 


1 2n 1 2n n 
(11) ne % cos (n@ — vr) = on (- Ve, cos né. 
Now let 
((—1)""" (y = Lm «+> » th 


a, = 
\c-ay (v=n+i,n+2,---,2n). 


Then (11) shows that the term of n-th degree of p(@) vanishes, and so p(@) is of 
degree n — 1 or less. On the other hand, if these values of a, are substituted in 
(10) we have 


»(z) -2 Feat (2 — -1 Foe (t_sz 
2n 2n = - 2n 4n a suas: ” 2n An 


and finally 


2 2 4n 
»(z) -} a 2d cot (z a z)> W J x/(4n) ” . ” <a 7 Ss 


If k is given, 0 < k < -, let n be defined by n = [x/(x — k)] and let p(@) be 
the trigonometric polynomial of degree n — 1 defined above. Then the function 
f(z) = p(xz/n) is an entire function of exponential type r(n — 1)/n < k, and 
it is bounded by 1 at the integers. But 


fi) = »(z) > Flog = Flog + F : il} 


This relation proves (8). 
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SOME GEOMETRIC INEQUALITIES 
By WiLLy FELLER 


1. The problem treated in this note was originally formulated by R. Salem 
and D. C. Spencer in connection with a number-theoretical investigation. 
Consider a plane domain I contained in the unit circle; suppose that the inter- 
section of T with any straight line has a measure not exceeding a fixed constant 
5 < 1. What can be said about the measure M of f? If I is convex, its area 
is obviously not greater than 6’x. It is less trivial that, for a convex domain I, 


(1) M < }8'r 


and that the sign of equality holds only if [ is the interior of a circle; this result 
was proved by different methods by Bieberbach [1] and Kubota [3]; see also [2], 
particularly §§44, 54. 

It has been widely conjectured that in general M = O(6’) as 6 — 0, or at 
least that M = o0(6). Now a simple application of Fubini’s theorem shows 
immediately that necessarily 


(2) M < 26. 


It will be proved in the sequel that (2) is the best result. In fact, we shall con- 
struct a domain I (consisting of a finite number of annuli) such that its inter- 
section with any straight line of the plane has a total length not exceeding 3, 
whereas for its area M we have 


(3) M > 28(1 — &r’ — 6), 


where ¢ > 0 is arbitrarily small. Thus 26 is the best asymptotic estimate for 
the maximum of the area. The 1/x” which multiplies 5° is, of course, not the 
best possible. Our construction can easily be refined, but this seems to be of 
no interest. 

In §4 the above mentioned theorem of Bieberbach and Kubota will be proved 
in a new simple way which will make the result appear almost trivial. Actually 
the new proof is even slightly more general. 

The generalization of the last result to n dimensions is straightforward. In 
order to solve the problem of the best estimate in the general case and in n 
dimensions, we shall (§5) formulate, and solve, a more general and purely 
analytic problem; it will be seen that our problem actually reduces to an in- 
equality between two integrals. 


2. Let 0 < 6 < 1 be given and denote by N an arbitrarily large but fixed 
integer. Put 


(4) N’ = [N(1 — &x~”)!). 
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For n = 0,1, --- , N’ — 1, we define numbers p, and r, > 0 by 
3 
(5) wii 
hm pt = pa - 6) - 1 6h..)'}. 


Obviously 


_ 26 Pasi — Ds 5 pass — Pa 
® (1 — p?)) + (1 — p2.,)' 7 (1 — paas)” 





(6) Tr, — Pn 


and hence by (4), forn < N’ — 1, 

T, — Pa < Pasi — Pn- 
It is, therefore, seen that 
(7) Pu < Ta < Pui 


Now let r denote the distance from a fixed point O and let A, stand for the 
annulus 


4.3 Pp, <T<T, (n = 0,---,N’ — 1). 


By (7) these annuli are non-overlapping. We shall show that, for N sufficiently 
large, the domain 


has all the required properties. 
First, it is clear that IT’ is contained in the unit circle. Since the A; are not 
overlapping, we have for the area M of T 


N’-1 


M=r Dd (i — pw) 
n=O 
N’-1 ; 
(8) = 28 yD {(1 — p2)' — (1 — piu,)'} 
= 28{1 — (1 — py-)'}. 
Now 
i> a (NL — 8°x7*)! — 1)? 
>1- or’ - 2 


N’ 
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and hence the inequality (3) follows from (8), provided only that N is sufficiently 
large. 

It remains to prove that the total length of the intersection of [ with any 
straight line does not exceed 6. 


3. Consider the intersection of a fixed annulus A, with a straight line whose 
distance from O is p. If p < p, , the length of the intersection is 


= 2{ (ri — p’)' — (ot — p’)'}, 
and, in this interval, \, increases with increasing p. If p, < p < ™ , the length 
of the intersection will be 


= Ari — p’)', 
whereas for p > r, no intersection exists. Hence the maximum of \, is attained 
for p = p, and 
max A, = 2(r; — pr)’. 
Consider now an arbitrary but fixed straight line and let p < 1 be its distance 
from the origin. Let »v be determined by the condition that 
P-1 Sp <p,.- 
It is clear that for the total length L of the intersection of this line with T we have 
L < 2(r7_, — prs) + 2(rF — py)! 
N’-1 
+2 5 {02 = 6)! — (6h - oi). 
Hence 
3L < (05 — ps-s)' + (0.1 — 05)! 
Bg 
aarti (7 — ps)! + (or — pi)” 





4 


or, by (6) and the definition of p, , 


at 2y + 1 Pasi — Pr 
be (Bt) + (ob 
5 Nn? Qn 2») (1 resill pn. )! (p. — Pr >) 


1 a 2n + 1 
= of areca es 
Nn! bd 2m 2, (N? — (n + 1)?’ — »’”) 


We shall evaluate the last sum by means of an integral. For a given fixed v 
define 








(9) 











... ses 
In-» = (=) (n =v,» +1, +--+, N’ — 1). 
—y 
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Obviously, for y < n < N’ — 


Next we show that the differences Az,_, = 2,,,-, — 2,-, tend uniformly to zero 
as N— ~. To see this we observe that from 


2n + 1 = (25.,-, — ta-»)(N’ — v’) 
it follows that 


2n + 1 es 
nN — = Tasi=» F Ze-s 





0 < Za+i-» ~ Za-» ™ 





<3 2n + 1 =" 2n + | 
~ vay,” ((N? = Yn’ — YP 


Now (2n + 1)*/(n? — v’) decreases as n increases; the maximum of the last 
expression is therefore obtained for n = v + 1, and, accordingly, we have 


} 
0 < Tn+i-> = Tn v < : 2 =~ : 4 < 2 ( r2 “ :) 
((N~ — v°)(2v + 1))’ N°’ -y 


<a) <Sta yD: 


which is uniformly small as VN — ©. Now 





toi 











> 2n + l _ ‘> as ae x. . 
(10) nari (N? — (n + 1)’)(n? — v*)) net (L — aha)’, 
os 4 * (Zes1 + 2, Ax, 
a-1 «(1 — 2?,,)* ; 
The differences Az, are positive and uniformly small; furthermore, x, = 0 and 
Iy--,-, tends to 1 — 8°/r? as N — o. Hence the sum in (10) tends to the 
integral 


(1-629 ~2)2/2 
0 a-ay 


It follows that the right member of (9) tends to 


é a 8% -2)2/2 a 
(i — 2)” 


and this is smaller than 46. Thus, by (9), for N sufficiently large, we have 
L << 6, 


which finishes the proof. 





ie 
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4. We turn now to the theorem of Bieberbach and Kubota. Let I be the 
domain bounded by the plane convex curve 7, and let 6 be its diameter, that is 
to say, the maximum length of the intersection of I with a straight line. We 
introduce polar coérdinates r, @ around a point P of y so that T lies in the half- 
plane 0 < 6 < x. If r, stands for the radius vector from P to a variable point 
P, of y, the area M of T is given by 


(11) M = | r, d0 = sf (r5 + rss42) dO. 
0 0 


Now r, + 14; equals the square of the distance from P, to P,,,, . Hence, by 
assumption, 


(12) To + Taye SO. 


The inequality (1) is an immediate consequence of (11) and (12). Moreover, it 
is seen that the sign of equality in (1) will hold if, and only if, 


(13) Tot Toye = 8, 


identically. Since P is an arbitrary point of y, this means that the hypotenuse 
of any right triangle inscribed in y has the length 6. It follows immediately that 
y is acircle. In fact, let P’ be the point on y for which the chord P’P, is per- 
pendicular to PP, . Then PP, P’ is a right triangle inscribed in 7, and therefore 
the chord PP’ has the length 6. Now, without loss of generality, we may suppose 
that y possesses a tangent at P, that is to say, that r,  Ofor0 < 6< x. It 
follows then from (13) that @ = 42 is the only direction for which possibly 
rs = 6. Hence the point P’ has coérdinates r = 6 and @ = 32, and, since P, is 
the projection of P’ on the straight line 6, we have r, = 4 sin 0, which is the 
equation of a circle. 

It will be noticed that our proof of (1) did not fully utilize the assumption that 
the diameter of I is 6, nor the assumed convexity of y. The proof will hold for 
any domain I’ bounded by a curve y for which there exists a point P on y such 
that (i) y has a supporting line at P, and (ii) any chord (with possibly a finite 
number of exceptions) of y subtended by a right angle with vertex at P has a 
length not exceeding 6. In this larger class of domains for which (1) holds, the 
dise is no longer the only extremal domain. Other examples of extremal domains 
are the domains defined by r = 6 for 0 < 6 < $x, orr = 6 for eitherO0 < @ < 
r/4 or 34/4 < @ < wr andr = 0 for other values of 0. 

The generalization of this result to the case of n dimensions is straight- 
forward. 


5. In order to solve our general maximum problem for n dimensions we shall 
reformulate it in analytical language. 
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Let f(x, y) be the characteristic function of the domain I, that is, let f(z, y) = 
1 if (x, y) e T, and f(z, y) = 0 otherwise. Then the measure M of I is defined by 


(14) M= [fs y) dx dy; 


the assumption that the measure of the intersection of T with any straight line 
does not exceed 6 means that 


(15) / fix + tcosa, y + tsina) dt < 6 


for all x, y and a; the integrals in (14) and (15) are, of course, proper integrals 
since f(z, y) vanishes outside of the unit circle. We shall now generalize our 
problem by dropping the assumption that f(z, y) is the characteristic function of 
a set. Thus we require the least upper bound of the quantity M defined by (14), 
when f(x, y) is any non-negative measurable function vanishing for x° + y’ > 1 
and such that (15) holds. 

In order to solve this problem (and its analogue in n dimensions) we shall first 
show that it suffices to consider functions f(x, y) depending on r = (x* + y’)! only. 
In fact, for a given f(z, y), define a new function F(z, y) by 


2 
(16) F(z, y) = ~ | f(x cos 6 + ysin 6, — xsin 6 + y cos @) dé. 
0 


Obviously F(x, y) is again non-negative and F(z, y) = Oforz’? + y’?> 1. Fur- 
thermore, it is readily seen that, for any zx, y and a, 


[ F(x + t cos a, y + tsina) dt 


v—@ 


lI 


+f ao | f(x cos 6 + ysin 6 + tf cos (6 — a), 


(17) — zxsin 6+ y cos 6+ tsin (@ — a)) dt 


lA 
| 
! 
oa 
wi 
> 
ll 
mo 


whereas for the ‘‘measure”’ of F(z, y) we obtain 


(18) ff ve y) dz dy = x: [ d0 ff 1 Odds = M. 


Accordingly, F(x, y) satisfies all the conditions imposed on f(z, y) and has the 
same ‘“‘measure’’; we can therefore consider F(z, y) instead of f(z, y). However, 
F(z, y) obviously depends only on r: 


(19) F(z, y) = P(r), r= (x? + y’)' 














SOME GEOMETRIC INEQUALITIES 891 


The ‘“‘measure’’ (18) of F(z, y) can, therefore, be written in the form 
1 

(20) M = 2e [ &(r)r dr; 
0 


as for the integral (17), it suffices for reasons of symmetry to consider the case 
where x = p (0 < p < 1), y = 0, anda = 3x. The integral (17) then reduces to 


& F(p, t) dt = 2 ; ®((p’ + ¢°)') dt, 
l l 


o 


and condition (15) now reads: 


6. 


iH 


9) ’ r 
(21) i] #(r) e_p) > dr < 


In the case of n dimensions there is no change in (21); the integral (20) is to 
be replaced by 


1 
(22) M = a,-, [ &(r)r"* dr, 
0 


where w,_, stands for the volume of the (n — 1)-dimensional unit sphere. Our 
general problem is thus reduced to that of finding the least wpper bound of the 
integral (22) for all non-negative functions ®(r) for which (21) holds for any 0 < 
p<il. 

Now from (21) we obtain 


1 1 1 
~ P 6 
ag / P(r —" ar < 33 [ "dp = ————;; 
[» Py OF Pp sei Fr O°" i 
reversing the order of integration and observing that 
r n-—2 hr 
P n-2 n—-2 n-2 Wn-) 
2 i ————n GD aD / cos” Ad =f — 
(23) [= ee 2 ae Du,’ 
we obtain 
w , 6 
Sai n—1 < 
gat [MO br <p 
or using (22), 
6w,,—2 " 
< rt. = 
(24) M< “yey 5V,-1, 
where V,_, is the volume of the interior of a (n — 1)-dimensional sphere in 


n-dimensional space. (In order that (23) be valid also for n = 2 we define 
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w,) = 2.) Here the sign of equality will hold if, and only if, the sign of equality 
holds in (21) for almost all p. Now let 


(25) eG) = §__+__. 
— 


then the sign of equality holds in (21) for all p, as is seen upon introducing the 
substitution 

r = p+ (1 — p’) sin’ d. 

Hence (24) is the best estimate for M, and our generalized problem is solved. The 
same estimate is also the best in the case of characteristic functions of sets; this 
is seen by approximating the function ®(r) of (25) by a step function, assuming 
the values 0 and 1 only. 
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: A PARTIAL SOLUTION OF A PROBLEM OF J. R. KLINE 
By Dick Wick HAL 


In this paper we consider a compact and metric locally connected continuum 
M satisfying the following conditions: (a) no two points separate M, (b) every 
simple closed curve J of M separates M, (c) for any simple closed curve J of M 
the number of components of M — J is finite. E. E. Betz [1] has, without the 
use of (a), solved certain accessibility problems arising in such spaces. But 
whether or not M is homeomorphic with a 2-sphere is an unsolved special case 
of a well-known problem of J. R. Kline. The purpose of this paper is to give 
an affirmative solution to this problem. It seems highly suggestive that the 
condition (c) is not required in most of our lemmas. Inasmuch as our theorem 
might be true without this condition, we have indicated the lemmas in which 
it is not required by placing a prime after their numbers. 


TueoreM. In order that a locally connected continuum M be homeomorphic with 
a 2-sphere it is necessary and sufficient that it satisfy the following conditions: 

(a) no two points separate M, 

(b) every simple closed curve J of M separates M, 

(ec) for any simple closed curve J of M the number of components of J — M is 
Jinite. 


Proof. Since the given conditions are obviously necessary we content ourselves 
with a demonstration of their sufficiency. We note that M has no cut-point. 
Hence for any point p of M there exists an arbitrarily small region R about p 
having property S and such that M — R is connected. Whenever we take a 
region about a point we shall assume that it has both of these properties. 

We begin by dividing the points of M into two mutually exclusive classes, so 
that we can write M = B+ /. A point b of M is said to be a regular point of 
M provided there exists a region R in M containing b and homeomorphic with 
an open 2-cell. The set B consists of all regular points of M, and J is defined by 
the equation above. We shall call the points of J the irregular points of M. We 
have at once: 


(i’) B is an open set, and every component of B is open. 
(ii’) Every simple closed curve J of M contained in B separates M into exactly 
two components and is the complete boundary of each of them. 
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for several suggestions from F. B. Jones. 
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To see this let p be any point of J. Then, since p is regular, there exists a 
region R in M containing p and homeomorphic with an open 2-cell. We know 
that J separates this open 2-cell into exactly two components. Moreover, every 
component of M — J having p as a limit point must have points in one of the 
two components of R — J. Consequently, there is an open are of J having p 
as an interior point and consisting entirely of boundary points of every such 
component. It follows at once that this implies the existence of precisely two 
components £ and F of M — J and that every point of J must be a limit point 
of both E and F. This proves (ii’). 

It is easily seen that (ii’) remains true if we replace M throughout by G, any 
component of B. Hence we have (see [3; Theorem V’]; this paper also contains 
a summary of the previous work and an excellent bibliography) 


(iii’) Every component G of B is homeomorphic with a region on a sphere. The 
complement of this region on the sphere can be taken as a totally disconnected point set. 


Using (iii’) we easily deduce: 


(iv’) If T, K, and L are three arcs in B disjoint except for their common end 
points p and q, then M — (T + K + L) is the sum of three components having 
T + K, K + L, and L + T as their boundaries. 


(v’) I is vacuous or a perfect set. 


We know by (i’) that J is closed. Hence if J is not perfect there must exist an 
isolated point w of J. Let R be a region in M containing w such that the locally 
connected continuum R is disjoint with J — w. 

We shall show first that R is homeomorphic with a subset of a cactoid (a 
locally connected continuum every true cyclic element of which is homeomorphic 
with a sphere). To do this it suffices, by a theorem of Claytor [2], to prove that 
R contains neither of the two primitive skew curves € or D of Kuratowski. We 
recall what these two primitive skew curves are. The curve € is homeomorphic 
with a complex consisting of two groups of three vertices each and nine 1-cells, 
in a fashion that each vertex of one group together with each vertex of the other 
group bounds a I-cell. The curve D consists of five vertices and ten 1-cells, in 
a fashion that each pair of vertices bounds a 1-cell. By § we denote either of 
the primitive skew curves or their homeomorphs. 

Suppose that § is contained in R. We may evidently assume that § is con- 
tained in R since if it were not we could take a smaller region and find a new 
primitive skew curve. Now R — w consists entirely of regular points and hence 
by (iii’) every component of R — w is homeomorphic with a region on a sphere. 
It is immediate that w is a point of §. Let T be a theta curve in § consisting 
of three independent ares aa’b, ab’b, ac’b and not containing the point w. 

We know by (iv’) that 7 separates M into precisely three complementary 
domains A’, B’, C’ having the three simple closed curves ab’be’a, aa’be’a, and 
aa'bb’a, respectively, as their complete boundaries. Now suppose § is ©, and 
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that € consists of the two groups of vertices (a, b, c), (a’, b’, c’). We have at 
once that c must lie in either A’, B’, or C’. Consequently, c cannot be joined to 
all three of the points a’, b’, c’ by ares in M which fail to intersect T. This 
contradiction shows us that § cannot be G. 

Finally, assume that § is D. We may assume that the five vertices defining 
D are a’, b’, c’, a, and b. Now ®D is symmetric in its five points, hence we need 
to consider only two cases. Assume first that w is an interior point of some arc 
of D. We lose no generality if we assume that w lies on the are of D joining a 
and b and containing none of the points a’, b’, c’. It is easily seen that the simple 
closed curve a’b’c’a’ of D separates M between a and b. Consequently, it is 
impossible to find the are awb of D. We may thus assume that w is a vertex of 
D, say w = b’. Let z be an interior point of the arc ab of D and T” the theta 
curve in D consisting of the three arcs azb, aa’b, ac’b. We know that M — T’ 
has exactly three components A’, C’, Z having the three simple closed curves 
azbc’a, azba’a, aa’bc’a, respectively, as their complete boundaries. Now b’ can 
be joined to both c’ and a’ by ares of D. Thus db’ lies in Z. For the same reason 
the are a’c’ of D lies in Z. It is easily seen that a’c’ separates Z between b’ and 
either a or b so that b’ cannot be joined to both these points in M — aa’e’a. 
This contradiction shows us that R cannot contain either € or D and establishes 
our assertion that this locally connected continuum is homeomorphic with a 
subset of a cactoid. 

We may thus assume that R is imbedded in a cactoid Y. Now no two points 
of M separate M. Hence no nondegenerate acyclic [4] element of Y can intersect 
a sufficiently small neighborhood of w. Therefore, w must lie on a 2-sphere S 
which is a true cyclic element of Y, and we let L be the part of R lying on S. 
Now w must be a limit point of S — L. Otherwise we can find a 2-cell Z in L 
having w as an interior point. But w lies in J and hence w must be a limit point 
of M — L. It follows easily that for a sufficiently small simple closed curve J 
in Z surrounding w the set M — J is connected. This contradiction shows us 
that w must be a limit point of S — LZ. Thus w lies on a simple are A of L which 
is composed of boundary points of some complementary domain of L in S, and 
every point of A — wisa point of B. It is then a simple matter to find a simple 
closed curve in B which is not the complete boundary of both of its complemen- 
tary domains. This contradiction completes the proof of (v’). 


(vi’) If pis any point of M and R is any region in M containing p, then p is not 
a limit point of cut-points of the locally connected continuum K = R. 


We know that p is not an end-point of K since M is cyclic, and we have seen 
that no nondegenerate acyclic element of K can intersect a sufficiently small 
neighborhood of p. Consequently, p lies in a true cyclic element E of K. Now 
every component of K — E contains a limit point of M — K since M is cyelic. 
Thus, since the components of K — E£ are either finite in number or form a 
null sequence, it follows that p cannot be a limit point of cut-points of K which 





896 D. W. HALL 


lie in E. Let {w,} be a sequence of cut-points of K converging to p. By the 
reasoning above we see that no generality is lost if we assume that all the w; lie 
in a single component Z of K — E. It follows at once that p is the boundary 
of Z in the locally connected continuum K, hence p is a cut-point of K. Now 
every w; is a cut-point of the locally connected continuum Z. Hence, since p is 
a non-cut-point of Z it follows that p is an end-point of Z, which result gives an 
immediate contradiction to (a). 


(vii) If p is any point of M and R is any region in M containing p, then there 
exists a region R’ in M containing p such that for any continuum F in R’ — p no 
two points separate the locally connected continuum K = R between p and F. 

(vii’) In the proof of (vii) hypothesis (c) of the theorem may be replaced by the 
condition that no three points separate M. 


We shall prove (vii) and (vii’) simultaneously. Assume the conclusion false, 
and let R, be a region in M containing p, of diameter less than one, and suffi- 
ciently small so that it contains no cut-point of K distinct from p. Then there 
exists a continuum F, in R, — p and a set H, , consisting of one or two points, 
which separates K between p and F,. But F, lies in R, and hence in the same 
true cyclic element of K as p. Consequently, H, consists of two distinct points 
a, and b, . 

Denote by R{ a region in M containing p sufficiently small so that the locally 
connected continuum K, = Rf is contained in R, and contains neither H, nor 
any point of F,. Pick a region R, in M containing p, of diameter less than }, 
and sufficiently small so that R, contains no cut-point of K, distinct from p. 
Then there exists a continuum F, in R, — p and a set H, which separates K 
between p and F,. Since F, lies in the same true cyclic element of K, as p, it 
follows that H, lies in this same true cyclic element. Consequently, H, lies in 
R{ and consists of two distinct points a, and b, . 

Assume that the sets R; , H; , and F; have been defined. Denote by Rj a 
region in M containing p and sufficiently small so that the locally connected 
continuum K; = R% is contained in R; and contains no point of either H; or F; . 
Pick a region R;., in M containing p, of diameter less than 1/(¢ + 1), and 
sufficiently small so that it contains no cut-point of K, distinct from p and has 
a closure contained in R{. Then there exists a continuum F;,, in R;,, — p and 
a set H;,, which separates K between p and F;,,. But F;,, lies in the same true 
cyclic element of K; as p. Hence H,,, lies in this same true cyclic element. It 
follows at once that H,,, consists of two distinct points a;,, and b;,, each of 
which lies in K;. Thus we have at once: 


(A) For every i the set H; consists of two distinct points a; and b; . The a; are 
all distinct, the b; are all distinct, no a; coincides with any b; , and each of these 


sequences converges to p. 


We know that K — p has at most a finite number of components and hence 
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lose no generality if we assume that there exists a component Z of K — p which 
contains every H; and every F;. Then, since p is not a cut-point of the locally 
connected continuum Z we can assume: 


(B) For every i the set H; lies in the component of K — H, containing H, for 
any j greater than i and in the component of this set containing p for any j less than 
i. All the sets H; lie in the same true cyclic element of K as p. 


We can now assert: 


(C) By a proper choice of the sets H; the set L; = M — (p + H,) will be dis- 
connected for all i. 


Otherwise, we may assume that L; is connected for every i. Define Q = p + 
>> H;. Then Q is a closed set. Hence K — Q has infinitely many components 
which form a null sequence. It follows that if V is a neighborhood of p whose 
closure is contained in R we may assume that H; (for every 7) together with 
every component of K — Q except one is contained in V. Let D be the com- 
ponent of M — H,; which contains p. It follows that if 7 be any integer greater 
than 7, then D — H; is separated, and has one component contained in V. Call 
this component D’. It is easily seen that if qg be a point of D’, then any arc 
joining q to a point of M — K must contain either a point of H; or a point of H; 
for every j greater than 7. Consequently, every such are must contain either p 
ora point of H;. This establishes (C) and gives (vii’) as an immediate corollary. 

Now let £ be the true cyclic element of K containing all the H; and let p’ be 
a point of £ in a component of E — H, not containing p. Then there exists a 
simple closed curve J of E containing both p and p’. It is immediate that ./ 
contains Q so that M — J has infinitely many components, contradicting (c) of 
the theorem. This contradiction completes the proof of (vii). 


(viii) Lf {x,;} is an infinite sequence of points of M which converges to a non-local- 
separating point of M, then there exists a simple closed curve J in M containing 
infinitely many of the points x; . 

(viii’) We get the same conclusion if we replace hypothesis (c) by the condition 
that no three points separate M. 


We again give the proofs simultaneously. To this end let {x;} be any infinite 
sequence of points of M converging to a point p of M. We must show that there 
exists a simple closed curve J in M containing infinitely many points of this 
sequence. We begin by picking a region R, in M containing p and of diameter 
less than one. No generality is lost if we assume that RF, contains x; for every i. 
Define R{ as the region in R, given by (vii) or (vii’). Apply these lemmas again 
to find the region R, in R{. We may evidently assume that the diameter of R, 
is less than 4. No generality is lost if we assume that z, lies in M — R{ while R, 
contains every x; for 7 greater than one. Now suppose R;_, has been defined. 
Then F;_, contains every 2; for j greater than i — 2, while the remaining 2; lie 
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in M — Ri_,. Choose R{_, by (vii) or (vii’) and apply one of these lemmas 


again to find R; contained in R{_, . We may assume without loss of generality 
that the diameter of R; is less than 1/7, that R; contains every x; for j greater 
than i — 1, and that z,_, liesin M — R/_,. 


Now no two points separate M. Hence there exists a simple closed curve J, 
in M — p containing x, and x, . Suppose that we have found a simple closed 
curve J,;_, in M — p containing all the points 2; for 7 less than 7. We lose no 
generality if we assume that /;_, contains no z; for 7 greater thani — 1. Now 
z,-, lies in R,_, . Let a;_,x,;_,b;-_, = T;_, be an are of J;_, lying entirely in 
R,_, . By construction of this region no two points separate R/_, between p and 
T,_, . Furthermore no two points separate this locally connected continuum 
between p and x; . Consequently, no two points separate R/_, between x, and 
T,-, . It follows that there exist three independent ares z;h;z,;_, (j = 1, 2, 3) 
in R{_, and we let y; be the first intersection of the are x,h;x;_, with J;_,. There 
also exist three independent arcs z,k,a,;_, (j = 1, 2, 3) and we let z; be the first 
intersection of the are z,k,a;_, with J;_, . 

Suppose first that all three of the y; coincide, i.e., y, = y2 = ys = %-,. We 
may suppose that p lies on none of the ares z,;hox,_, , Xph3Xj-) , Fiza , TiZs3 , and 
that z,z,; does not contain the point z;_, . If the are 2,z, is disjoint with either 
of the first two ares of the preceding sentence, then we easily obtain a simple 
closed curve J, having the required properties. Otherwise z,z; must intersect 
both of these arcs and we let w, be its last intersection with their sum. The 
simple closed curve J; in M — p is then easily obtained. 

Next we suppose that y, = y. = 2;-, , while y, is distinct from z;_,. If p 
does not lie on the are x;y; we get the simple closed curve J; at once. If p does 
lie on this are we can bypass it in an arbitrarily small region and again get J; . 
Finally, J; may be easily obtained if the y; are all distinct by making use of the 
fact that p is a non-local-separating point of M. 

It is immediate that if we define J as the product of all the J; , then J is a 
simple closed curve in M containing infinitely many of the points xz; . Thus we 
have established both (viii) and (viii’). 


(ix’) The set of all local separating points of M is countable. 


This is immediate from (a) of the theorem and the well-known fact [5] that 
all save at most a countable number of the local separating points of M are of 
Menger order 2 in M. 


(x) M is homeomorphic with a sphere. 


By (iii’) it suffices to show that J = 0. Assume that this is not the case. 
Then by (v’) J is a perfect set, and hence all save at most a countable number 
of points of J are condensation points of this set. It is thus easy, by (ix’) to pick 
an infinite sequence {p,} of non-local-separating points of M all of which lie in J 
and which converge to a non-local-separating point p of M. By (viii) we lose 
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no generality if we assume that all the points p,; lie on a simple closed curve J 
in M and converge monotonically to p on J. 

For each i = 1, 2,3, --- , there exists a region R,; in M satisfying the following 
conditions: (1) R;-J is an open are of J, (2) R, , R. , --- converges to p, (3) 
R,;-R; = 0 fori # j. Let i denote a fixed positive integer and K, the locally 
connected continuum R;. By (vii) there exists in R,; a region R/ containing p, 
such that for any continuum F in R{ — p, no two points separate the locally 
connected continuum K,; between p; and F. We lose no generality if we assume 
that R{ satisfies (1). Now J is a perfect set and hence p,; must be a limit point 
of points of J lying in R{. Suppose there exists no point of J in R{ — J. Then 
we can find a sequence of points {b;} on J, all belonging to J, all lying in R{ , and 
such that this sequence converges monotonically to p; on J. We know that 
M — J has but a finite number of components, and hence any are of J must 
contain infinitely many points which are boundary points of some complemen- 
tary domain D of M — J. This means that for a sufficiently large i we can 
replace an are of J containing a point 6; by an are in D and thus the modified 
simple closed curve J is such that the point b; lies in R{ but not on J, while p,; 
still lies on J. Consequently, we lose no generality if we assume that there exist 
points of J in R{ which are not on J. 

Let b be such a point of J and R?’ a region in M containing 6 and sufficiently 
small so that its closure is disjoint with J. Then there exists a simple closed 
curve J; in R?’ which is not the complete boundary of every one of its com- 
plementary domains. Now J lies in the component N of M — J; which contains 
M — R?’. Let H be any component of M — J; distinct from N. Then H lies 
in R?’ and hence in R{. We define x;y;z; as a minimal are of J; separating the 
space M, and let z,w,z; be the complementary are of J, . 

We shall show that there exists an are m,n; lying in K; and spanning J so that 
the closure of one of its complementary domains is a subset of K; . To this end 
let R? be a region in M containing p, but sufficiently small so that its closure 
is disjoint with both R/’ and M — R{. Now p, is a non-local-separating point 
of M and hence cannot be an isolated point of the boundary of any component 
of R? — J. Let D be the component of this set contained in the component of 
K; — J which contains R’’. Then there exists an are a,v,c; having its interior 
in D and spanning J. Let a,d;c; be the are of J in R} and denote the sum of the 
two ares a,d,c, and a,v,c; by J; . Then there exists a component H’ of M — J; 
lying in R?. Pick a point min H’ and a point win H. Suppose that there exist 
two points h and k whose sum separates K, between m and w. Neither of these 
points can be p, since this point is a non-local-separating point of M. Conse- 
quently, the point pair (h, k) must separate K, between p; and one of the two 
points m, w. This is impossible. It follows that there must exist three inde- 


pendent ares in K; joining m to w. We let e, , f; , g; be the last points of inter- 


section of these ares with J’ + J; andj; , k, , ¢, the first points of intersection 
of these ares with J; following e; , f; , g: . By construction the six points 


e:,f:,9:.d:,%:, t are all distinct. The proof now splits into two cases. 
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Case 1. There exists a component of M — J; which does not contain J and which 
does not have J ; as its complete boundary. 


In this case we lose no generality if we assume that J, is not the complete 
boundary of H, and that the are x,y,z; of J; is a minimal are of this simple closed 
curve containing the boundary of H. By a theorem of Betz [1] H + 2; + 2; 
contains an are 2,q,z;. If two of the points j, , k; , ¢,; lie in the closed are x,w,z; , 
then the existence of the are m,n; is immediate. Hence we may assume that j; 
and k, are both interior points of x,y,z; . If either of the ares 2,w,z,; , 29,2; 
separate M the existence of m,n; again follows at once. Consequently, we may 
assume that neither of these arcs separates the space. This gives the easy contra- 
diction that the simple closed curve consisting of the sum of these two ares fails 
to separate M, and thus proves that an are m,n; of the required type must exist. 


Case 2. No such component erists. 


Let Z; be the component of M — J; containing /. We lose no generality if 
we assume that the are 2,y,z; of J; is the minimal are of this simple closed curve 
containing the boundary of Z,; . It follows easily as before that no component 
of M — .J, has its complete boundary in the closed are x,w,z;.. By the theorem 
of Betz we may find an are z,r,z,; in R{ having its interior in Z,;._ If this spanning 
are has two or more points in common with J! + J we easily find m,n; . 

Assume next that the are x;r,z; has precisely one point, which we denote by 
r,;,incommon with J + J{. We suppose first that r; lies on J{ and in this case 
lose no generality in assuming that r, is an interior point of a,v,c; ._ Now consider 
the three ares e;j; , k:f; , tig; . We may assume that r; is not on either of the 
ares k,f, or tg; . If either of these ares has a point in common with 2;7,z; , the 
construction of the are m,n; is easy. Hence we may assume that the are 2,7,2z, 
is disjoint with both of the ares k;f; and g,t; . If either of the ares separates the 
space, we again get m,n, easily. If, on the other hand, this does not happen, 
then the sum of these two ares is a simple closed curve not separating the space. 
The remaining case is where the point r; lies on J — J{. We may assume in 
this case that the four points r,; , a; , d; , ¢; lie on the simple closed curve J in 
this order. We again get that z,r;z, is disjoint with both k;f; and g,f; . An are 
a{vici can now be constructed spanning J in an arbitrarily small region containing 
r, and such that r; lies between a/ and c{ on J. If x;7;z; is disjoint with this new 
spanning arc, we can make a slight modification of J so that this does not occur. 
If z,r,z,; intersects this new spanning arc, we can easily modify 2,;r,z; so that it 
meets / + J{ in more than one point. The remaining case, where 2,7;2; is 
disjoint with J + J/ , follows by precisely the same reasoning as the case where 
r,isonJ,. Hence, in every case, we can find the are m,n; . 

Now if we add to J all of the ares m,n; just constructed, the resulting set 
obviously contains a simple closed curve J’ such that M — J’ has infinitely 
many components. This contradiction completes the proof of the theorem. 
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